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Abstract. For then-dimensional integrable system with a twisted p, ¢) reduction, Darboux
transformations given by Darboux matrices of degree two are constructed explicitly. These
Darboux transformations are applied to the local isometric immersion of space forms with flat
normal bundle and linearly-independent curvature normals to give the explicit expression of the
position vector. Some examples are given from the trivial solutions and standard imbedding
T" — R?,

1. Introduction

The theory of integrable systems has been widely used to study some differential geometric
problems such as minimal submanifolds, submanifolds with constant mean curvature,
harmonic maps, etc. In particular, the isometric immersion of space f#htK;) of
curvaturek; into space formM,(K>) of curvatureK, has been studied in various papers.

If K1 # K, the nonlinear wave equation and the nonlinear sine—Gordon equation are
considered to describe some special problems [1-3,10,16]. VKhea K, the local
isometric immersion with flat normal bundle and linearly-independent curvature normals
was proposed in [17]. That problem has also been dealt with in a purely geometric way
[5, 6].

In this paper, we use the Darboux transformation to obtain the explicit expressions of
the local isometric immersions of the space forms of the same curvature with flat normal
bundle and linearly-independent curvature normals.

In this problem, the Lax pair has a twisted(n) reduction. When the Lie algebra
is gl(n, C) or sl(n, C), there is a systematic construction of Darboux transformations (for
the problems discussed later, see [8,9, 13, 15]), which is now a useful method to obtain
explicit solutions of nonlinear integrable partial differential equations. If the Lie algebra
is su(p, q), there is also a general algorithm to choose the spectral parameters [12-14, 19]
for the Darboux transformation of degree one. In this algorithm, the spectral parameters
can take only two mutually conjugate values. As a subalgebra:@f, g) (p + g even),
the so(p,q) (p + g even) problem can be dealt with in a similar way, provided that
the real condition can be realized. However, for ta€p, g) (p + ¢ odd) problem, this
method is not applicable directly [4,11] since the spectral parameters should be conjugate
and cannot be real (or purely imaginary if written in another way) so that the Darboux
transformation is not trivial. It is known that the puse(p, ¢q) problem can be dealt
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with by a Darboux transformation of degree two [7,18]. Here, for the twistgg, g)
problem (theso(p, ¢) problem with an additional involution condition), we construct such

a Darboux transformation using a limit process so that the Darboux matrix has only two
(not four) eigenvalues. For the twisted(p, ¢) system, the method in [18] can give the
same Darboux matrix under some assumptions, but the method here is more direct and has
no assumptions.

Section 2 describes the linear system and the properties of its solutions. In section 3,
we obtain explicit expressions of the Darboux transformations of degree two for the twisted
so(p, g) reduction. Owing to the isomorphism betwean1, 1) andso(2, 1), we can see
that the Darboux transformation for the MKdV and the sine—Gordon equations given by the
Darboux matrix here is actually the well known standard Darboux transformation.

Using the above conclusions, section 4 gives the Darboux transformation for the
local isometric immersion frond,,(K) to M,,(K) with flat normal bundle and linearly-
independent curvature normals, the Lax set of which was proposed in [17]. We present
the general expression of the transformation for the position vectdf,0K) — My, (K).
Section 4 also gives some interesting examples, including the submanifolds derived from
trivial solutions for allK = 0, 1, —1 cases and the submanifold derived from the standard
torus7” in R%.

2. Linear system

Let
g=s0ex(p,q,7)={Xeglp+q+rR) | X C+CX=0) (1)
where
C=lpyr=diagl. .1, -1...,-10...,0.
P q r

Clearly, soex(p, g, 0) = so(p, q). Here we consideroex(p, g, r) instead ofso(p, g) for
the unified treatment in section 4.

Let o be a diagonal matrix such that* = 1 (¢ # 1). Then the transformation
0:g— g, X — oXo is an involution ong. Hence there is a decompositign= go @ g1
wheregg andg; are the+1 and—1 eigenspaces df, respectively. Moreover, we suppose
that there is a maximum commutative subalgebiaf g in g;.

