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Introduction

Since the late sixties, the theory of soliton has developed rapidly. People have found that
solitons appear in a lot of fields of mathematics and physics, such as fluid mechanics,
differential geometry, nonlinear optics, plasma physics, particle physics etc. Apart from
the discovery of many attractive feature of solitary wave, the soliton theory also provides
various methods to simplify equations and get explicit soliton solutions, in which there
are inverse scattering method, Backlund transformation method, Darboux transforma-
tion method, Hirota method, prolongation method, Painlevé analysis, and so on. With
these methods, a lot of explicit solutions for the equations with mathematical and phys-
ical interest are obtained. Therefore, soliton theory has become an important branch of
mathematical physics. In this paper, we deal with Darboux transformation, which is one
of the most effective method of getting explicit solutions.

The solitary wave was first discovered in nature in 1834 and the KdV equation describ-
ing it was found in 1895. However, the significance of the solitary wave in mathematics
and physics was not realized until 1960’s. In 1965, Zabusky and Kruskal found out by
numerical analysis that the solutions of the KdV equation evolved as particles when they
interacted. They called these solutions solitons. This fact, together with the discovery of
the GGKM method in 1967, greatly stimulated the study of soliton theory. The inverse
scattering theory developed rapidly after that. It transforms the problem into solving a
linear integral equation, and is an important tool not only to solve Cauchy problems, but
also to get explicit expressions of pure solitons.

In 1973, Wahlquist and Estabrook found the Backlund transformation for KdV equa-
tion and got the soliton solutions. This revealed the importance of the classical transfor-
mation for sine-Gordon equation given by Bécklund. The Bécklund transformation is a
relation between two solutions of an equation or two solutions of different equations, so
it gives a new solution of the equation from a known, usually easier solution. Since then,
the Béacklund transformations for a lot of equations have also been found. Most of those
Backlund transformations transform a solution of an equation to a solution of the same
equation. They are called auto-Backlund transformations.

After the discovery of Backlund transformation, people tried to find some simpler
transformations to get soliton solutions since the nonlinear equations in Backlund trans-
formation method were still too complicated to be solved in nontrivial cases. [33] showed
that the original transformations for Schrodinger equation given by Darboux was effec-
tive not only for KdV equation, but also for MKdV equation, sine-Gordon equation etc.
They can, in fact, be written as a gauge transformation of the potentials in the Lax pairs.
Since then, people have known that many other equations possessing Lax pairs have Dar-
boux transformations from which the Backlund transformation in original form can also



be obtained [5]. Similar to Bécklund transformations, Darboux transformations for most
equations have auto-Backlund property, i.e. they transform a solution of an equation to
a solution of the same equation. The Darboux transformation greatly simplifies the pro-
cedure of getting explicit solutions. Hence it has become an important method in soliton
theory.

The basic idea of the method of Darboux transformation is as follows. For the nonlinear
partial differential equation possessing a Lax pair, if one solution of that equation is known,
we can construct a Darboux matrix or Darboux operator from the solutions of the Lax
pair so that it induces a new solution of that nonlinear equation. Thus, if only we know
how to construct the Darboux matrix or Darboux operator, the problem is reduced to a
linear problem to solve the Lax pair. This is much simpler than the nonlinear equations in
Backlund transformation. Also, unlike in the inverse scattering method, we do not need
any restriction on the boundary condition of the original solution. Furthermore, we can
get a series of solutions of the original nonlinear partial differential equation by a purely
algebraic algorithm so long as we know a solution of the Lax pair.

Throughout this paper, every function is assumed to be infinitely differentiable.

In order to see more clearly the advantage of Darboux transformation, we first have a
short review of the classical Backlund transformation and Darboux transformation, with
MKdV equation as an example.

MKdV equation

uy 4 6uuy + Ugpy = 0, (0-1)

or equivalently
Vg + 20° 4 Vpgp = 0 (0-2)

(u = v,) has a Bécklund transformation[29]

vl = v, + Bsin(v' + v)
V] = vy — (2045 cos(v) + v) + 20Zsin(v' + v) + BV + vy)) (0-3)
where (3 is a real parameter.

The integrability condition of equations (0-3) for v’ is exactly (0-2). Moreover, if v is
a solution of (0-2), then v’ is also a solution of (0-2). Hence, from a given solution v of
(0-2), we get a new solution v’ of (0-2) by solving a simpler equation (0-3). In the simplest
case, let v = 0, we get the one soliton solution

u' = Bsech(B(x — 57))

of (0-1).

(0-3) is still nonlinear, and is complicated if u is not very simple. Therefore, people
always try to get permutability theorem and nonlinear superposition formula if Backlund
transformation is known.

In the above example, given a solution v of (0-2), we get a new solution v; by Béacklund
transformation with parameter 1, then get vi5 from v; by Béacklund transformation with
Bs (B2 # [1). Likewise, we can get vy by Béacklund transformation with (s, then get vy
from vy by Bécklund transformation with ;. The permutability theorem is: vy = wvo



holds for properly chosen integral constants. They can also be expressed by an explicit
formula (nonlinear superposition formula) of v, v; and vs:
1 (Bt B V1 — U2
V19 = Vg1 = ¥ + 2tan 1( tan )
B — B2 2

The nonlinear superposition formula simplifies the procedure of getting solutions by
Backlund transformation. However, we still need to solve a nonlinear integrable equation
(Béacklund transformation) in the first step. What is more, the proof of permutability is
very complicated, and usually is carried out for every specific equation.

