
Inverse Problems14 (1998) 1353–1370. Printed in the UK PII: S0266-5611(98)91309-0

Darboux transformations for the twisted so(p, q) system
and local isometric immersion of space forms

Zixiang Zhou†
Institute of Mathematics, Fudan University, Shanghai 200433, People’s Republic of China

Received 2 February 1998

Abstract. For then-dimensional integrable system with a twistedso(p, q) reduction, Darboux
transformations given by Darboux matrices of degree two are constructed explicitly. These
Darboux transformations are applied to the local isometric immersion of space forms with flat
normal bundle and linearly-independent curvature normals to give the explicit expression of the
position vector. Some examples are given from the trivial solutions and standard imbedding
T n → R2n.

1. Introduction

The theory of integrable systems has been widely used to study some differential geometric
problems such as minimal submanifolds, submanifolds with constant mean curvature,
harmonic maps, etc. In particular, the isometric immersion of space formM1(K1) of
curvatureK1 into space formM2(K2) of curvatureK2 has been studied in various papers.
If K1 6= K2, the nonlinear wave equation and the nonlinear sine–Gordon equation are
considered to describe some special problems [1–3, 10, 16]. WhenK1 = K2, the local
isometric immersion with flat normal bundle and linearly-independent curvature normals
was proposed in [17]. That problem has also been dealt with in a purely geometric way
[5, 6].

In this paper, we use the Darboux transformation to obtain the explicit expressions of
the local isometric immersions of the space forms of the same curvature with flat normal
bundle and linearly-independent curvature normals.

In this problem, the Lax pair has a twistedso(n) reduction. When the Lie algebra
is gl(n,C) or sl(n,C), there is a systematic construction of Darboux transformations (for
the problems discussed later, see [8, 9, 13, 15]), which is now a useful method to obtain
explicit solutions of nonlinear integrable partial differential equations. If the Lie algebra
is su(p, q), there is also a general algorithm to choose the spectral parameters [12–14, 19]
for the Darboux transformation of degree one. In this algorithm, the spectral parameters
can take only two mutually conjugate values. As a subalgebra ofsu(p, q) (p + q even),
the so(p, q) (p + q even) problem can be dealt with in a similar way, provided that
the real condition can be realized. However, for theso(p, q) (p + q odd) problem, this
method is not applicable directly [4, 11] since the spectral parameters should be conjugate
and cannot be real (or purely imaginary if written in another way) so that the Darboux
transformation is not trivial. It is known that the pureso(p, q) problem can be dealt
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with by a Darboux transformation of degree two [7, 18]. Here, for the twistedso(p, q)

problem (theso(p, q) problem with an additional involution condition), we construct such
a Darboux transformation using a limit process so that the Darboux matrix has only two
(not four) eigenvalues. For the twistedso(p, q) system, the method in [18] can give the
same Darboux matrix under some assumptions, but the method here is more direct and has
no assumptions.

Section 2 describes the linear system and the properties of its solutions. In section 3,
we obtain explicit expressions of the Darboux transformations of degree two for the twisted
so(p, q) reduction. Owing to the isomorphism betweensu(1, 1) and so(2, 1), we can see
that the Darboux transformation for the MKdV and the sine–Gordon equations given by the
Darboux matrix here is actually the well known standard Darboux transformation.

Using the above conclusions, section 4 gives the Darboux transformation for the
local isometric immersion fromMn(K) to M2n(K) with flat normal bundle and linearly-
independent curvature normals, the Lax set of which was proposed in [17]. We present
the general expression of the transformation for the position vector ofMn(K)→ M2n(K).
Section 4 also gives some interesting examples, including the submanifolds derived from
trivial solutions for allK = 0, 1,−1 cases and the submanifold derived from the standard
torusT n in R2n.

2. Linear system

Let

g = soex(p, q, r) = {X ∈ gl(p + q + r,R) | XTC + CX = 0} (1)

where

C = Ip,q,r = diag(1, . . . ,1︸ ︷︷ ︸
p

,−1, . . . ,−1︸ ︷︷ ︸
q

, 0, . . . ,0︸ ︷︷ ︸
r

).

Clearly, soex(p, q,0) = so(p, q). Here we considersoex(p, q, r) instead ofso(p, q) for
the unified treatment in section 4.

Let σ be a diagonal matrix such thatσ 2 = 1 (σ 6= 1). Then the transformation
θ : g→ g, X 7→ σXσ is an involution ong. Hence there is a decompositiong = g0 ⊕ g1

whereg0 andg1 are the+1 and−1 eigenspaces ofθ , respectively. Moreover, we suppose
that there is a maximum commutative subalgebrah of g in g1.

