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Introduction

Since the late sixties, the theory of soliton has developed rapidly. People have found that
solitons appear in a lot of fields of mathematics and physics, such as fluid mechanics,
differential geometry, nonlinear optics, plasma physics, particle physics etc. Apart from
the discovery of many attractive feature of solitary wave, the soliton theory also provides
various methods to simplify equations and get explicit soliton solutions, in which there
are inverse scattering method, Bäcklund transformation method, Darboux transforma-
tion method, Hirota method, prolongation method, Painlevé analysis, and so on. With
these methods, a lot of explicit solutions for the equations with mathematical and phys-
ical interest are obtained. Therefore, soliton theory has become an important branch of
mathematical physics. In this paper, we deal with Darboux transformation, which is one
of the most effective method of getting explicit solutions.

The solitary wave was first discovered in nature in 1834 and the KdV equation describ-
ing it was found in 1895. However, the significance of the solitary wave in mathematics
and physics was not realized until 1960’s. In 1965, Zabusky and Kruskal found out by
numerical analysis that the solutions of the KdV equation evolved as particles when they
interacted. They called these solutions solitons. This fact, together with the discovery of
the GGKM method in 1967, greatly stimulated the study of soliton theory. The inverse
scattering theory developed rapidly after that. It transforms the problem into solving a
linear integral equation, and is an important tool not only to solve Cauchy problems, but
also to get explicit expressions of pure solitons.

In 1973, Wahlquist and Estabrook found the Bäcklund transformation for KdV equa-
tion and got the soliton solutions. This revealed the importance of the classical transfor-
mation for sine-Gordon equation given by Bäcklund. The Bäcklund transformation is a
relation between two solutions of an equation or two solutions of different equations, so
it gives a new solution of the equation from a known, usually easier solution. Since then,
the Bäcklund transformations for a lot of equations have also been found. Most of those
Bäcklund transformations transform a solution of an equation to a solution of the same
equation. They are called auto-Bäcklund transformations.

After the discovery of Bäcklund transformation, people tried to find some simpler
transformations to get soliton solutions since the nonlinear equations in Bäcklund trans-
formation method were still too complicated to be solved in nontrivial cases. [33] showed
that the original transformations for Schrödinger equation given by Darboux was effec-
tive not only for KdV equation, but also for MKdV equation, sine-Gordon equation etc.
They can, in fact, be written as a gauge transformation of the potentials in the Lax pairs.
Since then, people have known that many other equations possessing Lax pairs have Dar-
boux transformations from which the Bäcklund transformation in original form can also
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be obtained [5]. Similar to Bäcklund transformations, Darboux transformations for most
equations have auto-Bäcklund property, i.e. they transform a solution of an equation to
a solution of the same equation. The Darboux transformation greatly simplifies the pro-
cedure of getting explicit solutions. Hence it has become an important method in soliton
theory.

The basic idea of the method of Darboux transformation is as follows. For the nonlinear
partial differential equation possessing a Lax pair, if one solution of that equation is known,
we can construct a Darboux matrix or Darboux operator from the solutions of the Lax
pair so that it induces a new solution of that nonlinear equation. Thus, if only we know
how to construct the Darboux matrix or Darboux operator, the problem is reduced to a
linear problem to solve the Lax pair. This is much simpler than the nonlinear equations in
Bäcklund transformation. Also, unlike in the inverse scattering method, we do not need
any restriction on the boundary condition of the original solution. Furthermore, we can
get a series of solutions of the original nonlinear partial differential equation by a purely
algebraic algorithm so long as we know a solution of the Lax pair.

Throughout this paper, every function is assumed to be infinitely differentiable.

In order to see more clearly the advantage of Darboux transformation, we first have a
short review of the classical Bäcklund transformation and Darboux transformation, with
MKdV equation as an example.

MKdV equation

ut + 6u2ux + uxxx = 0, (0-1)

or equivalently

vt + 2v3
x + vxxx = 0 (0-2)

(u = vx) has a Bäcklund transformation[29]

v′
x = vx + β sin(v′ + v)

v′
t = vt − β(2vxx cos(v′ + v) + 2v2

x sin(v′ + v) + β(v′
x + vx))

(0-3)

where β is a real parameter.

The integrability condition of equations (0-3) for v′ is exactly (0-2). Moreover, if v is
a solution of (0-2), then v′ is also a solution of (0-2). Hence, from a given solution v of
(0-2), we get a new solution v′ of (0-2) by solving a simpler equation (0-3). In the simplest
case, let v = 0, we get the one soliton solution

u′ = β sech(β(x − β2t))

of (0-1).
(0-3) is still nonlinear, and is complicated if u is not very simple. Therefore, people

always try to get permutability theorem and nonlinear superposition formula if Bäcklund
transformation is known.

In the above example, given a solution v of (0-2), we get a new solution v1 by Bäcklund
transformation with parameter β1, then get v12 from v1 by Bäcklund transformation with
β2 (β2 6= β1). Likewise, we can get v2 by Bäcklund transformation with β2, then get v21

from v2 by Bäcklund transformation with β1. The permutability theorem is: v12 = v21
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holds for properly chosen integral constants. They can also be expressed by an explicit
formula (nonlinear superposition formula) of v, v1 and v2:

v12 = v21 = v + 2 tan−1
(β1 + β2

β1 − β2

tan
v1 − v2

2

)
. (0-4)

The nonlinear superposition formula simplifies the procedure of getting solutions by
Bäcklund transformation. However, we still need to solve a nonlinear integrable equation
(Bäcklund transformation) in the first step. What is more, the proof of permutability is
very complicated, and usually is carried out for every specific equation.

In order to obtain a simplified way of getting solutions, we need to use Lax pair. In
1968, Lax[19] introduced the equation

Lt = [B, L] (0-5)

where L(x, t, u, ux, · · · ), B(x, t, u, ux, · · · ) are two matrix-valued differential operators with
respect to x, which are related to the unknowns u = (u1, · · · , us). Equation (0-5) is the
integrability condition of

LΦ = λΦ, Φt = BΦ (0-6)

(λ is a parameter), which is called the Lax pair of (0-5).
A lot of useful equations, such as KdV equation, MKdV equation, nonlinear Schrö-

dinger equation equation, Boussinesq equation, N -wave equation, have Lax pairs of this
kind. For MKdV equation,

L =

(
1 0
0 −1

)
∂ −

(
0 u
u 0

)

B = −4

(
1 0
0 1

)
∂3 − 6

(
u2 ux

ux u2

)
∂ − 3

(
2uux −uxx

uxx 2uux

)
.

(0-7)

On the other hand, some equations

F (x, t, u, ux, ut, uxx, · · · ) = 0 (0-8)

of unknowns u = (u1, · · · , us) have another type of Lax pair

Φx = U [u, x, t, λ]Φ, Φt = V [u, x, t, λ]Φ. (0-9)

In other words, (0-8) is equivalent to the integrability condition

Ut − Vx + [U, V ] = 0 (0-10)

of (0-9). Here U , V are MN -valued rational functions of λ, which depend on u in a certain
way (usually they are functions of u and its derivatives). MN denotes all N ×N complex
matrices. We also write U(x, t, λ), V (x, t, λ) for U [u, x, t, λ], V [u, x, t, λ].

Apart from the equations mentioned above, those like sine-Gordon equation, the equa-
tion for principal chiral field can also be written as the integrability condition of this type
of Lax pair. For MKdV equation,

U =

(
λ u
−u −λ

)

V =

(
−4λ3 − 2u2λ −4uλ2 − 2uxλ − 2u3 − uxx

4uλ2 − 2uxλ + 2u3 + uxx 4λ3 + 2u2λ

)
.

(0-11)

3



In order to avoid the nonlinear equation like (0-3), we can make use of another kind of
transformation — Darboux transformation.

In 1882, Darboux found out that if φ, h are two solutions of the Schrödinger equation

−φxx + uφ = λφ, (0-12)

then φ̃ = φx − φhx/h is a solution of another Schrödinger equation

−φ̃xx + ũφ̃ = λφ̃ (0-13)

where
ũ = u − 2(ln h)xx. (0-14)

Since Schrödinger equation is a part of the Lax pair of KdV equation, this transforma-
tion was applied to KdV equation, then to other equations such as MKdV equation,
Sine-Gordon equation, nonlinear Schrödinger equation by [33, 17]. Also, it provided the
transformation of the wave function φ, which actually leads to the Darboux matrices.

Generally, for the equation (0-8) with Lax pair (0-9), a matrix G(x, t, λ) is called a

Darboux matrix if there exists ũ such that for any solution Φ of (0-8), Φ̃ = GΦ satisfies

Φ̃x = ŨΦ, Φ̃t = Ṽ Φ (0-15)

where Ũ = U [ũ, x, t, λ], Ṽ = V [ũ, x, t, λ]. In this case, the transformation (u, Φ) → (ũ, Φ̃)
is called a Darboux transformation.

The transformation of Φ, U , V is similar to the gauge transformation in gauge theory,
so it is also called gauge transformation. Therefore, U , V are transformed as the potential
(components of the connection) and the zero-curvature condition (0-10) keeps invariant
under the transformation, i.e.

Ũ = GUG−1 + GxG
−1, Ṽ = GV G−1 + GtG

−1, (0-16)

and
Ũt − Ṽx + [Ũ , Ṽ ] = 0. (0-17)

Thus, ũ is another solution of (0-8).
The subject of Chapter 1 is the nondegenerate Darboux matrix of first order, i.e. a

Darboux matrix G(x, t, λ) = λR(x, t) − T (x, t) where R is invertible, and the poles of
U , V are not the eigenvalues of S = R−1T . Here, R is useful only when reduction is
considered, otherwise, we can choose R = I.

For MKdV equation, the Darboux matrix of first order is

G = λ −
λ0

1 + σ2

(
1 − σ2 2σ

2σ −1 + σ2

)
(0-18)

where σ = η/ξ, (ξ, η)T is a solution of the Lax pair with λ = λ0 and U, V given by (0-11).
The new solution of (0-1) given by this Darboux transformation is

ũ = u +
4λ0σ

1 + σ2
(0-19)
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which come from (0-16). If we eliminate σ in (0-19), the original Bäcklund transformation
(0-3) is obtained again.

If the potential decays fast enough at infinity, the Darboux matrix of first order is
essentially equivalent to the dressing method [34, 20, 22]. Here, it is also valid for the
potentials without boundary condition. In the point of view of inverse scattering theory,
if the potential decays fast enough at infinity, the action of Darboux matrix of first order
increases or decreases solitons in most cases [27, 25, 30, 3].

A Darboux matrix provides new solutions ũ, Φ̃ from a given solution u of (0-8) and a
solution Φ of the corresponding Lax pair (0-9). Moreover, another Darboux matrix can be

constructed explicitly from Φ̃, and we get new solution ˜̃u,
˜̃
Φ. Continuing this procedure,

we can get a series of solutions of the equation by a purely algebraic way from given
solutions u and Φ.