In order to obtain a simplified way of getting solutions, we need to use Lax pair. In
1968, Lax[19] introduced the equation

L =B, 1] (0-5)

(0-4)

where L(x,t, u, ug, -+ ), B(x,t,u,u,, - - ) are two matrix-valued differential operators with
respect to z, which are related to the unknowns u = (uq,- - ,us). Equation (0-5) is the
integrability condition of

L& =)D, &, =Bd (0-6)

(A is a parameter), which is called the Lax pair of (0-5).
A lot of useful equations, such as KdV equation, MKdV equation, nonlinear Schro-

dinger equation equation, Boussinesq equation, N-wave equation, have Lax pairs of this
kind. For MKdV equation,

L:<1 O)a_(Ou)

0 —1 u 0

L 0 u? g Uty —Ugy (0-7)
B:_4<0 1)a _6(um u2)a_3( Uy 2uum)'

On the other hand, some equations

F(xatvuvumuutauxm"') =0 (0-8)
of unknowns u = (uq, - -+, us) have another type of Lax pair
O, =Ulu,z,t, \|®, P&, =V[u,x,t,\P. (0-9)

In other words, (0-8) is equivalent to the integrability condition
U -V, +[U,V]=0 (0-10)

of (0-9). Here U, V' are M y-valued rational functions of A, which depend on u in a certain
way (usually they are functions of u and its derivatives). My denotes all N x N complex
matrices. We also write U(x,t, A), V(z,t,\) for Ulu, z,t, \], V]u,z,t, Al.

Apart from the equations mentioned above, those like sine-Gordon equation, the equa-
tion for principal chiral field can also be written as the integrability condition of this type
of Lax pair. For MKdV equation,

U— A
—u A (0-11)
V= —4N3 — 202\ —4UN? — 2\ — 2u> — Uy
T\ 4ud? — 2u ) + 20 4wy 4AN3 + 22U\ ’



In order to avoid the nonlinear equation like (0-3), we can make use of another kind of
transformation — Darboux transformation.
In 1882, Darboux found out that if ¢, h are two solutions of the Schrodinger equation

then 5 = ¢, — ¢h,/h is a solution of another Schrodinger equation

where

U= u—2(Inh),.. (0-14)

Since Schrodinger equation is a part of the Lax pair of KdV equation, this transforma-
tion was applied to KdV equation, then to other equations such as MKdV equation,
Sine-Gordon equation, nonlinear Schrédinger equation by [33, 17]. Also, it provided the
transformation of the wave function ¢, which actually leads to the Darboux matrices.
Generally, for the equation (0-8) with Lax pair (0-9), a matrix G(x,t,A) is called a

Darboux matrix if there exists w such that for any solution ® of (0-8), & = G'® satisfies
o, =U0, &=V (0-15)

where U = Ult, z,t,\], V = V[, z,t, A]. In this case, the transformation (u, ®) — (@, @)
is called a Darboux transformation.

The transformation of ®, U, V' is similar to the gauge transformation in gauge theory,
so it is also called gauge transformation. Therefore, U, V are transformed as the potential
(components of the connection) and the zero-curvature condition (0-10) keeps invariant
under the transformation, i.e.

U=GUG'+G,G™, V=GVG'+GG, (0-16)

and L o
U -V, +[U,V]=0. (0-17)

Thus, w is another solution of (0-8).

The subject of Chapter 1 is the nondegenerate Darboux matrix of first order, i.e. a
Darboux matrix G(x,t,\) = AR(z,t) — T'(x,t) where R is invertible, and the poles of
U, V are not the eigenvalues of S = R™'T. Here, R is useful only when reduction is
considered, otherwise, we can choose R = I.

For MKdV equation, the Darboux matrix of first order is

2
G\ Ao (1 o 20 ) (0-18)

1+ 02 200 —140?

where o = /&, (£,1)7 is a solution of the Lax pair with A = A\g and U,V given by (0-11).
The new solution of (0-1) given by this Darboux transformation is

~ 4 4)\00’
uUu=1u
1+ 02

(0-19)



which come from (0-16). If we eliminate o in (0-19), the original Backlund transformation
(0-3) is obtained again.

If the potential decays fast enough at infinity, the Darboux matrix of first order is
essentially equivalent to the dressing method [34, 20, 22|. Here, it is also valid for the
potentials without boundary condition. In the point of view of inverse scattering theory,
if the potential decays fast enough at infinity, the action of Darboux matrix of first order
increases or decreases solitons in most cases [27, 25, 30, 3].

A Darboux matrix provides new solutions @, ® from a given solution u of (0-8) and a
solution @ of the corresponding Lax pair (0-9). Moreover, another Darboux matrix can be

constructed explicitly from 5, and we get new solution u, . Continuing this procedure,
we can get a series of solutions of the equation by a purely algebraic way from given
solutions u and ®.

The Darboux matrices for a lot of specific equations have been known since 1970’s.
After that, the Darboux matrix of first order[22] and higher order[26] in a quite general
form were also provided for 2 x 2 ZS-AKNS system. However, if these Darboux matrices
had auto-Bécklund property was still unknown. This problem was first solved by [10, 8] for
KdV, MKdV-SG hierarchies, then by [11, 24] for 2 x 2 ZS-AKNS system. The Darboux
matrix for ZS-AKNS system of arbitrary order was given by [9, 30], with the proof of
auto-Bécklund property in [9)].

The ZS-AKNS system is

O, = (AT + P(z,t)®, = Zvn N (0-20)

where J is a constant diagonal matrix with mutually different diagonal entries, P is val-
ued in off-diagonal matrices, V;’s are actually differential polynomials of P. For (0-20),
Darboux matrix can be constructed as follows [9].

Given Ay, - -+, Ay € C, let h; be a solution of (0-20) with A = X\;; A = diag(Aq, -+, An),
H = (hy,-+- ,hy). If det H # 0, then G = A — HAH ! is a Darboux matrix of (0-20).