Let

L(g) =
{ n∑
j=0

Xjλ
j | Xj ∈ g, j = 0, 1, . . . , n

}
(2)

be a subalgebra of the loop algebra ofg,

L
σ (g) = {v ∈ L(g) | σv(λ)σ = v(−λ)} (3)

be a subalgebra ofL(g).
First, we consider the linear system

8x = U(x, λ)8 (4)

whereU ∈ Lσ (g). Denote

U(x, λ) =
n∑
j=0

Uj(x)λ
j Uj (x) ∈ g[j ] [j ] =

{
0 j even

1 j odd
(5)
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thenU ∈ Lσ (g) if and only if σU(x, λ)σ = U(x,−λ), (U(x, λ))∗C + CU(x, λ̄) = 0. In
this paper, we always suppose8(x, λ), a solution of (4), is smooth with respect to bothx
andλ. To discuss the Darboux transformation for (4), we need the following lemmas.

Lemma 1. If 8 is a solution of (4) withλ = λ0, thenσ8 is a solution of (4) withλ = −λ0.

Lemma 2. If 8 is a solution of (4) withλ = λ0, 9 is a solution of (4) withλ = λ̄0, then
(9∗C8)x = 0.

Proof. The conclusion follows from
8x = U(x, λ0)8

9∗xC = −9∗CU(x, λ0).
(6)

�

Lemma 3. Supposeµ ∈ R, 8 is a solution of (4) such that8|λ=µ is real, then
8TC8λ|λ=µ is independent ofx.

Proof.
(8λ)x = U(x, λ)8λ + Uλ(x, λ)8
8∗xC = −8∗CU(x, λ)

(7)

hold atλ = µ, hence

(8∗C8λ)x |λ=µ = 8∗CUλ(x, λ)8|λ=µ = 0 (8)

sinceCX is antisymmetric for anyX ∈ g. �

3. Darboux transformations

We say a real symmetric matrixM is semidefinite if for any non-zero vectorξ , ξTMξ > 0
or ξTMξ 6 0. The Darboux transformation for (4) can be constructed in the following
two ways. The first one is applicable whenC is not semidefinite and the second one is
applicable whenCσ is not semidefinite. Sinceσ is not±I , these two cases cover all the
possible situations.

3.1. Construction of the Darboux transformation when C is not semidefinite

Let µ ∈ R. Let H be a real vector solution of (4) withλ = µ which satisfiesH ∗CH = 0.
(This is possible due to lemma 2.)

Take λ(ε)1 = µ + √−1ε, λ(ε)2 = −µ −
√−1ε. Let h(ε)1 be a vector solution of (4)

with λ = λ(ε)1 satisfyingh(0)1 = H andh(ε)1 |x=x0 = H(x0) for some fixedx0. According to
lemma 1,h(ε)2 = σh(ε)1 is a solution of (4) withλ = λ(ε)2 .

Let

0
(ε)
jk =

h
(ε)∗
j Ch

(ε)
k

λ
(ε)
k − λ̄(ε)j

(j, k = 1, 2) (9)

then

G(ε)(λ) = 1−
2∑

j,k=1

1

λ− λ̄(ε)k
h
(ε)
j (0

(ε)−1)jkh
(ε)∗
k C (10)
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is a Darboux matrix for (4) without considering theLσ (g) reduction, that is, for any solution
8 of (4), 8̃ = G(ε)8 satisfies

8̃x = Ũ (ε)(x, λ)8̃ (11)

where Ũ (ε) ∈ L(gl(p + q + r,C)) [19]. Now we calculate0(ε), G(ε) and their limits as
ε→ 0. First,

0(ε) =


h
(ε)∗
1 Ch

(ε)

1

2
√−1ε

h
(ε)∗
1 Cσh

(ε)

1

−2µ

h
(ε)∗
1 Cσh

(ε)

1

2µ

h
(ε)∗
1 Ch

(ε)

1

−2
√−1ε

 . (12)

By lemma 3 and the assumptionsH ∗CH = 0, ∂h(ε)1 /∂ε|x=x0 = 0,

lim
ε→0

h
(ε)∗
1 Ch

(ε)

1

2
√−1ε

= −√−1 lim
ε→0

Re

(
h
(ε)∗
1 C

∂h
(ε)

1

∂ε

)
= −√−1 lim

ε→0
Re

(
h
(ε)∗
1 C

∂h
(ε)

1

∂ε

)∣∣∣∣
x=x0

= 0.