The Darboux matrices for a lot of specific equations have been known since 1970’s.
After that, the Darboux matrix of first order[22] and higher order[26] in a quite general
form were also provided for 2 × 2 ZS-AKNS system. However, if these Darboux matrices
had auto-Bäcklund property was still unknown. This problem was first solved by [10, 8] for
KdV, MKdV-SG hierarchies, then by [11, 24] for 2 × 2 ZS-AKNS system. The Darboux
matrix for ZS-AKNS system of arbitrary order was given by [9, 30], with the proof of
auto-Bäcklund property in [9].

The ZS-AKNS system is

Φx = (λJ + P (x, t))Φ, Φt =

n∑

j=0

Vn−jλ
jΦ (0-20)

where J is a constant diagonal matrix with mutually different diagonal entries, P is val-
ued in off-diagonal matrices, Vj ’s are actually differential polynomials of P . For (0-20),
Darboux matrix can be constructed as follows [9].

Given λ1, · · · , λN ∈ C, let hi be a solution of (0-20) with λ = λi, Λ = diag(λ1, · · · , λN),
H = (h1, · · · , hN). If det H 6= 0, then G = λ − HΛH−1 is a Darboux matrix of (0-20).

[30] also proved that for ZS-AKNS system, these are the all possible Darboux matrices
of form λ−S(x, t) if P is integrable with respect to x in whole real line and G is bounded
for fixed λ, t.

The natural questions are, what are the Darboux matrices for other integrable systems,
and what happens for the solution which does not decay at infinity? Theorem 1 and
Theorem 2 in this paper provide a solution to these questions.

In §1.1, we discuss the Darboux matrix for unreduced equation (0-10), i.e. we regard
each entry of the coefficients of U, V are independent unknown. (Here U, V can be any
MN -valued rational functions of λ.) Theorem 1 provides all the nondegenerate Darboux
matrices of first order, which depend on the solutions of the Lax pair with nonhomogeneous
terms. Theorem 2 gives a more constructive way to show that any nondegenerate Darboux
matrix of first order can be expressed in the form of [9] or a certain kind of limit of those
matrices. Also, Theorem 2 provides all the nondegenerate Darboux matrices of first order
explicitly in terms of their initial values and the fundamental solution of the Lax pair.

Unlike in the case of the original Bäcklund transformation, we can obtain the per-
mutability theorem (Theorem 3) for all the equations as (0-10) by twice Darboux trans-
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formations (for ZS-AKNS system, see also [26, 11, 13]), while the nonlinear superposition
formula is just equivalent to the twice Darboux transformations.

The unreduced equation (0-10) is an equation with a lot of unknowns. However, in
practical problems, unknowns are very few, and reductions often appear. In other words,
there are usually some relations among the entries of the coefficients of U, V . Also, in
many cases, V can be determined by U in some sense. Therefore, if the Darboux matrix
for the system (0-10) keeps reduction is an important problem.

One of the most popular reduction is that U, V satisfy U(−λ̄) = −U∗(λ), V (−λ̄) =
−V ∗(λ). The Darboux matrix keeping this kind of reduction is given in Theorem 4. Also,
the general form of Darboux matrices which keep the form of the Lax pairs of principal
chiral field and Kaup-Newell system is determined in Theorem 5. After that, we detremine
the Darboux matrix of first order for some concrete equations: U(N) and O(2N) principal
chiral field, Kaup-Newell system and derivative nonlinear Schrödinger equation.

In Chapter 2, 1+2 dimensional problem is discussed. KP equation is one of the simplest
integrable equations in 1+2 dimensions. Its Bäcklund transformation was obtaned in 1975
by Hirota and Satsuma. The Bäcklund transformation for some other equations such
as 1+3 dimensional sine-Gordon equation, R-gauge Yang-Mills equation were also found.
Apart form that, most conclusions in higher dimensions were obtained in the last decade.
The inverse scattering transformation for KP equation was got in 1983 [1], and that for 1+2
dimensional ZS-AKNS system was obtained by [7, 2]. Bäcklund transformations for ZS-
AKNS system was also known by [4] in 1985, while for a special case — Davey-Stewartson
equation, the Bäcklund transformation is got by [21]. As for Darboux transformation,
the only known Darboux operator took the original form of Darboux, which was valid for
some equations with scalar Lax pair as Kadomtsev-Petviashvili (KP) equation. However,
the Darboux operators for the equations with matrix Lax pair, such as Davey-Stewartson
equation, N -wave equation, were still unknown. This paper is devoted to finding the
Darboux operator for general Lax pair in matrix form.

We discuss the equation of unknowns u = (u1, · · · , us):

F (x, y, t, u, ux, uy, ut, uxx, · · · ) = 0 (0-21)

which possesses a Lax pair

Φy = U [u, x, y, t, ∂]Φ, Φt = V [u, x, y, t, ∂]Φ, (0-22)

i.e. it can be written as

Ut(∂) − Vy(∂) + [U(∂), V (∂)] = 0, (0-23)

which is the integrability condition of (0-22). In the above equations, U [u, x, y, t, ∂],
V [u, x, y, t, ∂] are two MN -valued differential operators with respect to x, whose coeffi-
cients depend on u in a certain way. U(∂), V (∂) are simplified notation for U [u, x, y, t, ∂],
V [u, x, y, t, ∂]. ∂ = ∂/∂x.

For example, KP equation

uxt =
1

4
(uxxx + 6uux)x +

3

4
uyy (0-24)
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or

vxt =
1

4
(vxxx + 6vxvxx) +

3

4
vyy (0-25)

(u = vx) has

U(∂) = ∂2 + u, V (∂) = ∂3 +
3u

2
∂ +

3

4
(vy + ux). (0-26)

It is well-known that KP equation has a Bäcklund transformation [29]

v′
y = vy + v′

xx + vxx + (v′ − v)(v′
x − vx),

v′
t = vt + v′

xxx +
1

2
vxxx +

3

2
(v′ − v)v′

xx +
3

2
(v′

x − vx)v
′
x

+
3

4
(v′ − v)2(v′

x − vx) +
3

2
vxy.

(0-27)

More generally, [18] provided a Bäcklund transformation for the equations connecting with
1+2 dimensional Gelfand-Dikij-Zakharov-Shabat system:

U(∂) =
m∑

j=0

Um−j∂
j ,

U0 = I, and Uj ’s are scalar functions.
For 1+2 dimensional ZS-AKNS system,

U(∂) = J∂ + P

(J is a constant diagonal matrix with mutually different diagonal entries, P is valued in
off-diagonal matrices), [4] got a Bäcklund transformation in the form of integro-differential
equations as (0-27). However, the Bäcklund transformations mentioned above are rather
complicated comparing with that of 1+1 dimensional problems except for that of KP
equation.

In this paper, we shall discuss 1+2 dimensional Darboux transformation, which can
greatly simplify the procedure of getting explicit solutions.

It is known that KP equation has a Darboux operator ∂ − hx/h where h is a solution
of the Lax pair corresponding to (0-26). This Darboux operator provides a transformation
of the solution[32]

ũ = u + 2(hx/h)x. (0-28)

For general equation (0-21) with Lax pair (0-22), a differential operator G(x, y, t, ∂)
with respect to to x is called a Darboux operator if there exists ũ such that for any solution
Φ of (0-22), Φ̃ = G(∂)Φ satisfies

Φ̃y = Ũ(∂)Φ̃, Φ̃t = Ṽ (∂)Φ̃, (0-29)

where Ũ(∂) = U [ũ, x, y, t, ∂], Ṽ (∂) = V [ũ, x, y, t, ∂].
The transformation of U , V has a similar relation as (0-16), i.e.

Ũ(∂)G(∂) = G(∂)U(∂) + Gy(∂),

Ṽ (∂)G(∂) = G(∂)V (∂) + Gt(∂),
(0-30)
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and
Ũt(∂) − Ṽy(∂) + [Ũ(∂), Ṽ (∂)] = 0. (0-31)

Nondegenerate Darboux operator of first order is the most fundamental one which is
a Darboux operator G(x, y, t, ∂) = R(x, y, t)(∂ −S(x, y, t)) with R nondegenerate. This is
the main object we want to find. What is more, we can always choose R− I if there is no
reduction, i.e. the coefficients of U , V are independent unknowns. In this case, Theorem 6
gives all the nondegenerate Darboux operators of first order for general Lax pair (0-22) in
matrix form. That is, ∂ − S is a Darboux operator if and only if S = HxH

−1 for certain
nondegenerate matrix solution H of (0-22).

By virtue of this conclusion, we can get a series of solutions of a nonlinear partial
differential equation from a known solution by successive action of Darboux operators as
in 1+1 dimensions.

In §2.1, we also discuss the properties of Darboux operator of higher order, and give
the permutability theorem (Theorem 7 and Corollary).

As applications, ZS-AKNS system and KP hierarchy are discussed, and the Darboux
operators are provided. The result of the former is completely new and that of the latter
is a generalization of the conclusion for KP equation. Also, concrete results for Davey-
Stewartson equation are given.

If the coefficients of U , V are independent of y, then Theorem 6 leads to Theorem 8,
which provides all the nondegenerate Darboux operators of first order for the Lax pair
(0-6).
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Chapter 1

1+1 Dimensional Darboux

Transformation

1.1 General form of Darboux matrices

In this part, Ω is a simply connected domain in R2, and ν1, · · · , νl ∈ C.

We discuss the equation (or the system of equations) (0-8):

F (x, t, u, ux, ut, uxx, · · · ) = 0 (1-1-1)

of unknowns u = (u1, · · · , us) with Lax pair

Φx = U [u, x, t, λ]Φ, Φt = V [u, x, t, λ]Φ. (1-1-2)

Here U , V are MN -valued functions which may be differential polynomials of u. Moreover,
they are rational functions of the spectral parameter and can be written in the form

U(x, t, λ) =
m∑

j=0

Uj(x, t)λj +
l∑

k=1

mk∑

j=1

U
(k)
j (x, t)(λ − νk)

−j,

V (x, t, λ) =

n∑

j=0

Vj(x, t)λj +

l∑

k=1

nk∑

j=1

V
(k)
j (x, t)(λ − νk)

−j

(1-1-3)

provided that u(x, t) is given. (1-1-2) is a Lax pair of (1-1-1) means that (1-1-1) is equiv-
alent to the integrability condition

Ut − Vx + [U, V ] = 0 (1-1-4)

of (1-1-2).