[30] also proved that for ZS-AKNS system, these are the all possible Darboux matrices
of form A — S(z,t) if P is integrable with respect to x in whole real line and G is bounded
for fixed A, t.

The natural questions are, what are the Darboux matrices for other integrable systems,
and what happens for the solution which does not decay at infinity? Theorem 1 and
Theorem 2 in this paper provide a solution to these questions.

In §1.1, we discuss the Darboux matrix for unreduced equation (0-10), i.e. we regard
each entry of the coefficients of U,V are independent unknown. (Here U,V can be any
M y-valued rational functions of A\.) Theorem 1 provides all the nondegenerate Darboux
matrices of first order, which depend on the solutions of the Lax pair with nonhomogeneous
terms. Theorem 2 gives a more constructive way to show that any nondegenerate Darboux
matrix of first order can be expressed in the form of [9] or a certain kind of limit of those
matrices. Also, Theorem 2 provides all the nondegenerate Darboux matrices of first order
explicitly in terms of their initial values and the fundamental solution of the Lax pair.

Unlike in the case of the original Béacklund transformation, we can obtain the per-
mutability theorem (Theorem 3) for all the equations as (0-10) by twice Darboux trans-

>



formations (for ZS-AKNS system, see also [26, 11, 13]), while the nonlinear superposition
formula is just equivalent to the twice Darboux transformations.

The unreduced equation (0-10) is an equation with a lot of unknowns. However, in
practical problems, unknowns are very few, and reductions often appear. In other words,
there are usually some relations among the entries of the coefficients of U, V. Also, in
many cases, V' can be determined by U in some sense. Therefore, if the Darboux matrix
for the system (0-10) keeps reduction is an important problem.

One of the most popular reduction is that U,V satisfy U(=)\) = —U*(\), V(=) =
—V*(\). The Darboux matrix keeping this kind of reduction is given in Theorem 4. Also,
the general form of Darboux matrices which keep the form of the Lax pairs of principal
chiral field and Kaup-Newell system is determined in Theorem 5. After that, we detremine
the Darboux matrix of first order for some concrete equations: U(N) and O(2N) principal
chiral field, Kaup-Newell system and derivative nonlinear Schrédinger equation.

In Chapter 2, 142 dimensional problem is discussed. KP equation is one of the simplest
integrable equations in 142 dimensions. Its Backlund transformation was obtaned in 1975
by Hirota and Satsuma. The Backlund transformation for some other equations such
as 143 dimensional sine-Gordon equation, R-gauge Yang-Mills equation were also found.
Apart form that, most conclusions in higher dimensions were obtained in the last decade.
The inverse scattering transformation for KP equation was got in 1983 [1], and that for 142
dimensional ZS-AKNS system was obtained by [7, 2]. Bécklund transformations for ZS-
AKNS system was also known by [4] in 1985, while for a special case — Davey-Stewartson
equation, the Bécklund transformation is got by [21]. As for Darboux transformation,
the only known Darboux operator took the original form of Darboux, which was valid for
some equations with scalar Lax pair as Kadomtsev-Petviashvili (KP) equation. However,
the Darboux operators for the equations with matrix Lax pair, such as Davey-Stewartson
equation, N-wave equation, were still unknown. This paper is devoted to finding the
Darboux operator for general Lax pair in matrix form.

We discuss the equation of unknowns u = (uq, -, ug):

F(,y,t, U, Uy, Uy, U, Uy - -+ ) = 0 (0-21)
which possesses a Lax pair
¢, =Ulu,x,y,t,0|®, & =V]u,z,y,t, 0P, (0-22)
i.e. it can be written as
Ui(0) = Vy(9) +[U(9), V(9)] = 0, (0-23)

which is the integrability condition of (0-22). In the above equations, Ulu,z,y,t,d],
V{u, z,y,t,0] are two M y-valued differential operators with respect to =, whose coeffi-
cients depend on u in a certain way. U(0), V(0) are simplified notation for Ulu, =, y,t, d],
Vu, x,y,t,0]. 0= 0/0x.

For example, KP equation

1 3
Uy = Z(umm + 6uuy), + iuyy (0-24)



or

1 3
Z('Uxxx + 62}90”:(::0) + Z’Uyy (0-25)

Vgt =

(u = v,) has
U©) = P +u, V(0) =0 + %“a + g(vy +uy). (0-26)

It is well-known that KP equation has a Bécklund transformation [29]

,U?,J = Uy + 'U;cac + Vg + ('U, - 'U)(U/m - USL‘)>
o / 1 3 / / 3 !/ !/

Uy = Ut —+ Vg + ivxmc + i(v - U>Ugcgc + i(vm - ’Ux)Um (0‘27)
3 / 27,1 3

+1(U —0)*(vl, — vg) + 5 Vay-

More generally, [18] provided a Bécklund transformation for the equations connecting with
142 dimensional Gelfand-Dikij-Zakharov-Shabat system:

Uy = 1, and U;’s are scalar functions.
For 142 dimensional ZS-AKNS system,

U@) = Jo+P

(J is a constant diagonal matrix with mutually different diagonal entries, P is valued in
off-diagonal matrices), [4] got a Backlund transformation in the form of integro-differential
equations as (0-27). However, the Bécklund transformations mentioned above are rather
complicated comparing with that of 141 dimensional problems except for that of KP
equation.

In this paper, we shall discuss 142 dimensional Darboux transformation, which can
greatly simplify the procedure of getting explicit solutions.