Let

S(g)z{ZXiAj|Xjeg,j=O,1,...,n} 2
j=0
be a subalgebra of the loop algebragof

£7(g) = {v € £(9) | ov(M)o = v(=1)} 3

be a subalgebra of(g).
First, we consider the linear system

O, =Ux, 1D 4)
whereU € £°(g). Denote
j even
j odd

=

U, ) =) Un U egy  [il=
j=0
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thenU e £9(g) if and only if 6 U (x, A)o = U(x, —A), (U(x,1))*C +CU(x, 1) = 0. In
this paper, we always suppos€gx, A), a solution of (4), is smooth with respect to bath
and . To discuss the Darboux transformation for (4), we need the following lemmas.

Lemma 1. If ® is a solution of (4) withh. = Aq, theno @ is a solution of (4) withh = —Aq.

Lemma 2. If ® is a solution of (4) withh. = A¢, ¥ is a solution of (4) withh. = Ao, then
(v*C®), =0.

Proof. The conclusion follows from
O, =U(x, 0P
X . (6)
UrC = —W*CU(x, Ag).
O

Lemma 3. Supposen € R, @ is a solution of (4) such thatb|,—, is real, then
®TCd,|;-, is independent of.

Proof.

Py =Ux, M), + U, (x,1)D

P*C = —d*CU(x, 1) ()
hold atA = u«, hence

(Q*CD;)ilr=p = ®*CU(x, ) P3=, =0 8
sinceCX is antisymmetric for any € g. O

3. Darboux transformations

We say a real symmetric matrid is semidefinite if for any non-zero vectér £"M£ > 0

or "M < 0. The Darboux transformation for (4) can be constructed in the following
two ways. The first one is applicable whe&his not semidefinite and the second one is
applicable wherCo is not semidefinite. Since is not+1, these two cases cover all the
possible situations.

3.1. Construction of the Darboux transformation when C is not semidefinite

Let u € R. Let H be a real vector solution of (4) with = x which satisfiesH*CH = 0.
(This is possible due to lemma 2.)

Take 1) = u+ V1, Ay = —pu — v/—1e. Let h{” be a vector solution of (4)
with 2 = A\ satisfyingh”’ = H andh\”|,_,, = H(xo) for some fixedxo. According to
lemma 1,h% = oh{" is a solution of (4) withh = 15".

Let
W Chy
W=t (k=12 ©)
p )\‘ké‘ _ )\‘j&‘
then
2,1
GOm=1->" —® A (@O n*C (10)

Jok=17"" "k
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is @ Darboux matrix for (4) without considering t#€ (g) reduction, that is, for any solution
@ of (4), ® = G®  satisfies

O, = U x, M) (11)

where U® e £(gl(p + g + r, C)) [19]. Now we calculate™®, G© and their limits as
e — 0. First,

(&)* (&) (&) (&)
h*chy?  h*Cohy

24/ —1e —2u

re = ()% @ @)%y (6) (12)
K Coh  h*Chl
21 —2/=1¢

By lemma 3 and the assumptio#&"C H = 0, 9% /de|,—, = O,

h(s)*Ch(S) 8]1(8) 8h(£)
lim —~— = —/=1lim Re[ h{*c— ) = —vV/—=1lim Re[ n'?*c—+ =0.
e=0 2./—1¢ e—0 < 1 ae e—0 ! de x=xo
(13)
Hence
. 1 0 —~H'CoH H'CoH (0 -1
F:IlmF(£)=—< . ’ >=—0< ) (14)
e—0 2u \H'CocH 0 21 1 O
2 0 1
rio_H (15)
H'CcH\-1 0
. 2 HH' HH'
GO)=limGO0) =1— —H c_2 c
e—0 HTCoH \ A +un A— 2
1 2010 2u(cHH" + HH0)C
=——(2®+—"—[o,HH"]|C —u?).
a2 ;ﬂ( t o HHICH H'CoH ”
(16)

It is easy to prove that

(GO CG) =C

oG(W)o = G(=1). a7)
Using these facts, we know that

U=GUG*+G,G* (18)

satisfiesU € £ (g).
Therefore, the following theorem holds.