In this section, we discuss the Darboux matrix for Lax pair without reduction, i.e. we
regard the entries of Uj , Vj, U

(k)
j , V

(k)
j as independent unknowns. In this case, the general

definition of Darboux matrix in the Introduction implies that G is a Darboux matrix is
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equivalent to that there exist

Ũ(x, t, λ) =
m∑

j=0

Ũj(x, t)λj +
l∑

k=1

mk∑

j=1

Ũ
(k)
j (x, t)(λ − νk)

−j,

Ṽ (x, t, λ) =
n∑

j=0

Ṽj(x, t)λj +
l∑

k=1

nk∑

j=1

Ṽ
(k)
j (x, t)(λ − νk)

−j

(1-1-5)

such that Φ̃ = GΦ satisfies

Φ̃x = Ũ Φ̃, Φ̃t = Ṽ Φ̃ (1-1-6)

for any fundamental solution Φ of (1-1-2).
Under the Darboux matrix G, (0-16) and (0-17) give

Ũ = GUG−1 + GxG
−1, Ṽ = GV G−1 + GtG

−1 (1-1-7)

and

Ũt − Ṽx + [Ũ , Ṽ ] = 0. (1-1-8)

Thus, we get another solution of (1-1-4) by the Darboux matrix G.
Now we shall discuss the nondegenerate Darboux matrix of first order, i.e. the Darboux

matrix of form λR(x, t) − T (x, t) satisfying the condition
(I): R is invertible, ν1, · · · , νl are not the eigenvalues of S = R−1T .
In this case, G = R(λ − S), and we may set R = I without loss of generality since R

is a trivial Darboux matrix if there is no reduction.
The following theorem provides all the possible nondegenerate Darboux matrices of

first order.

Theorem 1 Under the assumption (I), G(x, t, λ) = λ − S(x, t) is a Darboux matrix of
(1-1-2) if and only if S = KΓK−1, where Γ is a constant matrix, and K is an MN -valued
nondegenerate solution of the integrable equations

Kx =
m∑

j=0

UjKΓj +
l∑

k=1

mk∑

j=1

U
(k)
j K(Γ − νk)

−1,

Kt =

n∑

j=0

VjKΓj +

l∑

k=1

nk∑

j=1

V
(k)
j K(Γ − νk)

−1.

(1-1-9)

It is required to obtain the explicit solutions of (1-1-4) and the Lax pair (1-1-2). How-
ever, it is not easy to get the explicit solution of (1-1-9). In order to derive a series
of solutions of (1-1-4) by successive Darboux transformations, we hope to express the
Darboux matrix only through the solutions of the Lax pair. This is possible due to the
following theorem.

For any open subset D of Ω, let S(D) be the set of all the matrices H(x, t)ΛH(x, t)−1

such that Λ = diag(λ1, · · · , λN) is a constant diagonal matrix, H = (h1, · · · , hN ) is non-
degenerate, where hi is a solution of (1-1-2) in D with λ = λi. Then we have
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Theorem 2 Under the assumption (I), G(x, t, λ) = λ − S(x, t) is a Darboux matrix of
(1-1-2) if and only if (i) S ∈ S(Ω), or (ii) there exist open sets Ωk ⊂ Ω (k = 1, 2, · · · )

satisfying Ω1 ⊂ Ω2 ⊂ · · · and
∞⋃

k=1

Ωk = Ω, and Sk ∈ S(Ωk) such that for any point

(x, t) ∈ Ωk, the sequences {Si(x, t)}, {Si,x(x, t)}, {Si,t(x, t)} converge to S(x, t), Sx(x, t),
St(x, t) respectively for i ≥ k.

Before the proof of these two theorems, we first derive an equation which a Darboux
matrix should satisfy.

For M ∈ MN with eigenvalues different from ν1, · · · , νl, define

U(M) =

m∑

j=0

UjM
j +

l∑

k=1

mk∑

j=1

U
(k)
j (M − νk)

−1, (1-1-10)

then we have

Lemma 1 Under the nondegenerate Darboux matrix G = R(λ − S),

GUG−1 + GxG
−1 =

m∑

j=0

Ũjλ
j +

l∑

k=1

mk∑

j=1

Ũ
(k)
j (λ − νk)

−j − R∆(λ − S)−1R−1. (1-1-11)

Here

Ũj = R
(
Uj +

m−j∑

i=1

[Uj+i, S]Si−1
)
R−1 + RxR

−1δj0,

Ũ
(k)
j = R

(
(S − νk)U

(k)
j (S − νk)

−1 −

mk−j∑

i=1

[U
(k)
j+i, S](S − νk)

−i−1
)
R−1,

∆ = Sx + [S, U(S)].

(1-1-12)

Therefore, G is a Darboux matrix if and only if

Sx + [S, U(S)] = 0, St + [S, V (S)] = 0. (1-1-13)

Proof.

GUG−1 + GxG
−1

= R(λ − S)U(λ)(λ − S)−1R−1 + RxR
−1 − RSx(λ − S)−1R−1

= RU(λ)R−1 − R[S, (U(λ) − U(S))(λ − S)−1]R−1 + RxR
−1 − R∆(λ − S)−1R−1.

(1-1-14)
From the identities

(λj − Sj)(λ − S)−1 =

j−1∑

i=0

Sj−i−1λi,

(
(λ − νk)

−j − (S − νk)
−j

)
(λ − S)−1 = −

j∑

i=1

(S − νk)
−j+i+1(λ − νk)

−i,

(1-1-15)
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we get (1-1-11) by direct calculation. QED.

Proof of Theorem 1. Suppose K is a nondegenerate solution of (1-1-9), and let
S = KΓK−1, then

KxK
−1 = U(S). (1-1-16)

Hence
Sx = KxΓK−1 − KΓK−1KxK

−1 = [U(S), S].

This implies G = λ − S is a Darboux matrix by Lemma 1.
Conversely, suppose λ − S is a Darboux matrix, then

Sx + [S, U(S)] = 0, St + [S, V (S)] = 0.

Since Ut, Vx, UV , V U are all MN -valued rational functions of λ, we can define Ut(S),
Vx(S), (UV )(S), (V U)(S) as (1-1-10). Thus, the identity

Ut(λ) − Vx(λ) + [U(λ), V (λ)] = 0

implies
Ut(S) − Vx(S) + (UV )(S) − (V U)(S) = 0. (1-1-17)

However,

(U(S))t =
( m∑

j=0

UjS
j
)

t
+

( l∑

k=1

mk∑

j=1

U
(k)
j (S − νk)

−j
)

t

=
m∑

j=0

Uj,tS
j +

l∑

k=1

mk∑

j=1

U
(k)
j,t (S − νk)

−j +
m∑

j=0

j−1∑

i=0

UjS
iStS

j−i−1

−

l∑

k=1

mk∑

j=1

j−1∑

i=0

U
(k)
j (S − νk)

−i−1St(S − νk)
−j+i

= Ut(S) +

m∑

j=0

j−1∑

i=0

UjS
i[V (S), S]Sj−i−1

−
l∑

k=1

mk∑

j=1

j−1∑

i=0

U
(k)
j (S − νk)

−i−1[V (S), S](S − νk)
−j+i

= Ut(S) +
m∑

j=0

Uj [V (S), Sj] +
l∑

k=1

mk∑

j=1

U
(k)
j [V (S), (S − νk)

−j ]

= Ut(S) +

m∑

j=0

UjV (S)Sj +

l∑

k=1

mk∑

j=1

U
(k)
j V (S)(S − νk)

−j

−

m∑

j=0

UjS
jV (S) +

l∑

k=1

mk∑

j=1

U
(k)
j (S − νk)

−jV (S)

= Ut(S) + (UV )(S) − U(S)V (S).

Likewise,
V (S)x = Vx(S) + (V U)(S) − V (S)U(S).

12



Combining these with (1-1-17), we have

(U(S))t − (V (S))x + [U(S), V (S)] = 0. (1-1-18)

Chose any point (x0, t0) ∈ Ω, let Γ = S(x0, t0). Then (1-1-18) implies that the equation

Kx = U(S)K, Kt = V (S)K, K(x0, t0) = I (1-1-19)

has a unique solution Kwith det K 6= 0 in Ω.
Let S ′ = S − KΓK−1, then

S ′
x = [U(S), S] − [U(S), KΓK−1] = [U(S), S ′], S ′

t = [V (S), S ′]

and
S ′(x0, t0) = 0.

Hence
S = KΓK−1

everywhere. (1-1-18) implies (1-1-9). This proves the theorem. QED.

Proof of Theorem 2. First suppose S = HΛH−1 ∈ S(Ω), where Λ is a constant
diagonal matrix, and H = (h1, · · · , hN) with hi a solution of (1-1-2) as λ = λi. Then H
is a solution of (1-1-9) with Γ = Λ. Hence G = λ − S is a Darboux matrix of (1-1-2) by
Theorem 1. On the other hand, if S satisfies (ii) of this theorem, G is also a Darboux
matrix by the limit of (1-1-13). This proves the necessity.

Now suppose λ − S is a Darboux matrix. From Theorem 1, S = KΓK−1 where Γ is a
constant matrix and K satisfies (1-1-9).

If Γ is diagonalizable, Γ = TΛH−1 with Λ = diag(λ1, · · · , λN). Let H = KT . Then
S = HΛH−1, and

Hx =
m∑

j=0

UjHΛj +
l∑

k=1

mk∑

j=1

U
(k)
j H(Λ − νk)

−j,

Ht =

m∑

j=0

VjHΛj +

l∑

k=1

nk∑

j=1

V
(k)
j H(Λ − νk)

−j.

If we write H = (h1, · · · , hN), then hi is a solution of (1-1-2) with λ = λi. Hence S ∈ S(Ω).
Now suppose Γ is not diagonalizable. Choose a constant matrix Θ such that Γ(ε) =

Γ + εΘ is diagonalizable with eigenvalues different from νk (k = 1, · · · , l) for sufficiently
small ε. Let (x0, t0) be any point in Ω and K(ε) be the solution of

K(ε)
x =

m∑

j=0

UjK
(ε)(Γ(ε))j +

l∑

k=1

mk∑

j=1

U
(k)
j K(ε)(Γ(ε) − νk)

−j ,

K
(ε)
t =

m∑

j=0

VjK
(ε)(Γ(ε))j +

l∑

k=1

nk∑

j=1

V
(k)
j K(ε)(Γ(ε) − νk)

−j,

K(ε)(x0, t0) = K(x0, t0).

(1-1-20)
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Let Kk = K(1/k), Γk = Γ(1/k), Ωk be the interior of

⋂

ε≤1/k

{(x, t) ∈ Ω | det K(ε)(x, t) 6= 0}.

Then, at any given point (x′, t′) ∈ Θ, det K(ε)(x′, t′) 6= 0 for sufficiently small ε since K(ε)

depends continuously on ε in Ω and det K(x′, t′) 6= 0. Hence there exists k0 such that

(x′, t′) ∈ Ωk for k ≥ k0. This implies
∞⋃

k=1

Ωk = Ω.