(13)

Hence

0 = lim
ε→0

0(ε) = 1

2µ

(
0 −H TCσH

H TCσH 0

)
= H TCσH

2µ

(
0 −1

1 0

)
(14)

0−1 = 2µ

H TCσH

(
0 1

−1 0

)
(15)

G(λ) = lim
ε→0

G(ε)(λ) = 1− 2µ

H TCσH

(
HH Tσ

λ+ µ −
σHH T

λ− µ
)
C

= 1

λ2− µ2

(
λ2+ 2λµ

H TCσH
[σ,HH T]C + 2µ2(σHH T +HH Tσ)C

H TCσH
− µ2

)
.

(16)

It is easy to prove that

(G(λ̄))∗CG(λ) = C
σG(λ)σ = G(−λ). (17)

Using these facts, we know that

Ũ = GUG−1+GxG
−1 (18)

satisfiesŨ ∈ Lσ (g).
Therefore, the following theorem holds.

Theorem 1. SupposeC is not semidefinite. Letµ ∈ R. LetH be a real vector solution of
(4) with λ = µ such thatH TCH = 0. Let

G(λ) = 1

λ2− µ2

(
λ2+ 2λµ

H TCσH
[σ,HH T]C + 2µ2(σHH T +HH Tσ)C

H TCσH
− µ2

)
Ũ = GUG−1+GxG

−1 (19)

thenŨ ∈ Lσ (g). Moreover, for any solution8 of (4), 8̃ = G8 satisfies̃8x = Ũ8̃.
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3.2. Construction of the Darboux transformation when Cσ is not semidefinite

WhenC is semidefinite, theorem 1 is no longer valid, since the requiredH does not exist in
general. Here we discuss the problem whenCσ is not semidefinite. We use the following
transformation to change the problem to a problem dealt with in section 3.1.

Consider the linear system

8x = U(
√−1λ)8. (20)

Let τ be a complex diagonal matrix such thatτ 2 = σ and τ has only two eigenvalues 1,√−1. Clearlyτ ∗τ = 1. Let V (λ) = τU(√−1λ)τ ∗, then whenλ is real,

(1) V (λ) = τ ∗U(−√−1λ)τ = τ ∗σU(√−1λ)στ = τU(√−1λ)τ ∗ = V (λ)
(2) (V (λ))∗Cσ = τ(U(√−1λ))∗τ ∗Cσ = −τCU(−√−1λ)τ = −τCσU(√−1λ)τ ∗

= − σCV (λ)
(3) V (−λ) = τU(−√−1λ)τ ∗ = τσU(√−1λ)στ ∗ = σV (λ)σ.

(21)

Hence,V (λ) ∈ Lσ (g′) where

g
′ = {X ∈ gl(p + q + r,R) | XTCσ + CσX = 0} ∼= soex(p

′, q ′, r) (22)

with p′ + q ′ = p + q.
Let 9 = τ8, then the linear system (20) is changed to

9x = V (λ)9. (23)

WhenCσ is not semidefinite, we can use theorem 1 to help solve this problem.
Let G′(λ) = τG(√−1λ)τ ∗, then9̃ = G′(λ)9 satisfies

9̃x = Ṽ (λ)9
whereṼ (λ) = τ Ũ(√−1λ)τ ∗.

Let µ ∈ R. Let H ′ be a real solution of (23) withλ = −µ. Then theorem 1 implies
thatG′(λ) can be chosen as

G′(λ′) = 1

λ′2− µ2

(
λ′2− 2λ′µ

H ′TCσH ′
[σ,H ′H ′T]σC + 2µ2(σH ′H ′T +H ′H ′Tσ)σC

H ′TCσH ′
−µ2

)
sinceC should be replaced byσC here. However,τ−1H ′ is a solution of (20) withλ = −µ,
i.e. it is a solution of (4) withλ = √−1µ. Let H = τ−1H ′, then, forλ = −√−1λ′,

G(λ) = τ−1G(λ′)τ

= 1

λ2+ µ2

(
λ2+ 2

√−1λµ

H ∗CH
[σ,HH ∗]σC − 2µ2(σHH ∗ +HH ∗σ)σC

H ∗CH
+µ2

)
.

Therefore, we have the following.

Theorem 2. SupposeCσ is not semidefinite. Letµ ∈ R. Let H be a complex vector
solution of (4) withλ = √−1µ such thatτH is real andH ∗CσH = 0. Let

G(λ) = 1

λ2+ µ2

(
λ2+ 2

√−1λµ

H ∗CH
[σ,HH ∗]σC − 2µ2(σHH ∗ +HH ∗σ)σC

H ∗CH
+ µ2

)
Ũ = GUG−1+GxG

−1 (24)

thenŨ ∈ Lσ (g). Moreover, for any solution8 of (4), 8̃ = G8 satisfies̃8x = Ũ8̃.
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3.3. Example: the MKdV equation and the sine–Gordon equation

The MKdV equation

ut = uxxx + 6u2ux (25)

has a well known Lax pair

9x = λ

2

(
1 0

0 −1

)
9 +

(
0 u

−u 0

)
9

9t =
(
λ3

2
+ λu2

)(
1 0

0 −1

)
9 + (λ2u+ uxx + 2u2)

(
0 u

−u 0

)
9 + λux

(
0 1

1 0

)
9.