It is known that KP equation has a Darboux operator 0 — h,/h where h is a solution
of the Lax pair corresponding to (0-26). This Darboux operator provides a transformation
of the solution[32]

u=u+2(hg/h),. (0-28)

For general equation (0-21) with Lax pair (0-22), a differential operator G(x,y,t,0)
with respect to to z is called a Darboux operator if there exists u such that for any solution
® of (0-22), & = G(0)P satisfies

o, = U0)d, &, =V()5, (0-29)

where U(9) = Ul z,y,t,0), V(9) = V[u,z,y,t,0].
The transformation of U, V has a similar relation as (0-16), i.e.

0(0)G(0) = GOU(D) + Gy (0) 0.30)
V(0)G(0) = GO)V () + Gu(0),

7



and

0.(0) - V,(9) + [U(9), V()] = 0. (0-31)

Nondegenerate Darboux operator of first order is the most fundamental one which is
a Darboux operator G(x,y,t,0) = R(z,y,t)(0 — S(x,y,t)) with R nondegenerate. This is
the main object we want to find. What is more, we can always choose R — I if there is no
reduction, i.e. the coefficients of U, V are independent unknowns. In this case, Theorem 6
gives all the nondegenerate Darboux operators of first order for general Lax pair (0-22) in
matrix form. That is, & — S is a Darboux operator if and only if S = H,H ! for certain
nondegenerate matrix solution H of (0-22).

By virtue of this conclusion, we can get a series of solutions of a nonlinear partial
differential equation from a known solution by successive action of Darboux operators as
in 1+1 dimensions.

In §2.1, we also discuss the properties of Darboux operator of higher order, and give
the permutability theorem (Theorem 7 and Corollary).

As applications, ZS-AKNS system and KP hierarchy are discussed, and the Darboux
operators are provided. The result of the former is completely new and that of the latter
is a generalization of the conclusion for KP equation. Also, concrete results for Davey-
Stewartson equation are given.

If the coefficients of U, V' are independent of y, then Theorem 6 leads to Theorem 8,
which provides all the nondegenerate Darboux operators of first order for the Lax pair
(0-6).
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Chapter 1

14+1 Dimensional Darboux
Transformation

1.1 General form of Darboux matrices

In this part,  is a simply connected domain in R?, and vy, --- , 1, € C.
We discuss the equation (or the system of equations) (0-8):

F(xvt7u7uxautaumﬁa"') =0 (1—1—1)
of unknowns u = (uy,- -+, us) with Lax pair
O, =Ulu,x,t,\|®, &, =V]u,xz,t, \]P. (1-1-2)

Here U, V are M y-valued functions which may be differential polynomials of u. Moreover,
they are rational functions of the spectral parameter and can be written in the form

Uz, t,\) = zmj Ui, ON + > i UM (2, 6) (A — 1),

j=0 k=1 j=1
. I ng (1-1-3)
Ve, t,A) =Y Vi(a, )N + 33 V(@ 6)(A - y,)
j=0 k=1 j=1

provided that u(z,t) is given. (1-1-2) is a Lax pair of (1-1-1) means that (1-1-1) is equiv-
alent to the integrability condition

U=V, +[U, V] =0 (1-1-4)

of (1-1-2).

In this section, we discuss the Darboux matrix for Lax pair without reduction, i.e. we
regard the entries of Uj, V}, U;k), V;»(k) as independent unknowns. In this case, the general
definition of Darboux matrix in the Introduction implies that G is a Darboux matrix is

9



equivalent to that there exist

ﬁ(:c,t,)\):f: thAJ+ZZU (A=),

7=0 k 1] 1 (1_1_5)
v(x,t,)\): (x t)\j+ZZV(k (2, )\ — )7
j= k=1 j=1
such that ® = G® satisfies
o, = U<I> o, =V (1-1-6)
for any fundamental solution ® of (1-1-2)

(
Under the Darboux matrix G, (0-16) and (0-17) give
U=GUG ' +G,G', V=GVG'+GG! (1-1-7)

and o L
U,—V,+[U,V]=0. (1-1-8)

Thus, we get another solution of (1-1-4) by the Darboux matrix G.

Now we shall discuss the nondegenerate Darboux matrix of first order, i.e. the Darboux
matrix of form AR(x,t) — T'(z,t) satisfying the condition

(I): R is invertible, v, -+ ,1; are not the eigenvalues of S = R™!T.

In this case, G = R(\ — S), and we may set R = I without loss of generality since R
is a trivial Darboux matrix if there is no reduction.

The following theorem provides all the possible nondegenerate Darboux matrices of
first order.

Theorem 1 Under the assumption (I), G(z,t,\) = X — S(z,t) is a Darbouzx matriz of
(1-1-2) if and only if S = KT K=, where T is a constant matriz, and K is an M y-valued
nondegenerate solution of the integrable equations

K, ZUKFUF;ZU (U —w)™
t=t (1-1-9)

K, = ZVKPJ+ZZV(’“ I — )

k=1 j=1

It is required to obtain the explicit solutions of (1-1-4) and the Lax pair (1-1-2). How-
ever, it is not easy to get the explicit solution of (1-1-9). In order to derive a series
of solutions of (1-1-4) by successive Darboux transformations, we hope to express the
Darboux matrix only through the solutions of the Lax pair. This is possible due to the
following theorem.

For any open subset D of €, let S(D) be the set of all the matrices H(x,t)AH (x,t)~!
such that A = diag(Ay, -+, Ax) is a constant diagonal matrix, H = (hq, -+, hy) is non-
degenerate, where h; is a solution of (1-1-2) in D with A = ;. Then we have

10



Theorem 2 Under the assumption (I), G(x,t,\) = X\ — S(x,t) is a Darbour matriz of
(1-1-2) if and only if (i) S € S(Q ), or (ii) there exist open sets 4 C Q (k= 1,2,--+)

satisfying Q1 C Qs C -+ and U Qe = Q, and Sy € S() such that for any point

(x,t) € Q, the sequences {S;(z, t)} {Siz(z,t)}, {Sit(x,t)} converge to S(z,t), S.(z,t),
Si(z,t) respectively for i > k.