By (1-1-20), we have

Kk(x, t) → K(x, t), Kk,x(x, t) → Kx(x, t), Kk,t(x, t) → Kt(x, t)

as k → ∞ with det Kk(x, t) 6= 0 in Ωk0
for k ≥ k0.

Since Γk is diagonalizable, let

Γk = TkΛkT
−1
k

with Λk = diag(λ
(k)
1 , · · · , λ

(k)
N ) and let

Hk = KkTk,

then Hk = (h
(k)
1 , · · · , h

(k)
N ) where h

(k)
j is a solution of (1-1-2) with λ = λ

(k)
j , and

Sk = HkΛkH
−1
k = KkΓkK

−1
k → KΓK−1 = S,

Sk,x = [Hk,xH
−1
k , Sk] = [Kk,xK

−1
k , Sk] → [KxK

−1, S] = Sx,
Sk,t → St

at (x, t) ∈ Ωk0
for k ≥ k0. QED.

Theorems 1 and 2 provide all the nondegenerate Darboux matrices if we do not consider
the reduction. If there is reduction, Darboux matrices will be a part of that.

We can also show that there are Darboux matrices which are not diagonalizable, so
in Theorem 2, (ii) is not included in (i) in general. Furthermore, the proof of Theorem 2
provides a constructive way to get nondiagonalizable Darboux matrices only through the
solutions of the Lax pair. We repeat it briefly here.

For given constant matrix Γ, we can construct a Darboux matrix λ − S satisfying
S(x0, t0) = Γ in the following way. Choose a constant matrix Θ such that Γk = Γ +
Θ/k (k = 1, 2, · · · ) is diagonalizable with eigenvalues different from νj (j = 1, 2, · · · , l)

for sufficiently large k. Let Γk = TkΛkT
−1
k with Λk = diag(λ

(k)
1 , · · · , λ

(k)
N ). Let Hk =

(h
(k)
1 , · · · , h

(k)
N ) satisfy Hk(x0, t0) = Tk where h

(k)
j is a solution of (1-1-2) with λ = λ

(k)
j .

Then S = lim
k→∞

Sk with Sk = HkΛkH
−1
k gives a Darboux matrix λ − S. All the Darboux

matrices of form λ − S can be constructed in this way if there is no reduction.
Example. The equation

ipt = pxx − 2p2q, −iqt = qxx − 2pq2 (1-1-21)
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admits a Lax pair

Φx =

(
λ p
q −λ

)
Φ,

Φt =

(
−2iλ2 + ipq −2iλp − ipx

−2iλ + iqx 2iλ2 − ipq

)
Φ.

(1-1-22)

(1-1-21) has a solution

p = α sech(αx)e−iα2t, q = −α sech(αx)eiα2t, (1-1-23)

which is obtained from zero solution by a Darboux matrix λ − S0 with

S0 =
α

2

(
tanh(αx) sech(αx)e−iα2t

sech(αx)eiα2t − tanh(αx)

)
. (1-1-24)

So the fundamental solution for (1-1-22) with p, q given by (1-1-23) is

(λ − S0)

(
eλx−2iλ2t 0

0 e−λx+2iλ2t

)
. (1-1-25)

As an example, we solve the Darboux matrix λ − S with

S(0, 0) = Γ =

(
0 1
0 0

)
.

Following the procedure given above, let

Γ(ε) =

(
ε 1
0 0

)
,

then
Γ(ε) = T (ε)Λ(ε)(T (ε))−1

where

Λ(ε) =

(
ε 0
0 0

)
, T (ε) =




4ε2 − α2

2α
1

0 −ε


 .

Now H(ε) = (h
(ε)
1 , h

(ε)
2 ), where h

(ε)
1 , h

(ε)
2 are solutions of the Lax pair with λ = ε and λ = 0

respectively, and H(ε)(0, 0) = T (ε). Hence, we have

H(ε) =



 ε
(2ε

α
− tanh(αx)

)
eθ −

α

2
sech(αx)e−iα2t−θ −ε tanh(αx) + sech(αx)e−iα2t

−εsech(αx)eiα2t+θ +
(
ε +

α

2
tanh(αx)

)
e−θ −εsech(αx)e−iα2t − tanh(αx)





(where θ = εx − 2iε2t) from the fundamental solution (1-1-25). Then, we have

H(ε)Λ(ε)(H(ε))−1 →

S =
α

cosh(αx)((2 + α) cosh(αx) − 2e−iα2t)

(
sinh(αx)e−iα2t e−2iα2t

− sinh2(αx) − sinh(αx)

)
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as ε → 0. This gives the Darboux matrix λ − S satisfying S(0, 0) = Γ, and provides a
solution of (1-1-21):

p̃ =
α(α + 2)e−iα2t

(α + 2) cosh(αx) − 2e−iα2t
, q̃ =

α(2 cosh(αx) − (α + 2)eiα2t)

(α + 2) cosh(αx) − 2e−iα2t
.

Now we consider the composition of two Darboux matrices. We have

Theorem 3 Suppose Gα(x, t, λ) = λ−Sα(x, t) (α = 1, 2) are two nondegenerate Darboux
matrices for (U, V ), det(S1 − S2) 6= 0. Then

Gβα(x, t, λ) = λ − (Sβ − Sα)Sβ(Sβ − Sα)−1 (1-1-26)

is a Darboux matrix for

Uα = GαUG−1
α + Gα,xG

−1
α , Vα = GαV G−1

α + Gα,tG
−1
α

(α, β = 1, 2; α 6= β) and the permutability

G21(λ)G1(λ) = G12(λ)G2(λ) (1-1-27)

holds.

Proof. First suppose Sα(α = 1, 2) are diagonalizable. Let Sα = HαΛαH−1
α where

Λα = diag(λ
(α)
1 , · · · , λ

(α)
N ) with λ

(α)
i 6= νj (i = 1, · · · , N ; j = 1, · · · , l; α = 1, 2), Hα =

(h
(α)
1 , · · · , h

(α)
N ), h

(α)
i is a solution of (1-1-2) with λ = λ

(α)
i . Under the action of Gα, Hβ

changes to

Hβα = (Gα(λ
(β)
1 )h

(β)
1 , · · · , Gα(λ

(β)
N )h

(β)
N )

= HβΛβ − HαΛαH−1
α Hβ

= (Sβ − Sα)Hβ

(1-1-28)

(α, β = 1, 2; α 6= β). Therefore,

Sβα = HβαΛβH−1
βα = (Sβ − Sα)Sβ(Sβ − Sα)−1 (1-1-29)

gives a Darboux matrix Gβα(λ) = λ − Sβα for Uα, Vα. Moreover,

Gβα(λ)Gα(λ)
= {λ − (Sβ − Sα)Sβ(Sβ − Sα)−1}(λ − Sα)
= λ2 − (S2

β − S2
α)(Sβ − Sα)−1λ + (Sβ − Sα)Sβ(Sβ − Sα)−1Sα.

(1-1-30)

Noticing that
S2(S2 − S1)

−1S1 + S1(S1 − S2)
−1S2 = 0, (1-1-31)

we know (1-1-30) is symmetric for Sα, Sβ. Hence

G21(λ)G1(λ) = G12(λ)G2(λ). (1-1-32)

For nondiagonalizable Gα = λ − Sα(x, t), we have nondegenerate Darboux matrices

G
(k)
α (λ)= λ−S

(k)
α such that S

(k)
α is diagonalizable, det(S

(k)
1 −S

(k)
2 ) 6= 0, and G

(k)
α → Gα as

k → ∞. From the above discussion,

G
(k)
βα = λ − (S

(k)
β − S(k)

α )S
(k)
β (S

(k)
β − S(k)

α )−1 (1-1-33)
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is a Darboux matrix for U∧(k), V
(k)
α , which are transformed from U, V by G

(k)
α , and

G
(k)
21 G

(k)
1 = G

(k)
12 G

(k)
2 . (1-1-34)

Taking the limit in (1-1-33) and (1-1-34), we derive the conclusions in the theorem. QED.

This theorem shows that the permutability holds for any two generic Darboux matrices
of first order.

1.2 Darboux matrices for reduced problems

In the last section, we considered the problem without reduction. However, there are
reductions in many concrete problems. In the present section, we shall first discuss two
basic reductions, then apply them to some equations of physical interest.

1.2.1 Two general reductions

First, we consider the following reduction: U(x, t, λ), V (x, t, λ) satisfy

U(−ελ̄) = −CU †(λ)C, V (−ελ̄) = −CV †(λ)C (1-2-1)

where C is a diagonal matrix with diagonal entries ±1, “†” implies complex conjugate
transpose, ε = ±1.

The Darboux matrix keeping this reduction can be constructed in the following way.

Theorem 4 Given µ ∈ C (µ,−εµ̄ are not the poles of U, V ), let Λ = diag(λ1, · · · , λN)
with λi = µ or (−εµ̄). Let hi be a solution of (1-1-2) with λ = λi in Ω′ ⊂ Ω such that
h1, · · · , hN are linearly independent and h†

iChj = 0 if λi = −ελ̄j. Let H = (h1, · · · , hN),
S = HΛH−1. Moreover, let R be an invertible MN -valued function such that R†CRC is
a constant number. Then, in Ω′, under the Darboux matrix G = R(λ−S), Ũ , Ṽ (given by

(1-1-7)) satisfy Ũ(−ελ̄) = −CŨ †(λ)C, Ṽ (−ελ̄) = −CṼ †(λ)C.

Proof. If λi = −ελ̄j, then

(h†
iChj)x = h†

iU
†(λi)Chj + h†

iCU(λj)hj = 0

by (1-2-1). Similarly, (h†
iChj)t = 0. Hence h†

iChj = 0 is possible.
By the definition of S,

Shj = λjhj,

which implies
h†

i (S
†C − εCS)hj = (λ̄i − εhj)h

†
iChj.