(26)

The real Lie algebrasu(1, 1) generated by

e1 = 1

2

(
1 0

0 −1

)
e2 = 1

2

(
0 1

1 0

)
e3 = 1

2

(
0 1

−1 0

)
(27)

is isomorphic toso(2, 1), given by the correspondence

e1→
 0 0 0

0 0 1

0 1 0

 e2→
 0 0 −1

0 0 0

−1 0 0

 e3→
 0 1 0

−1 0 0

0 0 0

 . (28)

Now take

g = so(2, 1) C =
 1 0 0

0 1 0

0 0 −1

 σ = C.

Then,

g0 = Span


 0 1 0

−1 0 0

0 0 0


g1 = Span


 0 0 0

0 0 1

0 1 0

 ,
 0 0 −1

0 0 0

−1 0 0

 . (29)

Take the Cartan subalgebra

h = Span


 0 0 0

0 0 1

0 1 0

 (30)

which corresponds toe1.
Using the correspondence (28), we have the new Lax pair

8x =
 0 2u 0

−2u 0 λ

0 λ 0

8
8t =

 0 2λ2u+ 2uxx + 4u3 −2λux
−2λ2u− 2uxx − 4u3 0 λ3+ 2λu2

−2λux λ3+ 2λu2 0

8. (31)
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Let µ ∈ R. Let H = (α, β, γ )T be a real solution of (31) withλ = µ which satisfies
α2+ β2− γ 2 = 0, then theorem 1 gives

(λ2− µ2)G(λ) = λ2− 2λµ

γ 2

 0 0 αγ

0 0 βγ

αγ βγ 0

+ 2µ2

γ 2

 α2 αβ 0

αβ β2 0

0 0 γ 2

− µ2 (32)

ũ = u− µα
γ
. (33)

Let θ = sin−1(α/γ ), then (31) givesθx = 2u − µ sinθ . Therefore, (33) is just the same
as the standard Darboux transformation for the MKdV equation given by a 2× 2 Darboux
matrix, which is linear in the spectral parameter, although the 3× 3 Darboux matrix here
is quadratic inλ.

For the sine–Gordon equation, thex-part of the Lax pair is the same as that of the
MKdV equation. Hence, the Darboux transformation (33) is also the standard Darboux
transformation for the sine–Gordon equation.

4. Local isometric immersion of space forms with flat normal bundle and
linearly-independent curvature normals

[17] gives the Lax sets for the equations describing local isometric immersions with flat
normal bundles and linearly-independent curvature normals. Here we apply the above
theorems to this problem and give the Darboux transformations of the position vectors.

First, we list some useful conclusions from [17], and rewrite the structure equation in a
form to which the Darboux transformation can be easily applied.

Let Mn(K) be ann-dimensional space form of curvatureK, whereK = 0, 1,−1. For
the local isometric immersionMn(K) → M2n(K) with flat normal bundle and linearly-
independent curvature normals, there always exist local coordinatesx = (x1, . . . , xn) on
Mn(K) and the parallel orthonormal normal vector fields(en+1, . . . , e2n) such that the first
and second fundamental forms are

I =
n∑

i,j=1

gij dxi dxj =
n∑
i=1

ρ2
i (x) dx2

i

II =
n∑

i,j,α=1

�αij dxi dxj en+α =
n∑

i,j=1

ρi(x)ωiα(x) dx2
i en+α

(34)

whereω(x) = (ωij (x)) ∈ O(n).
Denote

Rn(K) =
{
Rn if K = 0, 1

Rn−1,1 if K = −1
(35)

whereRn−1,1 has the metricx2
1 + · · · + x2

n−1− x2
n.

Let in(K) : Mn(K)→ Rn+1(K) be the standard imbedding given by

Mn(0) = {(x1, . . . , xn+1) ∈ Rn+1 | xn+1 = 0}
Mn(1) = {(x1, . . . , xn+1) ∈ Rn+1 | x2

1 + · · · + x2
n + x2

n+1 = 1}
Mn(−1) = {(x1, . . . , xn+1) ∈ Rn,1 | x2

1 + · · · + x2
n − x2

n+1 = −1}.
(36)
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Then we can consider the immersion

V : Mn(K)→ M2n(K)
i2n(K)−→ R2n+1(K). (37)

Clearly,V ∈ R2n for K = 0, V ·V = K for K = ±1. Here ‘·’ refers to the inner product
in R2n+1(K).

