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Solutions of the Yang—Mills—Higgs equations
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The solutions of the Bogomolny equation int+2-dimensional anti-de Sitter
space—time are obtained by using Darboux transformations with both constant
spectral parameters and variable “spectral parameters.” These solutions give the
Yang—Mills—Higgs fields in 2-1-dimensional anti-de Sitter space—time. Some
examples in the S(2) case are considered and qualitative asymptotic behaviors of
the solutions as—« are discussed in detail. @001 American Institute of Phys-

ics. [DOI: 10.1063/1.1337799

I. INTRODUCTION

The Yang—Mills—Higgs fields satisfying the Bogomolny equationsRih and R%* were
widely investigated and the equations are known to be integrable. On the other hand, the Yang—
Mills—Higgs fields satisfying the Bogomolny equations in some curved spaces such as the hyper-
bolic spaceH?®, the 2+ 1-dimensional anti-de Sitter space—time are also integfablm the
present paper, we consider the solutions of the Bogomolny equation in-tHedmensional
anti-de Sitter space—time, the Lax pair of which has been known and the soliton solutitins
constant spectral parametersere also obtained.

With the Darboux transformation method, we obtain exact multisoliton solutions. Moreover,
the “spectral parameters” in the construction of Darboux transformation can depend on the
space—time variables as in some other problems with dimensiddike the self-dual Yang—

Mills equation, modified principal chiral field, the Bolgomolny equatiomRih) etc?~8 These kinds
of equations are also called breaking soliton equations, since the spectral parameter may not be
constant and satisfies an equation whose solution can blow up at finit&¥fme.

In Secs. Il and Il the Darboux transformations for ®LC) and U(N) cases are discussed.

As a special case, the general construction of soliton solutions is given in Sec. IV. Then, in Sec.
V, some examples of single solitons and multisolitons are considered, with both constant spectral
parameters and variable “spectral parameters.” Their qualitative asymptotic behavierass
discussed in detail. When the spectral parameters are constants, we find solutions globally defined
on the whole 2-1-dimensional anti-de Sitter space—time. When the “spectral parameters” are
not constants, the solutions derived here are only locally defined+ith-dimensional anti-de

Sitter space—time.

Our problem is as follows.

Let M be a three-dimensional Lorentz manifold with megicA,, is a gauge potential anti
is a(scalay Higgs field, both of which are valued in the Lie algebra of a Lie gr@upHereafter,
we always suppos6 is a matrix Lie group and the matrices @ are of order.

The 2+ 1-dimensional anti-de Sitter space—time is the universal covering space of the hyper-

boloid
U?+V2—-X2-Y?=1 (1.1
in R?2 with the metric
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ds?= —dU?—dVv?+dx?+dY?. (1.2

Define
_ 1 _ Y t= v 1.3
"“0ix’ T Uoix: T Urx 13

then a part of the 2 1-dimensional anti-de Sitter space—time with- X>0 is represented by the
Poincarecoordinates I(,x,t) with r>0 and the metric is

ds?=r"2(—dt?+dr2+dx?) =r2(dr?+dudv), (1.9

whereu=x+t, v=x—t.
The Yang—Mills—Higgs field in 2 1-dimensional anti-de Sitter space—time satisfies the
Bogomolny equatich'!

DO =+*F, (1.5

or, written in terms of the components,

1
D,b=——qg,,e€"

where the action of the covariant derivatitg,=4d,+A, on ® is D, =9, ®+[A,,P], J,
=dlox*. {F,,} is the curvature corresponding {8.,}, F,,=[D,,D,].
With the Poincareoordinateq1.3), (1.6) becomes

BF o5, (1.6)

D,®=rF,, D,d=-rF,, D,d=-2rF,. (1.7)

It was proposed in Ref. 3 that this system of nonlinear partial differential equations had a Lax
pair

(rDy+®—=2({-u)D,)¢=0,
(1.9

—u —u
2Dv+ gTDr—Zr—ZCD z,b=0,

whereD ,y=4d,4+ A, and is a complex spectral parameter. That(s,) is the integrability
condition of the overdetermined systdn8).