Noticing that
λ̄i − ελj = µ̄ − εµ

if λi = λj , and

h†
iChj = 0
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if λi 6= λj , we have

h†
i(S

†C − εCS)hj = (µ̄ − εµ)h†
iChj. (1-2-2)

Hence
S†C − εCS = (µ̄ − εµ)C (1-2-3)

since {hi(x, t)} forms a basis of RN .
It is easy to see that

Λ2 = (µ − εµ̄)Λ + ε|µ|2. (1-2-4)

Hence
S2 = HΛ2H−1 = (µ − εµ̄)S + ε|µ|2 (1-2-5)

and
S†CS = (εCSC + µ̄ − εµ)CS = |µ|2C. (1-2-6)

Let
U ′(λ) = (λ − S)U(λ)(λ − S)−1 − Sx(λ − S)−1, (1-2-7)

then
U ′(−ελ̄) + CU ′†(λ)C
= C(λ̄ − S†)−1{−(λ̄ − S†)C(ελ̄ + S)CU †(λ)C + (λ̄ − S†)CSx

+U †(λ)(λ̄ − S†)C(ελ̄ + S) − S†
xC(ελ̄ + S)}(ελ̄ + S)−1 = 0

(1-2-8)

by (1-2-3) and (1-2-6).
On the other hand,

Ũ(λ) = RU ′(λ)R−1 + RxR
−1, (1-2-9)

thus

Ũ(−ελ̄) + CŨ †(λ)C
= C(R†)−1{−R†CRCU ′†(λ) + R†CRxC + U ′†(λ)R†CRC + R†

xCRC}CR−1

= 0

(1-2-10)

since R†CRC is a constant number. This proves the theorem. QED.

Remark 1 If C = I, we can find {hi} such that h†
ihj = 0 for λi 6= λj. Therefore, these

hi’s are linearly independent in whole Ω, and G is globally defined.

Remark 2 If νk, Uj, Vj, U
(k)
j , V

(k)
j are all real, and

U(−λ) = −CUT (λ)C, V (−λ) = −CV T (λ)C,

then the Darboux matrix constructed above keeps the reduction provided µ is chosen to be
real number, and hi be real function.

Under reduction (1-2-1), we can get a more explicit expression of Darboux matrix.
Choose specifically Λ = diag(−εµ̄,−εµ̄, · · · ,−εµ̄, µ). Let h = (ξ1, · · · , ξN)T be a solution
of (1-1-2) as λ = µ. Without loss of generality, we can choose

H =

(
K ξ
−ηT ξN

)
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by Theorem 4, where

K = (Kij)1≤i,j≤N−1,

ξ = (ξ1, · · · , ξN−1)
T , η = (η1, · · · , ηT

N−1) =
KT C ′ξ̄

cN ξ̄N

,

C = diag(c1, · · · , cN), C ′ = diag(c1, · · · , cN−1)

and det K 6= 0, ξN 6= 0. (C = diag(c1, · · · , cN), C ′ = diag(c1, · · · , cN−1).) Then

H−1 =

(
1 −K−1ξ

ξ−1
N ηT 1

) (
(K + ξηT /ξN)−1 0

0 (ξN + ηT K−1ξ)−1

)
.

Using the fact that

(1 + abT )−1 = 1 −
abT

1 + aT b

for any vectors a and b, we have

(K + ξηT/ξN)−1 = K−1
(
1 −

ξξ†C ′

ξ†C ′ξ + cN |ξN |2

)

(ξN + ηT K−1ξ)−1 =
cN ξ̄N

ξ†C ′ξ + cN |ξN |2
.

Hence by direct calculation,

S = −εµ̄ +
µ + εµ̄

ξ†C ′ξ + cN |ξN |2

(
ξξ†C ′ cN ξ̄Nξ
ξNξ†C ′ cN |ξN |

2

)
,

or, S = (Sij)1≤i,j≤N where

Sij = −εµ̄δij +
(µ + εµ̄)cjξiξ̄j

N∑

k=1

ck|ξk|
2

.

This gives the Darboux matrix

G = (Gij)1≤i,j≤N ,

Gij = (λ + εµ̄)δij −
(µ + εµ̄)cjξiξ̄j

N∑

k=1

ck|ξk|
2

. (1-2-11)

Now we discuss another type of reduction. Fix a constant diagonal matrix J with mutually
different diagonal entries. Let

A1 = {λP |P ∈ C∞(Ω,MN)},
A2 = {λ2J + λP |P ∈ C∞(Ω,MN), and P is off-diagonal}.

We know that for principal chiral field, U is in A1, while for Kaup-Newell system, U is in
A2. These two systems will be discussed later. Here we shall determine the forms of the
Darboux matrix which keeps these reductions.
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A matrix G = R(λ − S) with R invertible has a natural action on A1 and A2, i.e.

DGU = GUG−1 + GxG
−1.

Then, we have

Theorem 5 (1) DG(A1) ⊂ A1 if and only if RS is a constant matrix and (1-1-13) holds.
(2) DG(A2) ⊂ A2 if and only if R is a diagonal matrix, RS is a constant matrix, and

(1-1-13) holds.

Proof. (1) From (1-1-12), (1-1-13),

Ũ1 = RPR−1 = P̃ , (1-2-12)

Ũ0 = R[P, S]R−1 + RxR
−1 = 0, (1-2-13)

Sx + [S, PS] = 0. (1-2-14)

Combining the last two equations, we have

(RS)x = 0.

This proves the sufficiency. The converse is also true by (1-2-12), (1-2-13) and (1-2-14).
(2) (1-1-12) and (1-1-13) give

Ũ2 = RPR−1 = J, (1-2-15)

Ũ1 = R(P + [J, S])R−1 = P̃ , (1-2-16)

Ũ0 = R([P, S] + [J, S]S)R−1 + RxR
−1 = 0, (1-2-17)

Sx + [S, JS2 + PS] = 0. (1-2-18)

(1-2-15) implies R is diagonal. Eliminating the term [S, JS + P ] in (1-2-17), (1-2-18), we
get (RS)x = 0. The converse is also true by (1-2-15) to (1-2-18). QED.

Using this theorem, it is easier to determine the Darboux matrices for those concrete
problems.

1.2.2 U(N) principal chiral field

In order to unify the notation, x, t are used as the light-cone coordinates of R1,1 (then x±t
are space and time coordinates). Let g : R1,1 → U(N), then the equation for principal
chiral field (i.e. harmonic map from R1,1 to U(N)) is

(gxg
−1)t + (gtg

−1)x = 0. (1-2-19)

Write
P = gxg

−1, Q = gtg
−1, (1-2-20)

then (1-2-19), (1-2-20) are equivalent to

Pt + Qx = 0, Pt − Qx + [P, Q] = 0, (1-2-21)
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which possesses a Lax pair

Φx = λPΦ, Φt =
λ

2λ − 1
QΦ. (1-2-22)

According to Theorem 4 and Theorem 5, the Darboux matrix can be constructed as
follows.

Choose Λ = diag(λ1, · · · , λN) where λi can be either µ or µ̄ (µ is a complex number
which is not real). Let H = (h1, · · · , hN) such that hi is a solution of (1-2-22) with λ = λi,
h†

ihj = 0 if λi 6= λj , and det H 6= 0. Let = HΛ−1H−1, S = R−1, then Theorem 4 implies
that G = λR − I keeps u(N) reduction, and (1-1-12), (1-1-13) give the transformation

P̃ = RPR−1 = P − Rx, Q̃ = (2 − R)Q(2 − R)−1 = Q + Rt. (1-2-23)

Moreover, from (1-2-3), (1-2-6), we have

(R − 1)†(R − 1) = (S†)−1(S† − 1)(S − 1)S−1 = |1 − µ−1|2. (1-2-24)

Hence the corresponding new principal chiral field (harmonic map) is

g̃ = (R − 1)gΛ(1 − Λ)−1. (1-2-25)

Here the right multiplier Λ(1 − Λ)−1 makes g̃ in U(N).

Remark 3 Instead of the group U(N), we can also get the Darboux matrix for SU(N)
principal chiral field in the same way because of (1-2-25).

1.2.3 O(2N) principal chiral field

In this case, the equation of principal chiral field and the corresponding Lax pair are still
(1-2-21) and (1-2-22), while P, Q ∈ o(2N), i.e. P T = −P , QT = −Q.

Since real µ leads to trivial transformation, we can not simply use Remark 2 after
Theorem 4. Alternatively, we choose µ to be complex, and only want R to be real. The
Darboux matrix is given as follows. Let µ = (µ1 + iµ2)

−1 (µ2 6= 0), and

J =

(
µ1I µ2I
−µ2I µ1I

)
(1-2-26)

(I is N × N identity matrix). Choose a nondegenerate real matrix F such that F T F has
the form (

W 0
0 W

)

for some N × N matrix W . (This is obviously true if F is an orthogonal matrix.) Let

R0 = FJF−1, (1-2-27)

then R0 is proportional to an orthogonal matrix since

JT F T FJ = (µ2
1 + µ2

2)

(
W 0
0 W

)

21



and
RR

0 R0 = (F T )−1JT F T FJF−1 = µ2
1 + µ2

2. (1-2-28)

Therefore, R0 can be written as
R0 = KΛK−1 (1-2-29)

where Λ = diag(λ1, · · · , λ2N) with λi = µ or µ̄, K = (k1, · · · , k2N) satisfies k†
i kj = 0

(λi 6= λj). Let hi(x, t) be the solution of

hi,x = λiPhi, hi,t =
λi

2λi − 1
Qhi, hi(x0, t0) = ki, (1-2-30)

H = (h1, · · · , h2N), then h†
ihj = 0 if λi 6= λj , and det H 6= 0.

By the conclusion for U(2N) principal chiral field, we only need to prove that R =
HΛ−1H−1 takes real value.

Write R = A + iB. Let Z = {(x, t) ∈ Ω |B(x, t) = 0}. Then (x0, t0) ∈ Z. Near
(x1, t1) ∈ Z, (1-2-23) implies

AxA − BxB = [P, A], AxB + BxA = [P, B],
At(A − 2) − BtB = −[Q, A], AtB + Bt(A − 2) = −[Q, B].

(1-2-31)

Eliminating Ax, At:

Bx(A + BA−1B) = APA−1B − BP,
Bt(A − 2 + B(A − 2)−1B) = BQ − (A − 2)Q(A − 2)−1B.

(1-2-32)

Since A + BA−1B, A − 2 + B(A − 2)−1B are nondegenerate near (x1, t1), B is zero near
(x1, t1) by the uniqueness of the solution of this group of equations. Hence Z is open. This
implies B = 0 identically, or R takes real value.

Till now, we have proved that this Darboux matrix keeps o(2N) reduction. Explicitly,
the transformation of P, Q is still

P̃ = P − Rx, Q̃ = Q + Rt (1-2-33)

while the transformation of g is

g̃ = (R − 1)g|1 − µ−1|−1 (1-2-34)

which guarantees that g̃ ∈ O(2N).

1.2.4 Kaup-Newell system

Kaup-Newell system is

Φx =

(
iλ2 iλp
iλq −iλ2

)
Φ, Φt =

2n∑

j=1

V2n−jλ
jφ (1-2-35)

where

V2k =

(
a2k 0
0 −a2k

)
, V2k+1 =

(
0 b2k+1

c2k+1 0

)
,
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b2k+1 = pa2k −
i

2
b2k−1,x,

c2k+1 = qa2k +
i

2
c2k−1,x, (0 ≤ k ≤ n − 1),

a2k,x = −
1

2
(pc2k−1,x + qb2k−1,x), (1 ≤ k ≤ n − 1).