Before the proof of these two theorems, we first derive an equation which a Darboux
matrix should satisfy.
For M € My with eigenvalues different from vy, - - - , 1, define

ZU MY +ZZU (1-1-10)

k=1 j=1

then we have

Lemma 1 Under the nondegenerate Darboux matrizc G = R(A — 5),

GUG™ + GG = Z UN + Z Z U (A=) = RAA = S) 'R (1-1-11)

k=1 j=1
Here
~ m_j .
U, = R(Uj + 3 U, S]SZ—1>R—1 + R,R™650,
i=1

_ i | (1-1-12)
0" = R((8 = v)U (s —m)™ = Y- [0, SIS — ) )R,
i=1

A=S,+[S,U(9).
Therefore, G is a Darboux matriz if and only if
Sy +[S,U(S)) =0, S;+][S,V(S)]=0. (1-1-13)

Proof.
GUG'+ GG
=RA-SYUNAN-S) 'R+ R,R'—RS,(A\—9)" 'R
= RUNR™ — R[S, (UN) —US)A—=S) 'R '+ R,R*—RAN—S)'R™%.
(1-1-14)
From the identities

j—1
(N =SH(A=8) =D s,
1=0
J

((A —u) 7 — (S - Vk)_j> A=8)"=- Z(S — ) T (N = )

1=1

(1-1-15)

11



we get (1-1-11) by direct calculation. QED.

Proof of Theorem 1. Suppose K is a nondegenerate solution of (1-1-9), and let
S = KI'K~!, then
K, K =U(9). (1-1-16)

Hence
S,=K,IK'-KIK'K,K'=[U(S), 9]

This implies G = A — S is a Darboux matrix by Lemma 1.
Conversely, suppose A — S is a Darboux matrix, then

S, +[S,U(S)] =0, S, +[S,V(S)]=0.

Since Uy, V,, UV, VU are all M y-valued rational functions of A, we can define U;(S),
Vi (S), (UV)(S), (VU)(S) as (1-1-10). Thus, the identity

U(A) = Va(A) + [UN), V(A)] =0
implies
’ UA(S) = Va(S) + (UV)(S) = (VU)(S) = 0. (1-1-17)

However,

=U(S)+) UV S“rZZU (S — )~

7=0 kljl
m l

=3 USV(S +ZZU](k — 1) IV(S)
7=0 k=1 j=1

= Ui(5) + (UV)(S) = U(S)V(S).

Likewise,



Combining these with (1-1-17), we have
(U(5)): = (V(5))a + [U(S),V(S)] = 0. (1-1-18)
Chose any point (zg,ty) € €, let I' = S(z,tp). Then (1-1-18) implies that the equation
K,=USK, K, =V(S)K, K(xgty) =1 (1-1-19)

has a unique solution Kwith det K # 0 in Q.
Let S’ =S — KI'K~!, then

S, = U(8), 5] = [U(S), KT K~ = [U(S), 8], 8 =[V(5), 9

and
S,([L’o, to) =0.

Hence
S =KIK™!

everywhere. (1-1-18) implies (1-1-9). This proves the theorem. QED.

Proof of Theorem 2. First suppose S = HAH™! € §(Q), where A is a constant
diagonal matrix, and H = (hy,--- ,hy) with h; a solution of (1-1-2) as A = A\;. Then H
is a solution of (1-1-9) with I' = A. Hence G = A — S is a Darboux matrix of (1-1-2) by
Theorem 1. On the other hand, if S satisfies (ii) of this theorem, G is also a Darboux
matrix by the limit of (1-1-13). This proves the necessity.

Now suppose A — S is a Darboux matrix. From Theorem 1, S = KT'K~! where I is a
constant matrix and K satisfies (1-1-9).

If ' is diagonalizable, I' = TAH ! with A = diag(A\,---,Ay). Let H = KT. Then
S =HAH™! and

H, ZUHA]+ZZU(k A= w) 7,

kljl

ZVHAJ+ZZV A=)

k=1 j=1

If we write H = (hy,- -+ , hy), then h; is a solution of (1-1-2) with A = A;. Hence S € S(Q2).

Now suppose I' is not diagonalizable. Choose a constant matrix © such that I'®) =
[’ + €0 is diagonalizable with eigenvalues different from v (k = 1,--- 1) for sufficiently
small . Let (20,%y) be any point in  and K be the solution of

K® = Zm: U; K@) 4+ Z Z UM KE[TE — ),

kljl

K = ZVK (1) +ZZV OrE — ),

k=1 j=1
K(a (xo,t(]) K(xo,to)

(1-1-20)
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Let K, = KW/® T, =Tk Q) be the interior of

() {(x,t) € Q| det KO () # 0}

e<1/k

Then, at any given point (2',t') € ©, det K (a/,t') # 0 for sufficiently small ¢ since K
depends continuously on ¢ in © and det K'(z/,t) # 0. Hence there exists ky such that

(a',t") € Q for k > ky. This implies U Qe =Q
k=1
By (1-1-20), we have

Ki(z,t) —» K(x,t), Kpa(z,t) — Ky(z,t), Kgz,t) — Ki(x,t)

as k — oo with det Ky(x,t) # 0 in Q, for k > k.
Since I'y is diagonalizable, let

Ly = TAT !
with Ay, = diagA® - AW and let
Hy, = Ky T,
then Hy = (hgk), e ,hg\];)) where hgk) is a solution of (1-1-2) with A = A§k), and

S = HkAka_l = KkaKk_l — KITK™!' = S,
Sk = [Hk,mﬂk_lask] = [Kk,ka_l,Sk] — [K, K, 5] =5,
Sk,t — S

at (x,t) € Qy, for k > ky. QED.