II. DARBOUX TRANSFORMATION IN GL (N,C) CASE

In this section, we consider the ca&=GL(N,C). This is the simplest case because no
reduction should be considered. Let

P=({—uRy—Ty, (2.2)

whereR(u,v,r) andT(u,v,r) areNXN matrices anR is invertible, then the transformation
— 7 is called a Darboux transformatidnf degree ongif there are @\M ,®) such that

(2.2
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hold. HereD ,=d,+A,, .
We should first determin® and T so that(2.1) is a Darboux transformation. For given
(A,®), (A,®) and arbitrary matrix functio®, let

A,Q=4,Q+A,Q-QA,,
_ (2.3
5Q=dQ—Qd.

Expressed iny, both equations of2.2) are polynomials of of degree two. The coefficients
of the second, first, and zeroth order Hin the two equations of2.2) lead to

A,R=0, rAR+2A,T+8R+2R=0,

(2.49)
rA, T+ 6T=0,
and
1 1 1
AR=—0R=0, 2A,R——AT+ 55T=0,
(2.9
A,T=0
These two systems are equivalent to
A R=0, (2.6)
A,T=0, (2.7
1
AUR: FArT, (28)
1 1
AR+ FAUT+ FRZO, (2.9
1
AR— £ 9R=0, (2.10
1
AT+ £ 0T=0. (2.1
A, andA, are solved from2.6) and(2.7) as
A,=RAR *-(9,RR7Y, (2.12
A,=TAT *—(9,)T (2.13
while (2.10 and(2.11) lead to
~ 1 1 1
Ar=§(TAr—<9rT)T’1+ 5 (RA— d,RR 1+ E(T(I)T’l— ROR™Y), (2.14
~ T r 1
=5 (TA - aTT 1- E(RAr—arR)R’lJr E(T(I)T*1+ ROR™1). (2.15
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Now let Z be anN XN matrix function of (4,v,r), H be a solution of

r((oHH 2+ A)+®—2((9,H)H 1+A,)S=0,
(2.16
1 1
2((a,HH 1+ A+ F((&rH)H‘1+Ar)S— —®S=0,

whereS=HZH " 1—u, thenS satisfies

2 2 2 2 1
9,S= H(&rZ— F(auZ)(Z—u)) H 1+ FS+ F(&US)S— [A,,S]+ F[A” ,S]S— F[<I>,S],
(2.17

1 1 1 1
— _ _ -1_ = _ _ I
0,S=H| 3,2+ 5-(:2)(Z u))H 57 (:9)S=[A, S| 5 [A, SIS+ 5 5[®,S]S.

Remark 1: If Z is diagonal and Zdiag((s,...{n), then H=(h4,...,hy) where h is a column
solution of the Lax pair (1.8) witld=¢;(u,v,r).
If T=RS then(2.8) and(2.9) hold if and only if

2
3,2~ =(3,2)(Z=)=0,

(2.18
1
0,2+ 50 (3,Z)(Z~w)=0.

Therefore, we have
Theorem 1: Suppose Ru,v,r) is an arbitrary invertible matrix function. If di,v,r) is an

Nx N matrix solution of (2.18) and H is a solution of (2.16) witk=8ZH 1—u, then gy
=({—u)Ry—RSy is a Darboux transformation for (1.8)
If Z=diag(,,...4n), then eachl; is a solution of

2
= (- Wid=0,
(2.19
1
&Ug—'— E(g_u)ﬁrgzo'

Apart from the constant solution, the general nonconstant soluti¢?. D9 is given implicitly by

r2

T

C(0), (2.20

v

whereC is an arbitrary holomorphic function. We still cal] as a “spectral parameter.” How-
ever, here the “spectral parameter§”s in Z can be either constant or variable. In the latter case,
they are given by2.20.

Remark 2: Note that the spectral parameten the Lax pair is still a complex constant. Only
Z;'s in Z can depend ofu,v,r).