Remark 1. We imbedR2n into R2n+1 only for the unification of the three cases.

The structure equations for such immersions are

∂jVi = 0kijVk +�αijnα −KgijV
∂inα = −glk�αilVk

(38)

where Vi = ∂iV , 0kij ’s are the Christofel symbols corresponding to the metric(gij ),
∂i = ∂/∂xi .

From (34),

gij = ρ2
i δij �αij = ρiωiαδij . (39)

Then (38) becomes

∂jVi = ∂jρi

ρi
Vi + ∂iρj

ρj
Vj (i 6= j)

∂iVi = −
∑
k 6=i

ρi∂kρi

ρ2
k

Vk + ∂iρi
ρi
Vi + ρiωiαnα −Kρ2

i V

∂inα = −ωiα
ρi
Vi .

(40)

The Gauss–Codazzi equations are the integrability conditions for (40), which are

∂iγij + ∂jγji =
∑
l 6=i,l 6=j

γliγlj (i 6= j)

∂kγij + γikγkj = 0 (i 6= j, i 6= k, j 6= k)
∂iγji + ∂jγij −

∑
l 6=i,l 6=j

γilγjl −Kρiρj = 0 (i 6= j)

∂jρi + γijρj = 0 (i 6= j)

(41)

∂jωiα + γijωjα = 0 (i 6= j)
∂iωiα =

∑
k 6=i

γkiωkα
(42)

where

γij =
{−∂jρi/ρj if i 6= j

0 if i = j.
(43)

Let

pi =
∑
α

ωiαnα qi = ρ−1
i Vi r = V (44)
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then (40) becomes

∂ipi =
∑
k 6=i

γkipk − qi ∂jpi = −γijpj (i 6= j)

∂iqi =
∑
k 6=i

γikqk + pi −Kρir ∂jqi = −γjiqj (i 6= j)

∂ir = ρiqi .

(45)

For simplicity, we write

p =


p1

...

pn

 q =


q1

...

qn

 . (46)

In [17], a spectral parameter was proposed so that (41) has a Lax set (generalized Lax
pair)

∂iui =
∑
k 6=i

γkiuk − λvi ∂jui = −γijuj (i 6= j)

∂ivi =
∑
k 6=i

γikvk + λui −Kρiw ∂jvi = −γjivj (i 6= j)

∂iw = ρivi .

(47)

Note that (45) is a special case of (47) forλ = 1.
Let 8(λ) = (u1, . . . , un, v1, . . . , vn, w)

T, the above system of equations can be written
in matrix form as

∂i8 = (λJi + [Ji, P ])8 (48)

where

Ji =
 0 −Eii 0

Eii 0 0

0 0 0

 P =

 0
∑

i 6=j γijEij −K
∑

i ρiei

−∑i 6=j γjiEij 0 0∑
i ρie

T
i 0 0



[Ji, P ] =


∑
j 6=i γji(Eij − Eji) 0 0

0
∑
j 6=i γij (Eij − Eji) −Kρiei

0 ρie
T
i 0

 .
(49)

HereEij is a constant matrix whose(i, j)th entry is one and the rest of the entries are zero,
andei is a column matrix whoseith entry is one and the rest of the entries are zero.

If we write a (2n+ 1)× (2n+ 1) matrixM as a block matrix


n n 1

M[1,1] M[1,2] M[1,3]

M[2,1] M[2,2] M[2,3]

M[3,1] M[3,2] M[3,3]


n

n

1

(50)

then

(ρi) = P[3,1] (γij ) = P[1,2] (ωij ) = 8[1,1](0)Lω

pq
r

 = 8(1)L (51)

whereLω is ann× n constant matrix andL is a (2n+ 1)× 1 constant matrix.
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For the unification of the three casesK = 0,±1, we apply theorem 2 to (48). Notice
that (45) for(pi , qi , r) is a special case of (47) for(ui, vi, w) whenλ = 1. Moreover,ωiα
satisfy the same equations (in (42)) asui do in (47) withλ = 0.