Theorem 1. Suppose is not semidefinite. Let € R. Let H be a real vector solution of
(4) with A = u such thatH "CH = 0. Let

2) 2u2(cHH" + HH0)C
GO\ = <A2+—M[6,HHT]C+ W +HH 0) —,ﬁ)

HTCoH HTCoH
U=GUG'+G,G™ (19)

)\,2—,&2

thenU e £° (g). Moreover, for any solutiom® of (4), ® = G satisfiesd, = U d.
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3.2. Construction of the Darboux transformation whes 8 not semidefinite

When(C is semidefinite, theorem 1 is no longer valid, since the requifatbes not exist in

general. Here we discuss the problem wlit&n is not semidefinite. We use the following

transformation to change the problem to a problem dealt with in section 3.1.
Consider the linear system

@, = U—11). (20)

Let T be a complex diagonal matrix such thet = o andr has only two eigenvalues 1,
+—1. Clearlyr*t = 1. LetV(1) = tU(v/—11)t*, then whenh is real,

QD) V) =t'U(—vV/=1)1 = ' UV =)ot = tUN=-1)T* = V(L)
(2) (V(W))*Co = t(U(V—=11)*t*Co = —tCU(—v/ =1t = —1Co U (v/—=10)1*
= —oCV(})
(3) V(=A) = tU(—v/—-1)1t* = 10U (V=1N)ot* = o V(M)o.
Hence,V (1) € L?(g') where
gd={Xeglp+q+rR) | X Co+CoX =0}=s0ex(p,q,7) (22)

(21)

with p'+¢q¢' = p +g4.
Let ¥ = t®, then the linear system (20) is changed to

W, = V(O)W. (23)

WhenCo is not semidefinite, we can use theorem 1 to help solve this problem.
Let G'(L) = tG(V/—1))T*, then¥ = G' (L)W satisfies

U, = V)

where V() = tU(v/—10)7*.
Let © € R. Let H' be a real solution of (23) with = —u. Then theorem 1 implies
that G’(1) can be chosen as

2 20 1 2u(cH'H + HHo)o C 9
A —K

Ty 1y
GO = 2 — MZ - HTCoH' [U’ HH ]UC + HTCoH'

sinceC should be replaced hyC here. However; ~*H' is a solution of (20) withh = —p,
i.e. it is a solution of (4) withh = «/—1u. Let H = t~1H’, then, forx = —/—11/,
G =1GW)t
1 2V—1x 2u(c HH* + HH*0)o C
- 2 N T HEYeC - 22 @ + 9)0 +u?).
A2 4 u? H*CH H*CH
Therefore, we have the following.

Theorem 2. SupposeCo is not semidefinite. Let € R. Let H be a complex vector
solution of (4) withh. = /—1u such thatt H is real andH*Co H = 0. Let

1 21 2u?(c HH* + HH*0)o C
GO = W2 Y R HHec - ZE © + 7)o + u?
A2 4 2 H*CH H*CH
U=GUG'+G,G* (24)

thenU e £° (g). Moreover, for any solutiom® of (4), ® = G satisfiesd, = U d.
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3.3. Example: the MKdV equation and the sine—Gordon equation

The MKdV equation
Ur = Uyrx + 6uuy (25)

has a well known Lax pair

A(l O> (0 u)
== w4 v
2\0 -1 —u 0

v, = ’\3+/\2 10 U+ (A%u + uyy + 2u?) 0 u W4 0 1)y
= 27" ) o -1 e T o “\1 0/

(26)
The real Lie algebrau(1, 1) generated by

1/1 0 1/0 1 1/0 1
_1 _ 1 _ 27
é 2(0 —1> c2 2(1 o) e 2(_1 o) @7)

is isomorphic toso(2, 1), given by the correspondence
0 0O 0 0 -1 0 10
el—>(0 0 1) 62—>(O 0 0) 63—)(—1 0 O). (28)
010 -1 0 O 0 0O
Now take
g=s0(2,1) C = (
Then,
0 1
go = Span (—1 0
0

0
0
0
0 0O 0 0 -1
g1 = Span (0 0 1),(0 0 O)] (29)
10 -1 0 O
Take the Cartan subalgebra

0 0
h= Spanl (0 0 ) } (30)
010

which corresponds te;.
Using the correspondence (28), we have the new Lax pair

0O 2« O
o, = (—214 0 )») )
0 A0
0 22u + 2u,, + dud —2\u,
@=(—a%—%“—M3 0 ﬁ+mﬁ)©. (31)