According to Theorem 1, we can get the exact solutiofiLof) from a known solution of1.7)
and the corresponding solution of the linear system6. WhenZ is diagonal, solving2.16) is
equivalent to solving1.8).

Theorem 1 gives the construction of Darboux transformations of degree one. The Darboux
transformations of higher degrees can be obtained by the composition of several Darboux trans-
formations of degree one.
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[Il. DARBOUX TRANSFORMATION IN THE U (N) CASE

WhenG=U(N), the Lie algebra consists of all anti-Hermitian matrices. Hehpec —A,,
O*=—-.

In order to construct Darboux transformation which keeps this reduction, some constraints on
{;’s andh;’s should be added.

Supposeay is a solution of(1.8), ¢ is a solution of(1.8) with §—>Z Then
rar(¢* (/l)—Z(é'—U)(?u((ﬁ* ‘ﬁ):O,

{—u
20,(¢* )+ ——3($* ) =0.

(3.2

It is uniquely solvable for a given initial value op* ¢ at r=r,>0 andv=v,. Hence if
¢* li=ryw=0,= 0, theng* =0 identically forr>0.

Let £, be a constant number or a nonconstant solutio2df9. TakeZ=diag(,....{y) With
&i={o or?o, H=(hy,...,hy) whereh; is a column solution of1.8) with {={; such that det

#0 andhy h;=0 for {;={¢;. Then, the Darboux transformation given by Theorem 1 keeps the
U(N) reduction. That is?\;: —Kﬂ, &*=—. This is proved similarly to the U{) reduction
for other systems like the AKNS system.

Darboux transformation of higher degree can be obtained by composition of Darboux trans-
formations of degree one. However, whéx U(N), there is the following special and more
explicit construction.

Let £ (i=1,...r) be constant numbers or nonconstant solution@df9, h() be a column
solution of (1.8) with ¢=¢{(). Consider the composition of Darboux transformations of degree
one. In theith Darboux transformation, let

z=7ZW=diag 0,{W,....[0), H=HD=(D .. «hD), (3.2
wherehl=h(® and h{)) (k=2,3,..,n) are solutions of(1.8) with 7=70) and satisfyh{)* h()

=0. In this case, the Darboux transformation of degrean be constructed in the following way,
which does not depend dif) (j=1,2,..,r; k=2,3,..,n).

Let
h(0* p(0)
Fijzzm, (3.3
thenG=(Gj;) with
r r i — i
—. h@)(r—1), h)*
Gy=11 (- g1+ 3 T (3.9
i=1 ij=1 g’—é’J)

is a Darboux matrix fo1.8).5’

IV. SOLITON SOLUTIONS

Soliton solutions are obtained in the following way.
Take seed solutiod,=0 (u=u,v,r), ®=0. Considering the gauge equivalence(2nl2),
we can always choode=1 andT=S. From(2.12—(2.15, (2.1, and(2.18, we have

~ ~ 1
A,=0, A= —(aUS)s*lzzars,

(4.1
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~ 1 1 ~ r
A==3(39S '=—=(3,S+1), ©=—5(79)S '=-d,S-1,

and

- ~ 1
Fur:[DuaDr]:_Fau‘?uSv (4.2)

- ~ 1 1 1
F,,=[D,,D,]=— 5(5r3r+25u3u)5+ ?&S— ?[ﬁrs,z?uS].

Here we always suppoggis diagonal withZz=diag({4,...,{N). Then the correspondirty’s
are solved fron1.8) explicitly.

Case 1:¢; is a constant.

Thenh; satisfies

rachi—2(&—u)a hi=0,

(4.3
gi—u
29,h;+ ——0,h;=0.
v r
Hence
hi=fi(w(i)), (4.4
wheref; is an arbitrary holomorphic vector function af(;) and
r2
w({)=v—§_u. (4.5
Case 2:¢; is not a constant.
According t0(2.20), ¢{; satisfies
r2
v 7y =G, (4.6

whereC; is an arbitrary holomorphic functiot; should be a solution df.3) with this Z;, which
is

hi="1i(Z), (4.7)

wheref; is an arbitrary holomorphic vector function. The Darboux transformation is also given by
S=HZH 1—u with H=(hy,...,hy) when detH=O0.