(1-2-36)

The equations given by (1-2-35) are

pt = −ib2n−1,x, qt = −ic2n−1,x. (1-2-37)

Here {a2k, b2k+1, c2k+1} which are determined by (1-2-36) are all differential polynomials of
p, q, which will also be written as a2k[p, q], b2k+1[p, q], c2k+1[p, q]. Moreover, the Darboux
matrix of second order is already known [35].

Here we shall construct the Darboux matrix of first order, the composition of two of
which gives the Darboux matrix in [35].

Let

Λ =

(
µ 0
0 −µ

)
, H =

(
ξ −ξ
η η

)
, σ = η/ξ (1-2-38)

where (ξ, η)T is a solution of (1-2-35). Then

HΛH−1 = µ

(
0 1/σ
σ 0

)
. (1-2-39)

By Theorem 5, we choose S = HΛH−1,

RS = −µ

(
0 1
1 0

)
, R =

(
σ 0
0 1/σ

)
,

then

G =

(
σ 0
0 1/σ

)
λ − µ

(
0 1
1 0

)
(1-2-40)

is a Darboux matrix keeping the form of U in (1-2-35), which induces

p̃ = pσ2 + 2µσ, q̃ = q/σ2 − 2µ/σ. (1-2-41)

Now we prove Ṽ = V [p̃, q̃], i.e. the Darboux matrix keeps the form of V invariant,
which means p̃, q̃ satisfy the same equation as p, q. To prove this, we use the technique in
[8].

By (1-2-38) and (1-2-35),

σx = iλq − 2iλ2σ − iλpσ2, σt = c − 2aσ − bσ2 (1-2-42)

where a, b, c are entries of V:

V =

(
a b
c −a

)
,

therefore, V = V [p̃, q̃] follows from the next lemma.
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Lemma 2 Given µ ∈ C and functions p(x), q(x), σ(x) satisfying σx = iλq−2iλ2σ−iλpσ2.
Let p̃, q̃ be defined as (1-2-41), Vk be given by (1-2-36) with fixed integral constants. Let

Ṽ = GV G−1 + G1G
−1 where

G1 = λ(c − 2aσ − bσ2)

(
1 0
0 −1/σ2

)
.

Then Ṽ = V [p̃, q̃].

Proof. Let
p̂(x, t) = p − itb2n−1[p, q],
q̂(x, t) = q − itc2n−1[p, q],
σ̂(x, t) = σ + t(c − 2aσ − bσ2),

Ĝ(x, t) =

(
σ̂ 0
0 1/σ̂

)
λ − µ

(
0 1
1 0

)
,

then
Ût = Vx − [U, V ]

at t = 0 by the recursion formula (1-2-36). However,

˜̂
U = ĜÛĜ−1 + ĜxĜ

−1,
˜̂
V = ĜV̂ Ĝ−1 + ĜtĜ

−1

give
˜̂
U t −

˜̂
V x + [

˜̂
U,

˜̂
V ] = 0

at t = 0. By the definition of Ṽ and G1, we have

˜̂
U t|t=0 − Ṽx + [Ũ , Ṽ ] = 0.

This implies Ṽ satisfies the same recursion relations as V [p̃, q̃].

Now we use induction to complete the proof. Clearly, ã0 = a0[p̃, q̃], b̃1 = b1[p̃, q̃],

c̃1 = c1[p̃, q̃]. Suppose ã2k = a2k[p̃, q̃], b̃2k+1 = b2k+1[p̃, q̃], c̃2k+1 = c2k+1[p̃, q̃], then, by
(1-2-36), ã2k+2 − a2k+2[p̃, q̃] = ∆k is a constant for given p, q, σ, which is also a differential
polynomial of p, q, σ. Furthermore, from (1-2-42), we can suppose

∆k = ∆k(p, px, · · · , p(r), q, qx, · · · , q(s), σ)

where the superscripts refer to the order of the derivative with respect to x. So

0 =
d

dx
∆k =

r∑

j=0

∂∆k

∂p(j)
p(j+1) +

s∑

j=0

∂∆k

∂q(j)
q(j+1) +

∂∆k

∂σ
(iλq − 2iλ2σ − iλpσ2). (1-2-43)

We know from this equation that the partial derivatives of ∆k with respect to the deriva-
tives of p, q of highest order are zero, which implies ∆k is independent of p, q, σ by (1-2-

43). Now choose particularly p = q = σ = 0, we have ∆k = 0, and b̃2k+3 = b2k+3[p̃, q̃],

c̃2k+3 = c2k+3[p̃, q̃] by (1-2-36). Therefore, Ṽk = Vk[p̃, q̃] for any k. QED.
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Next, we shall get the Darboux matrix for a concrete equation — derivative nonlin-
ear Schrödinger equation [16], which describes, for example, the propagation of circular
polarized nonlinear Alfvén waves in plasmas.

The equation is
ipt + pxx + iε(|p|2p)x = 0 (ε = ±1) (1-2-44)

which corresponds to

U =

(
iλ2 ipλ

−iεp̄λ −iλ2

)
,

V =

(
−2iλ4 − iε|p|2λ2 −2ipλ3 − (px + iε|p|2p)λ

2iεp̄λ3 − (εp̄x − i|p|2p̄)λ 2iλ4 + iε|p|2λ2

)
.

(1-2-45)

In this case,

(|σ|2)x = 2Re{iεpσ(µ̄ − εµ|σ|2)} + 2i|σ|2(µ̄2 − µ2),
(|σ|2)t = −2Re{2iεpσ(µ̄3 − εµ3|σ|2) + σ(εpx + i|p|2p)(µ̄ − εµ|σ|2)}

+{4i|σ|2(µ2 + µ̄2) + 2iε|p|2|σ|2}(µ2 − µ̄2).
(1-2-46)

If ε = 1, choose µ to be real. If ε = −1, choose µ to be purely imaginary. In both cases, we
can want |σ|2 = 1. Hence, the Darboux matrix (1-2-40) transforms a solution of (1-2-44)
to a solution of itself by (1-2-41).

As the simplest example, let p = a (constant), then we can choose

ξ = −iaµ(Aeθ + Be−θ),
η = iµ2(Aeθ + Be−θ) − ν(Aeθ − Be−θ)

where |µ| < |a|,

ν =
√

|a|2|µ|2 − µ4, θ = νx − (2νµ2 + εν|a|2)t,

and A, B are two complex numbers satisfying

Re((ν + iµ2)ĀB) = 0.

The new solution is

p = −
µ2

a
−

ν2

aµ2

(Aeθ − Be−θ

Aeθ + Be−θ

)2

.
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Chapter 2

1+2 Dimensional Darboux

Transformation

2.1 General form of Darboux operators

In the introduction, the following Lax pair in 1+2 dimensions was introduced:

Φy = U(x, y, t, ∂)Φ, Φt = V (x, y, t, ∂)Φ. (2-1-1)

Here (x, y, t) ∈ Ω (simply connected domain in R3),

U(x, y, t, ∂) =

m∑

j=0

Um−j(x, y, t)∂j ,

V (x, y, t, ∂) =
n∑

j=0

Un−j(x, y, t)∂j

(2-1-2)

are differential operators with respect to x whose coefficients Uj , Vj ∈ C∞(Ω,MN), ∂ =
∂/∂x.

We say that (2-1-1) is integrable if, for any (x0, y0, t0) ∈ Ω and any smooth vector-
valued function Φ0(x) defined near x0, there exists a solution Φ of (2-1-1) in some neigh-
bourhood of (x0, y0, t0) such that Φ(x, y0, t0) = Φ0(x).

If (2-1-1) is integrable,

Ut(∂)Φ − Vy(∂)Φ + [U(∂), V (∂)]Φ = 0. (2-1-3)

Lemma 3 If (2-1-1) is integrable, then

Ut(∂) − Vy(∂) + [U(∂), V (∂)] = 0. (2-1-4)

Proof. If not, (2-1-3) would give a nontrivial ordinary differential equation (with
respect to x) of Φ. This is a contradiction to the solvability of (2-1-1) for any initial data.
QED.
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Remark 4 The condition in the definition of integrability can be weakened. In stead of
the existence of the solution in a whole neighbourhood W , we can require that the solution
only exists in one of the subsets

W ∩ {(x, y, t) | (y − y0)ξ ≥ 0, (t − t0)η ≥ 0}, ξ, η = ±1.

If we define the integrability like that, all the conclusions below still hold.

Define

DN (Ω) =
{ s∑

j=0

Aj∂
j
∣∣∣ Aj ∈ C∞(Ω,MN), r is a nonnegative integer

}
.

In this chapter, we deal with the equation

F (x, y, t, u, ux, uy, ut, uxx, · · · ) = 0 (2-1-5)

of unknowns u = (u1, · · · , us) in Ω which admits the Lax pair (2-1-1), i.e. (2-1-5) is
equivalent to (2-1-4) where the coefficients of U(∂), V (∂) may be differential polynomials
of u.

This section is devoted to the equation (2-1-4) without reduction, i.e. the entries of
Uj , Vj are independent unknowns. Then, the definition of Darboux operator in the intro-

duction implies that G(x, y, t, ∂) is a Darboux operator if there exist Ũ(∂), Ṽ (∂) ∈ DN(Ω)

such that Φ̃ = G(∂)Φ satisfies

Φ̃y = Ũ(∂)Φ̃, Φ̃t = Ṽ (∂)Φ̃ (2-1-6)

for any solution Φ of (2-1-4).

In this case, Ũ(∂), Ṽ (∂) satisfy

Gy(∂) = Ũ(∂)G(∂) − G(∂)U(∂), Gt(∂) = Ṽ (∂)G(∂) − G(∂)V (∂) (2-1-7)

and
Ũt(∂) − Ṽy(∂) + [Ũ(∂), Ṽ (∂)] = 0. (2-1-8)

From now on, we consider the nondegenerate Darboux operator of first order, that is,
a Darboux operator G(x, y, t, ∂) = R(x, y, t)(∂ − S(x, y, t)) with R nondegenerate. Since
we do not consider reduction here, we can always choose R = I.

Nondegenerate Darboux operators of first order can be constructed explicitly as follows.

Theorem 6 ∂ − S(x, y, t) is a Darboux operator of (2-1-1) if and only if S = HxH
−1 for

some N × N nondegenerate matrix solution H of (2-1-1).

We first prove two lemmas.

Lemma 4 For any M ∈ C∞(Ω,MN), there is a differential polynomial M (j) of M such
that ∂jΨ = M (j)Ψ for any Ψ satisfying Ψx = MΨ.
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Proof. Define

M (0) = 1, M (j+1) = M (j)
x + M (j)M (j ≥ 0), (2-1-9)

then
∂jΨ = M (j)Ψ (2-1-10)

by induction. QED.