—2\ U, 23+ 2au? 0
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Let u» € R. Let H = (a, B8,y)" be a real solution of (31) with. = x which satisfies
a? 4+ g% — y2 =0, then theorem 1 gives
0 0 ay o> af O
2). 2u?
W= =22-=5 0 0 py |+l B2 O |-n? (32
4 ay By O 0 0 y?
d=u— 22 (33)
14
Let & = sin"Y(«/y), then (31) gived, = 2u — using. Therefore, (33) is just the same
as the standard Darboux transformation for the MKdV equation given by @ Darboux
matrix, which is linear in the spectral parameter, although the3Darboux matrix here
is quadratic in.
For the sine—Gordon equation, thepart of the Lax pair is the same as that of the
MKdV equation. Hence, the Darboux transformation (33) is also the standard Darboux
transformation for the sine—Gordon equation.

4. Local isometric immersion of space forms with flat normal bundle and
linearly-independent curvature normals

[17] gives the Lax sets for the equations describing local isometric immersions with flat
normal bundles and linearly-independent curvature normals. Here we apply the above
theorems to this problem and give the Darboux transformations of the position vectors.
First, we list some useful conclusions from [17], and rewrite the structure equation in a
form to which the Darboux transformation can be easily applied.
Let M, (K) be anrn-dimensional space form of curvatuke, whereK = 0,1, —1. For
the local isometric immersioM,,(K) — M,,(K) with flat normal bundle and linearly-
independent curvature normals, there always exist local coordirateg(xy, ..., x,) on
M, (K) and the parallel orthonormal normal vector fields, 1, ..., e2,) such that the first
and second fundamental forms are

| = ’Zl gij dxi dxj = ipf(x) d.xlz
i=1

ij=1
. . (34)
= )" Qdydie o= Y piE)oigx) dle
i,j,a=1 i,j=1
wherew (x) = (w;;(x)) € O(n).
Denote
R" if K=0,1
R,(K) = 11 . (35)
R if K=-1
whereR"~%1 has the metrio? + - - - + x2 | — x2,
Leti,(K): M,(K) - R,;1(K) be the standard imbedding given by
M, (0) = {(x1, ..., Xp11) € R"™ | x, 11 =0}
My(D) = {(x1, .oy X)) € R 024 b2 402 = 1) (36)

My(—=1) = {(x1, ..., Xp1) € R™ [ xZ 4 4 x2 -2 = 1)
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Then we can consider the immersion

Vi Mu(K) = Mau(K) 25 Ry (K). 37)
Clearly,V e R for K =0,V -V = K for K = +1. Here *' refers to the inner product
in Ry 11(K).

Remark 1. We imbedR?" into R%"** only for the unification of the three cases.

The structure equations for such immersions are
Vi =T Vi + Qimg — KgijV a8
0ing = _gle?IW

where V; = 3,;V, F{‘j’s are the Christofel symbols corresponding to the meggg),
8,- = 8/3)6,'.
From (34),

8ij = piZSij Q?] = ,o,-a),-a&j. (39)
Then (38) becomes

9; pi di pj

Vi=—V, +—V, @ #J)
Pi Pj
i Ok i 0; i
31‘Vi=_zp kzp Vk‘i‘iVi‘i‘Piwmna—KpiZV (40)
k£i /Ok Pi
ain(x = _%‘/l
Pi

The Gauss—Codazzi equations are the integrability conditions for (40), which are

0;ivij + 0y = Z Vi Vij @#Jj)
I#i,l#]

Vij + Vv =0 G#JiF#k jFk)

(41)
0iYji +0;vij — Z vuvjii — Kpip; =0 @ #J)
I#LI#]
dpi +vijp; =0 (i #J)
0jwiq + Vijwja =0 @ #J)
0;wiq = Z Vi Oka (42)
i
where
—0;pi/pj if i)
vij = e (43)
0 ifi =j.
Let

pi=) weng q=p'Vi 1=V (44)
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then (40) becomes

aipi = Z YeiPk — gi 0ipi = —VijPj @ #J)
[z

0iq; = Z Yik@x + pi — Kpir 9;qi = —V;iq; @ #J) (45)
ki

0T = piq;.