Multisolitons can be obtained by the composition of Darboux transformations of degree one
or by (3.3 and(3.4) directly in U(N) case.

V. EXAMPLES FOR SU(2) CASE

Now we consider the soliton solutions for the simplest non-Abelian g@eBU(2).
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A. Single soliton solutions with constant spectral parameter

Take {y to be a complex constant which is not reak diag({, ,ZO). Let 7= w({p), then

oo )
= — |, (5.9
B(7)  a(r7)
wherea, B are two holomorphic functions. Let(7)=B(7)/a(7), then
lo—lo (1l o\ —

:13_|0.|0?(0. |0_|2 +Zo—u, (5.2
~ _ go—zo (|U|2)u ?Uu_gu>
cI>——aus—1—(1+|0|2)2<02;u_0u (o), ) 53

and
~, 8(Im¢p)?
Cird2= 2
trd m|(9u0| . (54)
According to(1.1) and(4.5),
CL(YFVI(UAX)—1-Y2+V2 Ly(Y+V)+X-U
T T GUFX) —Y+V)(U+X) Lo(U+X) —Y+V° 6.9
Denote
E=L(YHV)+X=U, 7={(X+U)=-Y+V, (5.6

then both¢ and 5 cannot be zero anywhere @h.1) when ¢, is not real. Hencer is a smooth
function of U,V,X,Y on (1.1). Moreover,

r? 1

G2~ 7 67

oyT=—

Sinceo(7) is a meromorphic function of, supposer(7) = o4(7)/o5(7) whereo,(7) ando, are
two holomorphic functions of without common zero. According t®.4),

8<Im§o>2loz<r>afcrl<r)—cn(r)afcrzmlz| e

trd2—
tr® (o 2+ [oa(D]P)?

(5.8

Henceﬁ) can be extended smoothly (.1). Likewise, according t@4.1),

5 8(M £o)X(|05(7)d,01(7) = 04(1)3,05(7)?

R _ _ 2] -2
A0 —uA, (o (P oA DY (U431

(5.9
~5_8(M0)*(|05(7)3,01(7) = 04(7)9,05(7)|?
' (o (D[P +]oa(1)]?)?

(U+X)? 7%

Therefore, the solutiond,A,,A,,A,) is smooth on(1.1), hence is smooth on the whole
2+ 1-dimensional anti-de Sitter space—time.
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FIG. 1.

The infinity of the 2+ 1-dimensional anti-de Sitter space—time includes onrly0. However,
for the parameter spaceg,f,x) (r>0) with fixedt, the infinity of the derived half plane contains

r—0 andr2+x2—=. Here we call a solution localized iftr ®2—0 whenr—0 or r2+x2
—oo for fixed t.

Example 1if (=i, 7= w({p), o(7) =, this is just the localized solutiof25) of Ref. 3, and

8r4
((r2+x2—12)2+2x%+ 2t2+1)%"

—tr 2=

Let
x=tRcosf, r=tRsiné. (5.10

When t and ¢ are fixed, —tr®? is a function of R only. Its maximum appears at
R=+\t?+1/t. Hence ag—x, the ridge of the solution locates on the cirgfer r2=t2+1.

Figures 1 and 2 describe this solitontat0 andt= 10, respectively. In Figs. 1 and 2, the
vertical axis is (- tr ®2)¥4

Example 2:7= w({y), o(7) is a polynomial ofr of degreek (k=1).

If r—0, thent—v, d,7—1 and all the other derivatives ef(including derivatives of higher
orders tend to zero. According t¢5.4), —tr ®2—0.