Theorems 1 and 2 provide all the nondegenerate Darboux matrices if we do not consider
the reduction. If there is reduction, Darboux matrices will be a part of that.

We can also show that there are Darboux matrices which are not diagonalizable, so
in Theorem 2, (ii) is not included in (i) in general. Furthermore, the proof of Theorem 2
provides a constructive way to get nondiagonalizable Darboux matrices only through the
solutions of the Lax pair. We repeat it briefly here.

For given constant matrix I, we can construct a Darboux matrix A — S satisfying
S(zo,to) = I' in the following way. Choose a constant matrix © such that 'y, = I 4+
©/k (k = 1,2,---) is diagonalizable with eigenvalues different from vi (j =1,2,---,1)
for sufficiently large k. Let I'y, = TkAka_ with Ay, = dlag(A . )\(k ). Let Hy =
(hgk o ,h(k)) satisfy Hy(xg,to) = T} where h( is a solution of (1 1-2) with A\ = )\(k)
Then S = hm Sy with S, = HkAkH gives a Darboux matrix A — S. All the Darboux

matrices of form A — S can be constructed in this way if there is no reduction.
Example. The equation

ipt = Pzz — 2p2Q> —1% = lzz — 2pq2 (1—1—21)

14



admits a Lax pair

(A D

5 — —2i\2 +ipg —2idp — ip, o (1-1-22)
P —2iN4ig,  2iN2 —ipg ‘
(1-1-21) has a solution
p = asech(az)e ™, ¢ = —asech(az)e®”, (1-1-23)
which is obtained from zero solution by a Darboux matrix A — Sy with
« tanh(az)  sech(ax)e i
Sy = — : . 1-1-24
079 ( sech(ax)é®  —tanh(ax) ( )
So the fundamental solution for (1-1-22) with p, ¢ given by (1-1-23) is
e r—2iN%t 0
(A = 50) < 0 o Ae+2iA%t (1-1-25)

As an example, we solve the Darboux matrix A — S with

5(0,0):r:(8 é)

Following the procedure given above, let

(a): e 1
“=(50)

then
TE) — 7A@ (7)1
where , ,
4e® —
0 — 1
A(E) — ( < ) y T(E) et 20{
00 0 .

Now H® = (A% n{)), where h{¥, h{) are solutions of the Lax pair with A =& and A = 0
respectively, and H®)(0,0) = 7). Hence, we have

2 : .
7O 5(—6 — tanh(ax))ee - %sech(ax)e_lo‘%_g —e tanh(az) 4 sech(ax)e @t
&) = «Q
—esech(az)el® 0 + (8 + %tanh(am))e_e —esech(ax)e "t — tanh(ax)

(where § = ex — 2ig?t) from the fundamental solution (1-1-25). Then, we have

HOAO(HEO) =

g a sinh(ax)e ot g 2o’
~ cosh(az)((2 4 ) cosh(azx) — 2e=i’t) \ —sinh®(ax) —sinh(ax)

15



as ¢ — 0. This gives the Darboux matrix A — S satisfying S(0,0) = I', and provides a
solution of (1-1-21):

- ala+ 2)e_ia2t ~  a(2cosh(ax) — (o + 2)ei°‘2t)

b= (a0 + 2) cosh(ax) — 2e~ie*t’ 7= (a + 2) cosh(ax) — 2e—10%

Now we consider the composition of two Darboux matrices. We have

Theorem 3 Suppose Go(x,t, ) = A — S,(z,t) (o = 1,2) are two nondegenerate Darbouz
matrices for (U, V'), det(S; — S) # 0. Then

Goal(z,t,)) = X — (S5 — Sa)S5(Ss — Sa) ™" (1-1-26)
1s a Darboux matriz for
Uy = G UG+ GooGLt, V=G VG 4+ GoiGLY
(o, 3 =1,2; a # B3) and the permutability

G2 (N)G1(A) = Gi2(N)G2(N) (1-1-27)
holds.

Proof. First suppose S,(a = 1,2) are diagonalizable. Let S, = H,A,H;! where
Ay = diag Ao A with A £ 0, =1, N; j=1,--- I a = 1,2), H, =
(R RSy, B s a solution of (1-1-2) with A = A, Under the action of G,, Hp
changes to

H,Ba = (Ga()‘gﬁ)>hgﬁ)v e 7Ga()‘g\[;))h§€)>
= HgAﬁ — HaAaH;1H5 (1—1—28)
= (Sﬁ - Sa)HB
(o, 6 =1,2; a# (3). Therefore,
Spa = Hpal\gHj, = (Sp — Sa)Sp(Ss — Sa)™ (1-1-29)
gives a Darboux matrix Gg,(\) = A — Sg, for Uy, V,. Moreover,
Gﬁa()‘)Ga()‘)
= {A = (S5 — 5a)S5(Sp — Sa) " HA — Sa) (1-1-30)

=)\ — (Sg - Sg)(Sg - Sa)_1>\ + (Sﬁ - Sa)Sg(Sﬁ - Sa)‘lSa.
Noticing that

So(Sy — S1)71S1 + S1(S; — S5) 1S, = 0, (1-1-31)
we know (1-1-30) is symmetric for S,, Sz. Hence
Ggl()\>G1(>\) - Gm()\)Gg()\) (1—1—32)

For nondiagonalizable G, = A — S,(x,t), we have nondegenerate Darboux matrices
G((f)()\) = A— S such that 5% is diagonalizable, det(S%k) — Sék)) £0,and G — G, as
k — oo. From the above discussion,

G(ﬁlg — )\ (Sék) _ Sék))sék)(sék) _ S(gk))—l (1_1_33)
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is a Darboux matrix for U, (k), Vogk), which are transformed from U,V by G&k), and
¢hal =agPal. (1-1-34)

Taking the limit in (1-1-33) and (1-1-34), we derive the conclusions in the theorem. QED.