For simplicity, we write

b1 q1

p=|: a=1: | (46)
Dy dn

In [17], a spectral parameter was proposed so that (41) has a Lax set (generalized Lax
pair)

oju; = Z Viillk — AU oju; = —yiju; @ #J)
k#i
div; = Z YikVk + Auj — Kpjw djvi = —Vjiv; @ #J) (47)
ki
8iw = PiV;.
Note that (45) is a special case of (47) foe= 1.
Let ®(A) = (u1, ..., un, v1, ..., v,, w)', the above system of equations can be written
in matrix form as
9;®=0J; +[J;, PO (48)
where
0 —-E; O 0 iz ViiEij —K Y pie;
Ji=|E: 0 O P=| =2 viEi 0 0
0 0O ©O > pief 0 0
(49)
2 Vii(Eij = Eji) 0 0
[Ji, P] = 0 > iz Vi(Eij — Eji)  —Kpie;
0 p,-e;.r 0

Here E;; is a constant matrix whosg, j)th entry is one and the rest of the entries are zero,
ande; is a column matrix whoséth entry is one and the rest of the entries are zero.
If we write a(2n + 1) x (2n + 1) matrix M as a block matrix

n n 1
Mpay Mpz Mpz \n
Mp 1y Mpo Mpg n (50)
Mpay Mgz Mgz |1
then
p
(0i) = P31 (vij) = Pz (wij) = P1,13(0) Ly, q|=®0L (51)
r

whereL, is ann x n constant matrix and. is a (2n + 1) x 1 constant matrix.
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For the unification of the three cas&= 0, +1, we apply theorem 2 to (48). Notice
that (45) for(p;, q;, r) is a special case of (47) fdw;, v;, w) wheni = 1. Moreover,w;,
satisfy the same equations (in (42))@gsdo in (47) withi = 0.

ForK =0,1, -1, AJ; +[J;, P] € £°(g) which corresponds to

Cc =diagl,...,1,1,....1 K)
— ——
n n (52)
o =diagl,...,1,—1,..., -1, —1).
—_——— N ———
Hence
Co =dagl,....1,-1,..., -1, —K) (53)
——— S ———

is not always semidefinite. Therefore, we can use theorem 2.

Let « be a real number. LeH = (&,....&, ~—1n1, ..., ~/—1n,., ~/—1¢) be a
solution of (47) witha = +/—1u such that} ;&2 = >, n?> + K¢2. ThentH is real
and H*Co H = 0. Written explicitly, the components af satisfy

%i&i = Z Vii§i + pni 9&i = —vij&; @#)

i
i = Z Yikk + i — Kpig oini = —vy;in; @ #J) (54)
it
0;¢ = pin;-

The Darboux matrix in theorem 2 is

0 —&n' —K¢&
_ 1 2, 2, 2 T
G(A)_A2+M2 (A +u+ A (né 0 0 )

cET 0 0
EET 0 0
2 2
—% 0 m' Knt (55)
0 ¢n' K¢?

whereg = (£1,...,6)T, n=(n1,....m)", A=) &
=1

The corresponding geometric quantities are_given by

2/ —1p
H*CH
Bls-e s Prs s, G ) =G (P1, - Pus G- Gy T (57)

P=p_ [0, HH*]o C & =GO o (56)
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Written explicitly, they are

- e ~ 2uéin; ~ 2;¢;
P = Pi = Yij =Vij + AJ wia:wia_Zj:Tjwja
- bu&;§; bé&in; Kb
Pi=pi—) —p =) A
(58)
~ bn;§; bunin; Kbugn;
qizqi+]Z Apj—; N AN
~ be butn;  Kbug?
r:r—i—z A]pj—z A]qj— A r
Jj J
whereb = 2 /(1 + u?).
Using (44) and (40), we have
beE 92V be < IV
= ~ 2 E/ i Pj + é,-:ka]pk wp;n;
Z Ap; 8x JZ Ap? ; ax;
Kbui? Kbip;§;
1- — V., 59
+< n +2,-: )V (59)

Therefore, we have the following general procedure to get the local isometric immersion
M,(K) — Mo, (K) with flat normal bundle and linearly-independent curvature normals.
Since we consider the linear system (47), the conditiog O can be removed temporarily,
provided thatp; # 0 for the derived submanifold.

(1) Suppose we know a solution of (41) and can solve the linear system (47) to get the
fundamental solutiorm (x4, ..., x,, A).

(2) Let A = «/—1u and get a solutior&, i, ¢) of (54) such that

E N =1n, V=10)"T = @ (x1, ..., %y, V—10)C (60)

whereC is a constant matrix.