If r?+x?—o0, then(for fixed t)

FIG. 2.
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Lo(x—t)—(r2+x2—t?)
T= —

ot . (5.11)

Moreover, whert fixed, r?+x? and| 7| are large enough, we have the estimates

7Aoo _ [t
1-|-|0'|2 it 1+|T|2k b
(5.12
A (r24x?) = & (r2+x?)=cC
™ [Zo(x—t) = (r?+x*—t?)[? 2

whereC; andC, are independent of andr, but may depend od, andt. According to(5.4),

~ . 8(Im¢y)Cics 1
—trd?< (%2 ErraE

0. (5.13

Hence the solution is also localized whenewér) is a nonconstant polynomial of

Now we consider the asymptotic behavior of the solutiori-ase~ for {y=i. The following
discussion in this example is qualitative and not rigorous.

Suppose all the roots af(r) are simple roots. Denoté= —tr D2, By (5.4), whenris near
a root ofo(7), E may be large. Hence whenis near a root ofr(7), perhaps there will be a ridge
in the graph ofE.

From (4.5), the real and imaginary parts ef= w(i) are

X—t+ (X+1)(r2+x2—t?)

Rer= 1+ (x+t)? !
P (5.14
M= I xr0?
Whent is large andx+t is not very small,
Rer= 1 519
X+t
For a rootp of o(-), the points with
r2+x2—t2:Rep (5.16
X+t
are on the circle
C: r2+(x— iRep)?=(t+ 3Rep)?. (5.17
On this circleC, for fixedt and Rep, Im 7 can be expressed hyas
S t>—x?+Rep(x+1) (5.18

1+(x+1)°

By computing (d/d)Im 7, we know that Imr decreases whex increases ifk=—t+1 and
t=—Rep/2. Hence it is easy to derive thHm 7<2 whent>|Rep| andx=0. Therefore, when
[Im p| is not large, there will be a ridge & on C.

When|Ilm p|>1, E is large onC only when Imr=~Im p. If t is large andck+t is not very small,
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FIG. 3.
| t—x+Rep 51
TG 19
The equation
t—x+Rep_I -
X+t me (5.20

has a unique solution

B —(Imp—1)t+Rep

Imp+1 (5.23

If Im p>1, then whent is large enoughx satisfies—t=<x=<t+ Rep. Hence there exists unique
r>0 such that X,r) e C. This means that when Ip>1, there will be a peak rather than a ridge.
If Im p<<—1, then whent is large enoughx<—t. Hence there does not exist-0 such that
(x,r) e C, that is, there is neither ridge nor peak in the grapltof

The above-presented discussion on the gragh isfsummarized as follows. Ats—, a root
p with |Im p|<1 corresponds to a ridge, a rgetvith Im p>1 corresponds to a peak, and a rpot
with Im p<<—1 corresponds to nothing.

Figure 3 ¢=10) shows the solution for

o(7)=(7—2)(7—6)(7+6), (5.22

which has three real roots. It is plotted for4 because the ridge is perpendicular to0 and the
figures cannot be plotted well near 0. Figure 4 shows its local behavior for a part of the region
with O0sr=<4.

Figure 5 ¢=10) shows the solution for

o(1)=(7—2)(7—6)(7+6)(7—2i)(7—6i)(7+6i), (5.23

which has three real roots and three purely imaginary roots, but one imaginary root has the
negative imaginary part. The solution has three ridges and two peaks.
Figure 6 ¢=10) shows the solution for

o(r)=(7—2-2i)(7—6—6i)(7+6—4i), (5.29

which has no real roots. In Fig. 6, there are three peaks.
Figure 7 ¢=10) shows the solution for
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FIG. 4.

o(r)=(7—2-2i)(7—6—6i)(7+6+6i), (5.25

which has no real roots, and only two roots have positive imaginary parts. In Fig. 7, there are only
two peaks.

In all these figuresFigs. 3—7, the vertical axis is {—tr&)

Example 3:{p=i, 7= w(i), o(7)=sin(u7) wherew is a real constant.

If r—0, thent—uv, henceE—0. When the pointX,r)—oc along the straight line =kx
+b (k,b are real constanks(5.14) gives

2) 1/8.

(kxtb)?

Im7= m% ,
(5.26

Xx—t+(x+1t)((kx+b)2+x>—t?)