ForK = 0, 1,−1, λJi + [Ji, P ] ∈ Lσ (g) which corresponds to

C = diag(1, . . . ,1︸ ︷︷ ︸
n

, 1, . . . ,1︸ ︷︷ ︸
n

,K)

σ = diag(1, . . . ,1︸ ︷︷ ︸
n

,−1, . . . ,−1︸ ︷︷ ︸
n

,−1).
(52)

Hence

Cσ = diag(1, . . . ,1︸ ︷︷ ︸
n

,−1, . . . ,−1︸ ︷︷ ︸
n

,−K) (53)

is not always semidefinite. Therefore, we can use theorem 2.
Let µ be a real number. LetH = (ξ1, . . . , ξn,

√−1η1, . . . ,
√−1ηn,

√−1ζ ) be a
solution of (47) withλ = √−1µ such that

∑
i ξ

2
i =

∑
i η

2
i + Kζ 2. Then τH is real

andH ∗CσH = 0. Written explicitly, the components ofH satisfy

∂iξi =
∑
k 6=i

γkiξk + µηi ∂j ξi = −γij ξj (i 6= j)

∂iηi =
∑
k 6=i

γikηk + µξi −Kρiζ ∂jηi = −γjiηj (i 6= j)

∂iζ = ρiηi .

(54)

The Darboux matrix in theorem 2 is

G(λ) = 1

λ2+ µ2

λ2+ µ2+ 2λµ

1

 0 −ξηT −Kζξ
ηξT 0 0

ζ ξT 0 0



− 2µ2

1

 ξξT 0 0

0 ηηT Kηζ

0 ζηT Kζ 2

 (55)

whereξ = (ξ1, . . . , ξn)
T, η = (η1, . . . , ηn)

T, 1 =
n∑
l=1

ξ2
l .

The corresponding geometric quantities are given by

P̃ = P − 2
√−1µ

H ∗CH
[σ,HH ∗]σC ω̃ = G(0)[1,1]ω (56)

(p̃1, . . . , p̃n, q̃1, . . . , q̃n, r̃)
T = G(1)(p1, . . . ,pn, q1, . . . , qn, r)

T. (57)
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Written explicitly, they are

ρ̃i = ρi − 2µζξi
1

γ̃ij = γij + 2µξiηj
1

ω̃iα = ωiα −
∑
j

2ξiξj
1

ωjα

p̃i = pi −
∑
j

bµξiξj

1
pj −

∑
j

bξiηj

1
qj − Kbζξi

1
r

q̃i = qi +
∑
j

bηiξj

1
pj −

∑
j

bµηiηj

1
qj − Kbµζηi

1
r

r̃ = r +
∑
j

bζ ξj

1
pj −

∑
j

bµζηj

1
qj − Kbµζ

2

1
r

(58)

whereb = 2µ/(1+ µ2).
Using (44) and (40), we have

Ṽ =
∑
j

bζ ξj

1ρj

∂2V

∂x2
j

+
∑
j

bζ

1ρ2
j

(
− ξj ∂jρj +

∑
k 6=j

ξk∂jρk − µρjηj
)
∂V

∂xj

+
(

1− Kbµζ
2

1
+
∑
j

Kbζρj ξj

1

)
V . (59)

Therefore, we have the following general procedure to get the local isometric immersion
Mn(K) → M2n(K) with flat normal bundle and linearly-independent curvature normals.
Since we consider the linear system (47), the conditionρi 6= 0 can be removed temporarily,
provided that̃ρi 6= 0 for the derived submanifold.

(1) Suppose we know a solution of (41) and can solve the linear system (47) to get the
fundamental solution8(x1, . . . , xn, λ).

(2) Let λ = √−1µ and get a solution(ξ, η, ζ ) of (54) such that

(ξ,
√−1η,

√−1ζ )T = 8(x1, . . . , xn,
√−1µ)C (60)

whereC is a constant matrix.
(3) Using (58), one gets the position vectorr̃ and the corresponding quantities. When

ρi 6= 0, (59) gives a more direct answer. Moreover, the corresponding solution of (47) is
8̃(x1, . . . , xn, λ) = G(x1, . . . , xn, λ)8(x1, . . . , xn, λ).

These three steps give the new solution of (41) and (45). Whenρ̃i 6= 0, the solution
represents a real geometric immersion.

For r̃, the corresponding solution of (47) is known. Hence, we can repeat steps (2)
and (3) to get another solutioñ̃r. Continuing this process, a series of immersions are
obtained by an algebraic algorithm and one should solve a system of linear ordinary
differential equations only once in step (1).

Now we give some examples. The simplest examples are the totally geodesic
submanifolds. However, since their second fundamental forms are zero, the Darboux
transformation here is not applicable (also, their curvature normals are linearly dependent).
Therefore, we seek other solutions as seed solutions of the Darboux transformation.