By this lemma, we can define

U(M) =
m∑

j=0

Um−jM
(j) (2-1-11)

and clearly
U(∂)Ψ = U(M)Ψ (2-1-12)

for any Ψ satisfying Ψx = MΨ.

Lemma 5 ∂ − S is a Darboux operator of (2-1-1) if and only if S satisfies

Sy + [S, U(S)] = (U(S))x, St + [S, V (S)] = (V (S))x. (2-1-13)

Proof. First suppose ∂ − S is a Darboux operator of (2-1-1). Choose a fundamental
solution matrix Ψ of Ψx = SΨ, then (2-1-6) implies

SyΨ = (∂ − S)U(S)Ψ = (U(S))xΨ − [S, U(S)]Ψ,

which lead to (2-1-13).
Conversely, suppose S is a solution of (2-1-13). Define

Ũ(∂) =
m∑

j=0

Ũm−j∂
j (2-1-14)

where Ũj ’s are defined inductively by

Ũ0 = U0,

Ũj+1 = Uj+1 + Uj,x − SUj +

j∑

k=0

Cm−j
m−kŨk∂

j−kS.
(2-1-15)

Then,
Sy − (∂ − S)U(∂) + Ũ(∂)(∂ − S) ∈ C∞(W,MN).

However, for the fundamental solution matrix Ψ of Ψx = SΨ, (2-1-13) gives

(
Sy − (∂ − S)U(∂) + Ũ(∂)(∂ − S)

)
Ψ = 0.

This means
Sy − (∂ − S)U(∂) + Ũ(∂)(∂ − S) = 0
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as a matrix. QED.

Proof of Theorem 6. Suppose H is an N × N nondegenerate matrix solution of
(2-1-1), S = HxH

−1. (2-1-1) leads to

Sy = HxyH
−1 − HxH

−1HyH
−1 = (U(S))x + [U(S), S],

which means ∂ − S is a Darboux operator by Lemma 5.
Conversely, suppose G(∂) = ∂ −S(x, y, t) is a Darboux operator of (2-1-1), we need to

find a solution H of (2-1-1) such that S = HxH
−1, or equivalently, we need to solve

Hx = SH, Hy = U(∂)H, Ht = V (∂)H. (2-1-16)

Again, this is equivalent to

Hx = SH, Hy = U(S)H, Ht = V (S)H (2-1-17)

by Lemma 4. Therefore, we only need to verify the integrability condition of (2-1-17).
Let Ψ be a fundamental solution matrix of Ψx = SΨ. By (2-1-7),

(Ψy − U(∂)Ψ)x = (SΨ)y − ∂U(∂)Ψ = S(Ψy − U(∂)Ψ),

thus,
(Vy(∂) + V (∂)U(∂))Ψ = (V (∂)Ψ)y − V (∂)(Ψy − U(∂)Ψ)
= (V (S)Ψ)y − V (S)(Ψy − U(S)Ψ) = V (S)yΨ + V (S)U(S)Ψ.

Similarly,
(Ut(∂) + U(∂)V (∂))Ψ = U(S)tΨ + U(S)V (S)Ψ.

By the integrability condition (2-1-4),

U(S)t − V (S)y + [U(S), V (S)] = 0 (2-1-18)

since det Ψ 6= 0.
Lemma 5 implies that another two integrability conditions Hxy = Hyx, Hxt = Htx hold.

Combining this with (2-1-18), we know (2-1-17) is integrable. Therefore, (2-1-17) has an
N × N nondegenerate matrix solution. QED.

This theorem implies that any nondegenerate Darboux operator of first order can be
determined only by an N × N matrix solution of the Lax pair.

Analogous to 1+1 dimensional case, the permutability theorem also holds. here.
We first consider the Darboux operator of higher order, i.e. a differential operator

G(∂) =
r∑

j=0

Gr−j∂
j , G0 = I

satisfying

Gy(∂) = Ũ(∂)G(∂) − G(∂)U(∂), Gt(∂) = Ṽ (∂)G(∂) − G(∂)V (∂)

for some Ũ(∂), Ṽ (∂) ∈ DN(Ω).
The Darboux operator of r-th order can be constructed as follows.
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Theorem 7 Given r N ×N nondegenerate matrix solutions H1, · · · , Hr of (2-1-1), let Fj

be the block matrix (∂α−1Hβ)1≤α,β≤j. Suppose det Fr 6= 0, then
(1) There exists a unique differential operator of r-th order

G(H1, · · · , Hr, ∂) =
r∑

j=0

Gr−j∂
j , G0 = I (2-1-19)

satisfying G(H1, · · · , Hr, ∂)Hi = 0 (i = 1, · · · , r).
(2) For any permutation π of (1, · · · , r),

G(Hπ(1), · · · , Hπ(r), ∂) = G(H1, · · · , Hr, ∂). (2-1-20)

(3) If det Fr−1 6= 0, then

G(H1, · · · , Hr, ∂) = G(G(H1, · · · , Hr−1, ∂)Hr, ∂)G(H1, · · · , Hr−1, ∂).

(4) G is a Darboux operator of r-th order.

Proof. (1): det Fr 6= 0 implies that the group of linear algebraic equations

r−1∑

j=0

Gr−j∂
jHi = −∂rHi (i = 1, · · · , r)

has a unique solution G1, · · · , Gr, which determines G(∂).
(2): holds because of (1).
(3): Let

G(H1, · · · , Hr−1, ∂) =

r−1∑

j=0

gr−1−j∂
j ,

then
r−2∑

j=0

gr−1−j∂
jHi = −∂r−1Hi,

or
(gr−1, · · · , g1)Fr−1 = −(∂r−1H1, · · · , ∂r−1Hr−1).

Hence,

det(G(H1, · · · , Hr−1, ∂)Hr)
= det(∂r−1Hr − (∂r−1H1, · · · , ∂r−1Hr−1)F

−1
r−1(H

T
r , · · · , ∂r−2HT

r )T )
= det Fr/ detFr−1 6= 0.

Considering the definition of G(∂),

G(G(H1, · · · , Hr−1, ∂)Hr, ∂)G(H1, · · · , Hr−1, ∂)Hr = 0,
G(G(H1, · · · , Hr−1, ∂)Hi = 0 (1 ≤ i ≤ r − 1).

Therefore, (3) holds by (1).
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(4): Since det Fr 6= 0, there exists a permutation π of (1, · · · , r) such that

det(∂α−1Hπ(β))1≤α,β≤k 6= 0

for all k ≤ r. Then, (2) and (3) lead to

G(H1, · · · , Hr, ∂) = G(G(Hπ(1), · · · , Hπ(r−1), ∂)Hπ(r), ∂)·
·G(G(Hπ(1), · · · , Hπ(r−2), ∂)Hπ(r−1), ∂) · · ·
·G(G(Hπ(1), ∂)Hπ(2), ∂)G(Hπ(1), ∂).

Each term on the right hand side is a Darboux operator of first order. Hence G(∂) is a
Darboux operator of r-th order. QED.

By the symmetry of the Darboux operator of higher order, we can get the permutability
theorem immediately. (It can also be obtained by direct calculation).

Corollary 1 Let H1, H2 be N × N nondegenerate matrix solutions of (2-1-1),

det(H1,xH
−1
1 − H2,xH

−1
2 ) 6= 0,

then
G(G(H1, ∂)H2, ∂)G(H1, ∂) = G(G(H2, ∂)H1, ∂)G(H2, ∂).

2.2 Darboux operator for ZS-AKNS system and KP

hierarchy

1+2 dimensional ZS-AKNS system is

Φy = JΦx + PΦ, Φt =

n∑

j=0

Vn−j∂
jΦ, (2-2-1)

where J(t) is a diagonal matrix with mutually different diagonal entries, P (x, y, t) is valued
in off-diagonal matrices.

The integrability condition of (2-2-1) is

[J, V A
j+1] = V A

j,y − JV A
j,x − [P, Vj]

A +

j−1∑

k=0

Cn−j
n−k(Vk∂

j−kP )A, (2-2-2)

V D
j,y − JV D

j,x = [P, Vj]
D −

j−1∑

k=0

Cn−j
n−k(Vk∂

j−kP )D + Jtδj,n−1, (2-2-3)

Pt = V A
n,y − JV A

n,x − [P, Vn]A +

n−1∑

k=0

(Vk∂
n−kP )A. (2-2-4)

Here the superscripts D and A represent the diagonal and off-diagonal parts of a matrix.
Unlike in 1+1 dimensional case, Vj ’s are usually not differential polynomials of P .

Therefore, we regard (2-2-3), (2-2-4) as a group of differential equations of unknowns
P, V D

j (j = 0, 1, · · · , n), while V A
j (j = 1, · · · , n) are determined by (2-2-2).

The Darboux operator given by Theorem 6 transforms a solution of (2-2-3), (2-2-4) to
a solution of itself, that is,
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Proposition 1 Suppose {P, V D
j (j = 0, 1, · · · , N)} is a solution of (2-2-3), (2-2-4), {V A

j }
is determined by (2-2-2), H is an N ×N nondegenerate matrix solution of (2-2-1). Then

Φ̃ = (∂ − HxH
−1)Φ satisfies

Φ̃y = Ũ(∂)Φ̃, Φ̃t = Ṽ (∂)Φ̃ (2-2-5)

where

Ũ(∂) = J∂ + P̃ ,

Ṽ (∂) =
n∑

j=0

Ṽn−j∂
j , Ṽ0 = V0,

P̃ = P + [J, HxH
−1], (2-2-6)

Ṽ D
j+1 = V D

j+1 + V D
j,x − (HxH

−1Vj)
D +

j∑

k=0

Cn−j
n−k(Ṽk∂

j−k(HxH
−1))D, (2-2-7)

[J, Ṽ A
j+1] = Ṽ A

j,y − JṼ A
j,x − [P̃ , Ṽj]

A +

j−1∑

k=0

Cn−j
n−k(Ṽk∂

j−kP̃ )A. (2-2-8)

Moreover, {P̃ , Ṽ D
j (j = 0, 1, · · · , n)} is also a solution of (2-2-3), (2-2-4).

Proof. By direct calculation, (2-2-6) is true. Let

Ṽ (∂) =

n∑

j=0

Vn−j∂
j , Ṽ ′(∂) =

n∑

j=0

V ′
n−j∂

j

where {Ṽj} is defined by (2-2-7), (2-2-8), {V ′
j } is defined by

V ′
0 = V0,

V ′
j+1 = Vj+1 + Vj,x − HxH

−1Vj +

j∑

k=0

Cn−j
n−kV

′
k∂

j−k(HxH
−1),

(2-2-9)

(see (2-1-15)). Then

Ũt(∂) − V ′
y(∂) + [Ũ(∂), V ′(∂)] = 0

implies

[J, V ′A
j+1] = V ′A

j,y − JV ′A
j,x − [P̃ , V ′

j ]
A +

j−1∑

k=0

Cn−j
n−k(V

′
k∂

j−kP̃ )A. (2-2-10)

We use induction to prove Ṽ (∂) = V ′(∂). Clearly, Ṽ0 = V ′
0 . Suppose Ṽj = V ′

j for j ≤ l,

then (2-2-7) and (2-2-9) implies Ṽ D
l+1 = V ′D

l+1, while (2-2-8) and (2-2-10) imply Ṽ A
l+1 = V ′A

l+1.