(3) Using (58), one gets the position vectrand the corresponding quantities. When
oi # 0, (59) gives a more direct answer. Moreover, the corresponding solution of (47) is
D(x1, .oy Xy X)) = G(X1, ooy Xy DXL, -+ Xy A).

These three steps give the new solution of (41) and (45). Whe# 0, the solution
represents a real geometric immersion.

For 7, the corresponding solution of (47) is known. Hence, we can repeat steps (2)
and (3) to get another solutioA. Continuing this process, a series of immersions are
obtained by an algebraic algorithm and one should solve a system of linear ordinary
differential equations only once in step (1).

Now we give some examples. The simplest examples are the totally geodesic
submanifolds. However, since their second fundamental forms are zero, the Darboux
transformation here is not applicable (also, their curvature normals are linearly dependent).
Therefore, we seek other solutions as seed solutions of the Darboux transformation.

4.1. Solutions derived from the trivial solutions

We take the seed solution of (41) as= 0, y;; = 0, w;a = 8;o. Although this does not
correspond to a real geometric object, and (59) is not valid, we can stillpg@t 77) from
(58) and then get the non-trivial local immersign
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To obtain a solution, we first solve (45) to get, g, ) and solve (54) to get;, n;, ¢),
then normalize the first fundamental form by changing coordingatgs After that, the last
equation of (58) gives the position vector of the immersion.

First, we solve (45) to get

pi = E; cosx; + F; sinx;

q; = E; sinx; — F; cosx; (61)
r=R
whereE;, F;, R (i = 1,...,n) are constant vectors iR,.1(K) such that
E;-E; =4 E; -F; =0 F, - F; = E,-R=F,-R=0 (62)
R-R=K (if K ==1).
41.1.K = 0. The solution of (54) is
& =A e n = A; e ¢=C (63)
whereA; andC are non-zero real constants.
From (58),
- 2uCA; e
= . 64
g >y Af e (9
Let
2CA; e
= 65
: Yo, Af e (69)
then

1—§:§%u2 }:dz (66)
ChooseR = 0, then

- " )
7= Z 1+ ———zi(E; cosx; + F} sinx;) — Z mzi(Ei sinx; — F, cosx;)

Z MY (E. cos%, + F sin%) (67)
V14 pu?
where
1 2C Zi _
Y=x+tgtu = In< >+t . 68
= XiHtgTe= i o 5 22 g (68)
This local immersion is only defined fagy, ..., z,) with A;Cz; > 0.
Forn =2 andA; =1,C > 0, letz; = r cosg, zo = r sing,
Ey+ kb -k,
ki=——= ky="—+—
/1+ ,LL2 /1+M2
E F. F,— uFE
kg = 2 + ulka ko, — L2 M2

V14 p? T V14 p?
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then {k1, k», k3, k4} is also an orthonormal frame &, and

F=_t (r cos¢p cos(l In (2—C cos¢))k
/12 Iz r '
(1 2C
—+r COS¢ Sin <— In (— cos¢))k2
" r

. 1 2C . _ (1 2C .
+r sing cos(— In (— Sln¢>>k3 + rsing sin <— In (— sm¢>>k4>
" r nw r

(r>0,0<¢)<%). (69)
Written in terms of the coordinatgsq, x»)
- 2uC 1 . .
T = (et cosxiky + €t sinx ko + €42 cosxoks + €42 sinxoka).
m e2ux1 4 g2nxz

(70)
Remark 2. WhenuC is finite andu — 0, except for(0, 0, 0, 0), each point on the
submanifold (70) tends to the standard torusRifi
r = uC(cosxi1ky + Sinx1ky + cosxoks + Sinxaky). (71)

The coefficient igtC because the metric on the surface is
2

I=p?C?)  dif
i=1
When( is finite andu — oo, the pointwise limit of the submanifold given by (69) is
T = r COSpky + r singks (72)

which is a plane irR*.

Remark 3. In the coordinate{z;}, (45) or (40) is no longer satisfied, because those
equations depend on the special coordingitg.

Figures 1-3 show the manifold with = —0.2, C = 1. In figure 1, the three axes are
(r1, r2, r3) if v is written asr = Z_;‘:l rik;. Figure 2 is the corresponding contour plot of

figure 1 on the(ry, rp) plane. In figure 3, the axes ate, o, + r32 + r}). The dark spiral
in figure 2 represents the boundary of the manifold.