This theorem shows that the permutability holds for any two generic Darboux matrices
of first order.

1.2 Darboux matrices for reduced problems

In the last section, we considered the problem without reduction. However, there are
reductions in many concrete problems. In the present section, we shall first discuss two
basic reductions, then apply them to some equations of physical interest.

1.2.1 Two general reductions

First, we consider the following reduction: U(z,t,\), V(x,t, \) satisfy
U(—eX) = —CUT(N)C, V(—e)) = -CVINC (1-2-1)

where C is a diagonal matrix with diagonal entries 1, “/” implies complex conjugate
transpose, € = +1.
The Darboux matrix keeping this reduction can be constructed in the following way.

Theorem 4 Given p € C (u,—¢eji are not the poles of U, V'), let A = diag(Aq, -+, A\n)
with \; = p or (—ep). Let h; be a solution of (1-1-2) with A = X\; in Q' C Q such that
hi,--- , hy are linearly independent and hjChj =0if \y = —e);. Let H= (hy, -+ ,hy),
S = HAH™'. Moreover, let R be an invertible M x-valued function such tliat~RTC’RC s
a constant number. Then, in ', under the Darbouz matriz G = R(A—S), U,V (given by

(1-1-7)) satisfy U(—eX) = —CUT(N\)C, V(—e)) = —CVI(\)C.
Proof. If \; = —55\]-, then
(hiCh;), = WIUT(\)Chy + hICU(M)h; =0

by (1-2-1). Similarly, (h{Ch;), = 0. Hence hiCh; = 0 is possible.
By the definition of S,
Shj = Ajhy,
which implies ~
hI(STC — eCS)h; = (N — ehj)hICh;.

Noticing that

ANi— €N =[i—€ep

if \; = \;, and
hiCh; =0

17



if \; # A;, we have
h(STC —eCS)h; = (i — ep)hiCh;. (1-2-2)
Hence
STC —eCS = (i — ep)C (1-2-3)

since {h;(x,t)} forms a basis of R".
It is easy to see that

A? = (p—ep)A + el (1-2-4)
Hence
S?=HNH' = (pn—epn)S + | pl? (1-2-5)
and
StCs = (eCSC + i — ep)CS = |ul*C. (1-2-6)
Let
UN=A=SUNN-9)" =S, (A—9), (1-2-7)
then
U'(—eX) +CUT(X )C
C()\ ST) Y-\ — ) (X + S)CUT()\)C + (A — ST)C’SI (1-2-8)
+UT A\ — ST) (EX+9) — STC’(5>\—|—S)}(55\+S)_1 =

by (1-2-3) and (1-2-6).
On the other hand, B
UMN =RUMNR '+ R,R, (1-2-9)

thus
U(— ‘) +cutne
— C(RY"Y=R'CRCU"(\) + RICR,C + UM (\)RICRC + RICRCYCR™  (1-2-10)
—0

since RTCRC is a constant number. This proves the theorem. QED.

Remark 1 If C = I, we can find {h;} such that hlhj =0 for \; # X\;. Therefore, these
h;’s are linearly independent in whole 2, and G is globally defined.

Remark 2 If v, U;, Vj, U;k), Vj(k) are all real, and

U(=\) = —-CU"(\N)C, V(=X =-0VI(\C,

then the Darbouxr matriz constructed above keeps the reduction provided p is chosen to be
real number, and h; be real function.

Under reduction (1-2-1), we can get a more explicit expression of Darboux matrix.

Choose specifically A = diag(—cji, —¢fi, - - - , —¢ji, ). Let h = (&1,---,&n)T be a solution
of (1-1-2) as A = p. Without loss of generality, we can choose
K ¢
H =
( —UT N )

18



by Theorem 4, where
K = (Kij)i<ij<n-1, e
K'C’
E= (&, &)’ n=(m, - ,ny_y) = *£>
cnéN
C =diag(cy, -+ ,cn), C' =diag(eq, - -, cn-1)

and det K # 0, {n # 0. (C = diag(cy, -+ ,cn), C" = diag(cy, -+ ,cn—1).) Then

H_1:< 1 —K‘1§)<(K+§nT/§N)‘1 0 )

&'nt 1 0 (Env+nT K1)t

Using the fact that

bT
L+abl)yt=1-—"2
(L+ab’) 1+ aTh
for any vectors a and b, we have
el
K"— T -1 _ K—l 1— 66
( &n' /En) < _é'TClé'_i_cN‘é'N‘Q)
cnéN

Tyr—1¢\—1
R Y

Hence by direct calculation,

S _enq_Pten ( EETC enéne ) |

E1C7E + enlen]? \ EnETCT enlén]?

or, S = (Sij)lgi,jSN where
(b + efi)c&ié;
-~

> alél’
k=1

Sij = —€0i; +

This gives the Darboux matrix
G = (Gijh<ij<n, .
Gij — ()\ +5ﬁ)5i' — M

N
> alél’
k=1

(1-2-11)

Now we discuss another type of reduction. Fix a constant diagonal matrix J with mutually

different diagonal entries. Let

Ay ={\P|P e C(Q,Mn)},
Ay = {N2J + AP | P € C®(Q, My), and P is off-diagonal}.