1+ (x+1)? ~ (k)%

Rer=

Denoteur=p-+qi wherep andq are real, then

FIG. 5.
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FIG. 6.

_ 16u*(cosh2q) +cog 2p)) r4 16u?k*(cosh2uk?) + cog 2 u(k?+ 1)x)
~ (cosh2q)—cod2p)+2)% (1+(x+1)%)2 " (cosi2uk?)—cog2u(kZ+1)x)+2)2
(5.27

as x?+r2—o. Hence the solution is bounded, but not localized in our definifam the half
(r,x,t) spacé. However, as is showrk tends to zero at the infinity of the-21-dimensional
anti-de Sitter space—time €0).

This solution is shown in Fig. 8tE 10).

B. Single soliton solutions with nonconstant “spectral parameter”
In this case{, should satisfy
2

r
vz ~Cl. (5.28

S, ® are given by(5.2) and(5.3), and—tr D2is given by(5.4). However, in these expressiordg,
is no longer a constant.

Contrary to the case whei® is a constant, here the solutions are defined only on the half
(r,x,t) space. In general, they cannot be extended to the wheolg-8imensional anti-de Sitter
space—time.

Example 4: @¢y) =C, (constany, then

FIG. 7.
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FIG. 8.

fo=u- 5=y (5.29

Let

oo a(lo)  —B(Lo)
B(Lo)  a(lo)

wherea and B are holomorphic functions of, ando= B({g)/ a({y), then the Darboux matri$

is also given by(5.2). For example, ifo({) = ¢ andCy=i, then—tr d2 is completely the same as
that in Example 1.

Example 5: G¢g)={o+Cy where Co=a+ Bi, a and B are real constants witl8+0,
(&) = Lo-
Then

{3—(u+v—Cg){o+uv+r2—Cou=0. (5.30
The criteria of this quadratic equation is

A=(u+v—Cp)?—4(uv+r2-Cyu)
=(u—v+Cg)?—4r?

=(2t+a)?—4r?— B2+ 2B(2t+ a)i. (5.30)

Whent> — «a/2, the imaginary part oA is never zero. Hence we can choose

u+v—Co+(u—v+Cp)?—4r?
{o= 5 : (5.32

where the square root takes the specific branch in the upper half-plane.
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FIG. 9.

If r—0, thenZy,—u, d,{,— 1 and all the other derivatives ¢f tend to zero. Hence bip.4),
—tr(I>2—>0.
If x2+r2—o (t fixed),

- 1,
WE+r2 X%+ r? 2
1 2t+C, lim |
J =—=|1+ <Cj, <2, 5.3
| u§0| 2 (2t+C0)2—4r2 3 ( 3)

where C; is independent ok andr, but may depend oi, «, and 8. According to(5.4) for

o(Lo)={¢o, —tr ®2-0 asx?+r2—w». Hence the solution is also localized. However, it cannot be
extended to the whole-21-dimensional anti-de Sitter space—time smoothly because of the con-
dition t> — a/2.

This soliton is shown in Fig. 9t& 1) and Fig. 10 {(=10) for a=0 andB=2.

Example 6: G{g)={o+Cq, Co=a+ Bi (B#0) as previouslyg({,) is a polynomial of,
of degreek.

Then similar to(5.12), we have the estimates

kt1 _
|Zol |a§oa|< | Zol " ol

P T

=C,,

(5.39

FIG. 10.
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FIG. 11.

augo

&

asx?+r2— by (5.33. From(5.4), whenx?+r2—co,

(r2+ X2)$2C3

52 128C3c3 2
- <
! 572 (124332

0. (5.35

The solution is localized. As in the last example, this solution cannot be extended to the whole
2+ 1-dimensional anti-de Sitter space—time.

C. Double soliton solutions

Double soliton solutions are obtained by Darboux transformations of degree two. Here we
only show the following simple case for constant spectral parameters. In more complicated cases
the double soliton solutions can also be derived similarly.

Example 7:Let {1=i, {,=5+2i, 1j=w({;), oj(7))=7; (j=1,2). The double soliton is
shown in Fig. 11 (=10).
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