Hence Ṽ (∂) = V ′(∂), and

Ṽ (∂)(∂ − HxH
−1) = (∂ − HxH

−1)V (∂) − (HxH
−1)t
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by the definition of V ′(∂). This implies Φ̃ is a solution of (2-2-5), and {P, V D
j (j =

0, 1, · · · , n)} is a solution of (2-2-3) and (2-2-4). QED.

The proposition provides a general expression of Darboux operator for ZS-AKNS sys-
tem. Next, we shall apply this to the Davey-Stewartson hierarchy, i.e. the system with

J = V0 =
i

2

(
1 0
0 −1

)
, P =

(
0 u
εū 0

)
(ε = ±1), Vj =

(
vj wj

εw̄j v̄j

)
. (2-2-11)

Clearly, {Vj} is characterized by V̄j = σVjσ
−1 where

σ =

(
0 1
ε 0

)
.

The corresponding equations come from (2-2-3) and (2-2-4):

ut = D−wn + u(vn − v̄n) +
n−1∑

k=0

vk∂
n−ku,

D−vj = ε(uw̄j − ūwj) − ε

j−1∑

k=0

Cn−j
n−kwk∂

j−kū,

(2-2-12)

where {wj} is determined by

iwj+1 = D−wj + u(vj − v̄j) +

j−1∑

k=0

Cn−j
n−kvk∂

j−ku (2-2-13)

which corresponds to (2-2-2). Here

D± =
∂

∂y
±

i

2

∂

∂x
.

If (ξ, η)T is a solution of (2-2-1) and (2-2-11), (εη̄, ξ̄)T is also a solution of it. Let

H =

(
ξ εη̄
η ξ

)
. (2-2-14)

Then, after the action of the Darboux operator ∂ − S = ∂ − HxH
−1, (2-2-6) leads to

ũ = u + iε
ξη̄x − η̄ξx

|ξ|2 − ε|η|2
. (2-2-15)

Since H satisfies H̄ = σHσ−1, we have S̄ = σSσ−1. Therefore,

¯̃
V (∂ − S̄) = (∂ − S̄)V̄ − S̄x

implies
¯̃
V = σV σ−1.
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Hence the Darboux transformation keeps the reduction (2-2-11). {ũ, ṽj (j = 0, 1, · · · , n)}
({ṽj} is given by (2-2-7)) is another solution of (2-2-12).

The usual Davey-Stewartson equation corresponds to N = 2, and

V0 =
i

2

(
1 0
0 −1

)
, V1 =

(
0 u
εū 0

)
, V2 =

(
v2 −iD+u

iεD−ū v̄2

)
. (2-2-16)

The equation is

iut = uyy −
1

4
uxx + iu(v2 − v̄2), D−v2 = iεD+|u|

2. (2-2-17)

If we denote
v = 2ε|u|2 + i(v2 − v̄2),

then

iut = uyy −
1

4
uxx − 2ε|u|2u + uv, vyy +

1

4
vxx = ε(|u|2)xx. (2-2-18)

This is the Davey-Stewartson equation in the usually form which describes a 3-dimensional
wave packet on the surface of water with finite depth [6].

Since u, v determine v2 up to a real function, it is easy to know from the fact for (u, v2)
that the Darboux operator transforms a solution of (2-2-18) to a solution of itself. The
explicit expression is

ũ = u + iε
ξη̄x − η̄ξx

|ξ|2 − ε|η|2
, ṽ = v − (ln(|ξ|2 − ε|η|2))xx. (2-2-19)

The simplest solution for ε = −1 can be obtained from u = v = 0. Due to (2-2-11),
(2-2-16), any two solutions of

φy =
i

2
φx, φt =

i

2
φxx

(corresponding to ξ and η̄ respectively) provide a new solution of (2-2-18).
Especially, let

ξ = exp
(
σx +

i

2
σy +

i

2
σ2t

)
, η = exp

(
− σ̄x +

i

2
σ̄y −

i

2
σ̄2t

)

with σ = α − iβ, then we get the solution of stationary wave

ũ = (β + iα)sech(2αx + βy) exp(i(α2 − β2)t), ṽ = −4α2sech2(2αx + βy).

If

ξ = ax +
i

2
ay, η = 1

with a real, then the static solution

ũ =
ia

a2x2 +
1

4
a2y2 + 1
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is obtained. If

ξ = a
(
x +

i

2
y
)2

+ iat, η = 1,

then we get the solution of solitary traveling wave

ũ =
−ay + 2axi

a2
(
x2 −

1

4
y2

)2

+ a2(xy + t)2 + 1
.

Complicated solutions can be obtained by Darboux operator from this kind of simple
solutions.

Next, we discuss briefly the KP hierarchy

φy = σφxx + σuφ, φt =
n∑

j=0

vn−j∂
jφ (2-2-20)

(σ, v0 are functions of t).

If this system is integrable,

2σj+1,x = vj,y − σvj,xx +

j−1∑

k=0

Cn−j
n−kvk∂

j−ku − σtδj,n−2,

σut = vn,y − ωvn,xx +
n−1∑

k=0

σvk∂
n−ku − σtu.

(2-2-21)

This is a group of equations of unknowns u, vj (j = 1, · · · , n).

Given any solution h of (2-2-20), ∂ − hxh
−1 is a Darboux operator transforming a

solution of (2-2-21) to a solution of itself. To see this, we only need to verify that the

Darboux transformation keeps the form of y-part of the Lax pair, i.e. Ũ(∂) = σ∂2 + σũ,
which is easy to check. Moreover,

ũ = u + 2(hxh
−1)x,

ṽj+1 = vj+1 + vj,x − vjhxh
−1 +

j−1∑

k=0

Cn−j
n−kṽk∂

j−k(hxh
−1).

(2-2-22)

If n = 3, (2-2-21) can be reduced to a differential equation of u. Especially, choose
σ2 = ε = ±1, v0 = 1, v1 = 0, v2 = 3u/2, we get the KP equation

utx =
1

4
(uxxx + 6uux)x +

3

4
εuyy. (2-2-23)

We can check directly that ũ = u +2(hxh
−1)x is a solution of (2-2-23) if u is a solution

of it.
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2.3 Application to 1+1 dimensional problem

In this section, we shall use Theorem 6 to get the corresponding conclusion for the Lax
pair (0-6):

λΦ = U(x, t, ∂)Φ, Φt = V (x, t, ∂)Φ (2-3-1)

where (x, t) ∈ Ω (simply connected domain in R2),

U(∂) =

m∑

j=0

Um−j(x, t)∂j , V (∂) =

n∑

j=0

Vn−j(x, t)∂j . (2-3-2)

The integrability condition of (2-3-1) is

Ut(∂) + [U(∂), V (∂)] = 0, (2-3-3)

which is just (0-5).

G(x, t, ∂) ∈ DN(Ω) is a Darboux operator of (2-3-1) if there exist Ũ(x, t, ∂), Ṽ (x, t, ∂) ∈

DN(Ω) such that for any solution Φ of (2-3-1), Φ̃ = G(∂)Φ satisfies

λΦ̃ = Ũ(x, t, ∂)Φ̃, Φ̃t = Ṽ (x, t, ∂)Φ̃. (2-3-4)

For nondegenerate Darboux operator of first order G(x, t, ∂) = ∂ − S(x, t), we have

Theorem 8 ∂ −S(x, t) is a Darboux operator of (2-3-1) if and only if S = HxH
−1 where

His an N × N nondegenerate matrix solution of

HΛ = U(∂)H, Ht = V (∂)H, (2-3-5)

and Λ is a constant triangular matrix.

Proof. Consider the equation

Ψy = U(∂)Ψ, Ψt = V (∂)Ψ (2-3-6)

for (x, t) ∈ Ω, y ∈ R. Suppose ∂ − S(x, t) is a Darboux operator of (2-3-1), then

0 = (∂ − S)U(∂) − Ũ(∂)(∂ − S),

St = (∂ − S)V (∂) − Ṽ (∂)(∂ − S)
(2-3-7)

for certain Ũ , Ṽ ∈ DN (Ω). Thus, ∂ − S is a Darboux operator of (2-3-6). According
to Theorem 6, there exists a solution H0(x, y, t) of (2-3-6) such that S = H0,xH

−1
0 . Let

Λ0 = H−1
0 H0,y, then

Λ0 = H−1
0 U(S)H0,

Λ0,x = −H−1
0 H0,xH

−1
0 U(S)H0 + H−1

0 (U(S))xH0 + H−1
0 U(S)H0,x

= H−1
0 {(U(S))x − [S, U(S)]}H0 = 0
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by (2-1-13),

Λ0,y = −H−1
0 H0,yH

−1
0 U(S)H0 + H−1

0 U(S)H0,y = 0,
Λ0,t = −H−1

0 H0,yH
−1
0 U(S)H0 + H−1

0 (U(S))tH0 + H−1
0 U(S)H0,t

= H−1
0 {(U(S))t[U(S), V (S)]}H0 = 0

by (2-1-18). Hence, Λ0 is a constant matrix, which is similar to an upper-triangular matrix:
Λ0 = TΛT−1, and

H0,y = H0TΛT−1,

or
H0(x, y, t) = H(x, t) exp(Λy)T−1

where H satisfies (2-3-5) and S = HxH
−1.

Conversely, if H is a solution of (2-3-5), S = HxH
−1, then it is easy to see that S

satisfies (2-3-7), i.e. ∂ − S is a Darboux operator of (2-3-1). QED.

If N = 1, H satisfies the Lax pair itself.
For example, KdV equation

ut + 6uux + uxxx = 0

possesses the Lax pair

λφ = −φxx − uφ, φt = 2(2λ − u)φx + uxφ,

while Boussinesq equation

(uxxx + 6uux)x + 3εutt = 0 (ε = ±1)

possesses the Lax pair

λφ = φxxx +
3u

2
φx + wφ, φt = σφxx + σuφ

(σ2 = ε, wx =
3

4σ
ut +

3

4
uxx), their Darboux operators can be obtained form Theorem 8

directly (for the latter one, see [23]).
Using the same method as in the proof of Theorem 8, we can get Theorem 1 when U, V

are polynomials of λ.
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