4.1. Solutions derived from the trivial solutions

We take the seed solution of (41) asρi = 0, γij = 0, ωiα = δiα. Although this does not
correspond to a real geometric object, and (59) is not valid, we can still get(̃p, q̃, r̃) from
(58) and then get the non-trivial local immersioñr.
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To obtain a solution, we first solve (45) to get(p, q, r) and solve (54) to get(ξi, ηi, ζ ),
then normalize the first fundamental form by changing coordinates{xi}. After that, the last
equation of (58) gives the position vector of the immersion.

First, we solve (45) to get

pi = Ei cosxi + Fi sinxi

qi = Ei sinxi − Fi cosxi

r = R
(61)

whereEi , Fi , R (i = 1, . . . , n) are constant vectors inR2n+1(K) such that

Ei ·Ej = δij Ei · Fj = 0 Fi · Fj = δij Ei ·R = Fi ·R = 0

R ·R = K (if K = ±1).
(62)

4.1.1.K = 0. The solution of (54) is

ξi = Ai eµxi ηi = Ai eµxi ζ = C (63)

whereAi andC are non-zero real constants.
From (58),

ρ̃i = − 2µCAi eµxi∑
k A

2
k e2µxk

. (64)

Let

zi = 2CAi eµxi∑
k A

2
k e2µxk

(65)

then

Ĩ =
∑
i

ρ̃ 2
i dx2

i =
∑
i

dz2
i . (66)

ChooseR = 0, then

r̃ =
∑
i

µ

1+ µ2
zi(Ei cosxi + Fi sinxi)−

∑
i

µ2

1+ µ2
zi(Ei sinxi − Fi cosxi)

=
∑
i

µzi√
1+ µ2

(Ei cos̃xi + Fi sinx̃i ) (67)

where

x̃i = xi + tg−1µ = 1

µ
ln

(
2C

Ai

zi∑
k z

2
k

)
+ tg−1µ. (68)

This local immersion is only defined for(z1, . . . , zn) with AiCzi > 0.
For n = 2 andAi = 1, C > 0, let z1 = r cosφ, z2 = r sinφ,

k1 = E1+ µF1√
1+ µ2

k2 = F1− µE1√
1+ µ2

k3 = E2+ µF2√
1+ µ2

k4 = F2− µE2√
1+ µ2
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then{k1,k2,k3,k4} is also an orthonormal frame ofR4, and

r̃ = µ√
1+ µ2

(
r cosφ cos

(
1

µ
ln

(
2C

r
cosφ

))
k1

+r cosφ sin

(
1

µ
ln

(
2C

r
cosφ

))
k2

+r sinφ cos

(
1

µ
ln

(
2C

r
sinφ

))
k3+ r sinφ sin

(
1

µ
ln

(
2C

r
sinφ

))
k4

)
(
r > 0, 0< φ <

π

2

)
. (69)

Written in terms of the coordinates(x1, x2)

r̃ = 2µC√
1+ µ2

1

e2µx1 + e2µx2
(eµx1 cosx1k1+ eµx1 sinx1k2+ eµx2 cosx2k3+ eµx2 sinx2k4).

(70)

Remark 2. WhenµC is finite andµ → 0, except for(0, 0, 0, 0), each point on the
submanifold (70) tends to the standard torus inR4:

r = µC(cosx1k1+ sinx1k2+ cosx2k3+ sinx2k4). (71)

The coefficient isµC because the metric on the surface is

I = µ2C2
2∑
i=1

dx2
i .

WhenC is finite andµ→∞, the pointwise limit of the submanifold given by (69) is

r = r cosφk1+ r sinφk3 (72)

which is a plane inR4.

Remark 3. In the coordinate{zi}, (45) or (40) is no longer satisfied, because those
equations depend on the special coordinate{xi}.

Figures 1–3 show the manifold withµ = −0.2, C = 1. In figure 1, the three axes are
(r1, r2, r3) if r is written asr =∑4

j=1 rjkj . Figure 2 is the corresponding contour plot of

figure 1 on the(r1, r2) plane. In figure 3, the axes are(r1, r2,±
√
r2

3 + r2
4). The dark spiral

in figure 2 represents the boundary of the manifold.

4.1.2.K = 1. The solution of (54) is

ξi = Ai eµxi + Bi e−µxi ηi = Ai eµxi − Bi e−µxi ζ = C (73)

whereAi , Bi , C are non-zero real constants withC2 = 4
∑

i AiBi .
The corresponding

ρ̃i = − 2µC(Ai eµxi + Bi e−µxi )∑
k(Ak eµxk + Bk e−µxk )2

. (74)

Let

zi = Ai eµxi − Bi e−µxi

C
(75)
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Figure 1.

Figure 2.