4.1.2.K = 1. The solution of (54) is
& = A; € + B e i n = A; e — B e t=C (73)
where A;, B;, C are non-zero real constants witif = 4% . AiB,.
The corresponding
2uC(A; e + B; e™#%)
Y (Ace + Brei?

P =

(74)

Let

A, @4 — B; e hxi
= 75
z C (75)
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=

Figure 1.

Figure 2.

Figure 3.

then

~ 42 dzz
T=Y 5= 2 S 76
D N ST (79)

i
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/2
2(1 b )R b\/zs + C;

T - + (E; cosx; + F; sinx;)
SizE+1 Y+l
buz; .
——— " (E; sinx; — F, cosx;)
Dk Zl% +1

( 2u? 1 ) 2,/ (L+ MZ)Z? + C;

1-— R+ (E; cosX; + F; sinX;)
1+ pu? Y zf+1 A+ i+ D

(77)
with C; = 44, B;/C? (therefore,y", C; = 1),
~ 1 C HZi
N==In(—@+ z,?+C,~)) +igt——. 78
i s o

It is clear that this immersion is smooth fi| < co. It can be verified that dt| = oo
(by changing coordinates) it is not smooth.
4.1.3.K = —1. The solution of (54) is
& =A; e — B eh n, = A; e + B e t=C (79)
whereA;, B;, C are non-zero real constants wiit = 4%, A;B;. Then

- 2uC(A; €% — B e i)

== . 80
> i (Ap &% — B g 1)2 (80)
Let
C(A; e 4 B; e ¥
. ) (81)
Zk(Ak e + By e uxk)z
then
~ 4% dz?
T=S 2= & (82)
,Z a- Zk Z}%)z
~ 2u? 372 ZH\/(l + u)z2 = Ci (X, 22)? ~ o
r=(1+ > 2)R 5 5 (E; cosx; + F; sinx;)
14+ pu 1_Zkzk (1+M)(1_Zkzk)
(83)
with C; = 4A;B;/C? (also )", C; = 1),
1 [t E -G D? Lz
i=—In <— > ) +tg! (84)
H 2A; >k %

NN S

Now M, (—1) is the disk}", zZ < 1, but the immersion (83) can only be defined in a
region of M, (—1). For example, when al\; > 0, B; > 0, itis defined inC; (3", z3)? < 22,
which contains the centr@®, O, .. ., 0) of the disk.
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4.2. Solutions derived from the tord® — R?

Let

(cosx; E; + sinx; F}) (85)

n
T =

i=1
where E; and F; are constant vectors satisfying
E;-E; = ¢, E -F =0 F,-F =, (86)
This is the standard torug” in R, whoseg;; = §;j, wiq« = 8i¢, and the corresponding

P = — cosy, E;, — Sinx,-F,-
q; = —Sinx,-E,- + COS)C,'.F,'. (87)

Solving (54) withY", €2 = ¥, n?, we have

A
E = A e ni = A; e c=)Y —fe4C (88)

-~
T

Figure 4.

1 1.
z deis
' &‘ e
s
b
= 7 Bilud
4 Lty
R aa “ \‘;
W\«’i L

Figure 5.
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where A; andC are real constants. Then (58) gives

n

~ . b (= Ar .,
T=Zl:(003x,-Ei+smx,-E)—Z<;7¢k+c>

x Z A; € ((cosx; — psinx;) E; + (sinx; + p cosx;) F) (89)
i=1
2A; et 1
E:l-—(ZAke’“‘Ur,uC) (90)
A k=1
where
21

A=) A2 h=-—"—. 91
Xk: ‘ 1+ p? &b

This submanifold is defined in the region whefie#£ 0 for all 1 <i < n.
By the local change of coordinates

2A; et &
Z,-:xi——<ZAke’”k+/LC) (92)
A \iH

the metric is changed to

I= dz2.
i=1
Figure 4 shows this submanifold (surface) fio= 2, A; = 1,C = 1, u = —0.2. Writing
r = riE1+r.FL+r3E,+r4F», then the coordinates are taken(é&+rq)rs, (2+r1)ra, r2).
Figure 5 is the corresponding figure for the standard torus.
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