Figure 3.

then

Ĩ =
∑
i

ρ̃ 2
i dx2

i =
4
∑

i dz2
i

(
∑

k z
2
k + 1)2

(76)
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r̃ =
(

1− bµ∑
k z

2
k + 1

)
R+

b

√
z2
i + Ci∑

k z
2
k + 1

(Ei cosxi + Fi sinxi)

− bµzi∑
k z

2
k + 1

(Ei sinxi − Fi cosxi)

=
(

1− 2µ2

1+ µ2

1∑
k z

2
k + 1

)
R+

2µ
√
(1+ µ2)z2

i + Ci
(1+ µ2)(

∑
k z

2
k + 1)

(Ei cos̃xi + Fi sinx̃i )

(77)

with Ci = 4AiBi/C2 (therefore,
∑

i Ci = 1),

x̃i = 1

µ
ln

(
C

2Ai
(zi +

√
z2
i + Ci)

)
+ tg−1 µzi√

z2
i + Ci

. (78)

It is clear that this immersion is smooth for|z| <∞. It can be verified that at|z| = ∞
(by changing coordinates) it is not smooth.

4.1.3.K = −1. The solution of (54) is

ξi = Ai eµxi − Bi e−µxi ηi = Ai eµxi + Bi e−µxi ζ = C (79)

whereAi , Bi , C are non-zero real constants withC2 = 4
∑

i AiBi . Then

ρ̃i = − 2µC(Ai eµxi − Bi e−µxi )∑
k(Ak eµxk − Bk e−µxk )2

. (80)

Let

zi = C(Ai eµxi + Bi e−µxi )∑
k(Ak eµxk + Bk e−µxk )2

(81)

then

Ĩ =
∑
i

ρ̃ 2
i dx2

i =
4
∑

i dz2
i

(1−∑k z
2
k)

2
(82)

r̃ =
(

1+ 2µ2

1+ µ2

∑
k z

2
k

1−∑k z
2
k

)
R+

2µ
√
(1+ µ2)z2

i − Ci(
∑

k z
2
k)

2

(1+ µ2)(1−∑k z
2
k)

(Ei cos̃xi + Fi sinx̃i )

(83)

with Ci = 4AiBi/C2 (also
∑

i Ci = 1),

x̃i = 1

µ
ln

(
C

2Ai

zi +
√
z2
i − Ci(

∑
k z

2
k)

2∑
k z

2
k

)
+ tg−1 µzi√

z2
i − Ci(

∑
k z

2
k)

2
. (84)

Now Mn(−1) is the disk
∑

k z
2
k < 1, but the immersion (83) can only be defined in a

region ofMn(−1). For example, when allAi > 0, Bi > 0, it is defined inCi(
∑

k z
2
k)

2 < z2
i ,

which contains the centre(0, 0, . . . ,0) of the disk.
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4.2. Solutions derived from the torusT n→ R2n

Let

r =
n∑
i=1

(cosxiEi + sinxiFi ) (85)

whereEi andFi are constant vectors satisfying

Ei ·Ej = δij Ei · Fj = 0 Fi · Fj = δij . (86)

This is the standard torusT n in R2n, whosegij = δij , ωiα = δiα, and the corresponding

pi = − cosxiEi − sinxiFi

qi = − sinxiEi + cosxiFi . (87)

Solving (54) with
∑

i ξ
2
i =

∑
i η

2
i , we have

ξi = Ai eµxi ηi = Ai eµxi ζ =
n∑
k=1

Ak

µ
eµxk + C (88)

Figure 4.

Figure 5.
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whereAi andC are real constants. Then (58) gives

r̃ =
n∑
i=1

(cosxiEi + sinxiFi )− b

1

( n∑
k=1

Ak

µ
eµxk + C

)

×
n∑
i=1

Ai eµxi ((cosxi − µ sinxi)Ei + (sinxi + µ cosxi)Fi ) (89)

ρ̃i = 1− 2Ai eµxi

1

( n∑
k=1

Ak eµxk + µC
)

(90)

where

1 =
∑
k

A2
k e2µxk b = 2µ

1+ µ2
. (91)

This submanifold is defined in the region whereρ̃i 6= 0 for all 16 i 6 n.
By the local change of coordinates

zi = xi − 2Ai eµxi

µ1

( n∑
k=1

Ak eµxk + µC
)

(92)

the metric is changed to

Ĩ =
n∑
i=1

dz2
i .

Figure 4 shows this submanifold (surface) forn = 2,Ai = 1,C = 1,µ = −0.2. Writing
r = r1E1+ r2F1+ r3E2+ r4F2, then the coordinates are taken as((2+ r1)r3, (2+ r1)r4, r2).
Figure 5 is the corresponding figure for the standard torus.
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