We know that for principal chiral field, U is in A;, while for Kaup-Newell system, U is in
As. These two systems will be discussed later. Here we shall determine the forms of the

Darboux matrix which keeps these reductions.
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A matrix G = R(A — §) with R invertible has a natural action on A; and A,, i.e.
DeU = GUG™ + GG~
Then, we have

Theorem 5 (1) Dg(Ay) C Ay if and only if RS is a constant matriz and (1-1-13) holds.
(2) Dg(Az) C As if and only if R is a diagonal matriz, RS is a constant matriz, and
(1-1-13) holds.

Proof. (1) From (1-1-12), (1-1-13),

U = RPR' =P, (1-2-12)
Uy = R|P,S]R™' + R,R™ =0, (1-2-13)
Sy + [S, PS] = 0. (1-2-14)

Combining the last two equations, we have
(RS), = 0.

This proves the sufficiency. The converse is also true by (1-2-12), (1-2-13) and (1-2-14).
(2) (1-1-12) and (1-1-13) give

Uy=RPR™' =, ( )

Uy = R(P+[J,S))R" =P, (1-2-16)

Up = R([P, S] + [J,S]S)R™' + R,R™* =0, ( )

Sy +[S,JS* + PS] = 0. ( )
(1-2-15) implies R is diagonal. Eliminating the term [S,JS + P] in (1-2-17), (1-2-18), we
get (RS), = 0. The converse is also true by (1-2-15) to (1-2-18). QED.

Using this theorem, it is easier to determine the Darboux matrices for those concrete
problems.

1.2.2 U(N) principal chiral field

In order to unify the notation, x, ¢ are used as the light-cone coordinates of R"" (then 24t
are space and time coordinates). Let g : R"' — U(N), then the equation for principal
chiral field (i.e. harmonic map from R"! to U(N)) is

(9:97)e +(9:97")e = 0. (1-2-19)

Write
1

P=gg7", Q=9 (1-2-20)
then (1-2-19), (1-2-20) are equivalent to
P+ Q. =0, P—Q,+[PQ]=0, (1-2-21)
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which possesses a Lax pair

A

(I)m:)\Pq), (I)t:m

QO. (1-2-22)

According to Theorem 4 and Theorem 5, the Darboux matrix can be constructed as
follows.

Choose A = diag(Ay, -+, Ay) where \; can be either p or i (p is a complex number
which is not real). Let H = (hy,--- , hy) such that h; is a solution of (1-2-22) with A\ = \;,
hih; = 0if A # \;, and det H # 0. Let = HA"'H~', S = R~', then Theorem 4 implies
that G = AR — I keeps u(N) reduction, and (1-1-12), (1-1-13) give the transformation

P=RPR'=P—-R,, Q=02-RQ2-R™'=Q+R, (1-2-23)
Moreover, from (1-2-3), (1-2-6), we have
(R—DY(R—-1)=(SH(ST-1)(S-1)S™ =1 —pu ' (1-2-24)
Hence the corresponding new principal chiral field (harmonic map) is
g=(R—-1)gA(1—A)"". (1-2-25)
Here the right multiplier A(1 — A)~! makes g in U(N).
Remark 3 Instead of the group U(N), we can also get the Darbouz matriz for SU(N)

principal chiral field in the same way because of (1-2-25).

1.2.3 O(2N) principal chiral field

In this case, the equation of principal chiral field and the corresponding Lax pair are still
(1-2-21) and (1-2-22), while P,Q € o(2N), i.e. PT = —P, QT = —Q.

Since real p leads to trivial transformation, we can not simply use Remark 2 after
Theorem 4. Alternatively, we choose i to be complex, and only want R to be real. The
Darboux matrix is given as follows. Let p = (uy + im2) ™" (ug # 0), and

J= < _“;j ; Zif ) (1-2-26)

(I is N x N identity matrix). Choose a nondegenerate real matrix F such that FTF has

the form
W 0
0o W

for some N x N matrix W. (This is obviously true if F' is an orthogonal matrix.) Let
Ro=FJF™ (1-2-27)

then Ry is proportional to an orthogonal matrix since

W0
JTFTFJ:(M%JF,U%)( 0 W)
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and
RERy = (FOY ' J'FTFJF™ = 13 + 1. (1-2-28)

Therefore, Ry can be written as
Ry = KAK™* (1-2-29)

where A = diag(Ay, -, Aon) with \; = por a, K = (ky, -+, koy) satisfies k:jkj =0
(Ai # Aj). Let h;(z,t) be the solution of

Ai

hiw = XNiPhi,  hiy = 2)\17_1

Qhi,  hi(zo,to) = ki, (1-2-30)
H = (hy,--- , hay), then hlh; = 0 if \; # A,, and det H # 0.

By the conclusion for U(2N) principal chiral field, we only need to prove that R =
HA*H! takes real value.

Write R = A+ iB. Let Z = {(z,t) € Q| B(z,t) = 0}. Then (z¢,ty) € Z. Near
(x1,t1) € Z, (1-2-23) implies

A,A—B,B=[P,A, A,B+B,A=]P B

1-2-31

A(A—2)— BB = —[Q. A, AB+B(A—2)——[Q.B]. (1-2-31)
Eliminating A,, Ay:

B.(A+ BA"'B) = APA-'B — BP, (12.32)

BJ(A—2+B(A—2)"'B) = BQ — (A—2)Q(A—2)"'B.

Since A+ BA™'B, A —2+ B(A — 2)7! B are nondegenerate near (zy,t,), B is zero near
(x1,t1) by the uniqueness of the solution of this group of equations. Hence Z is open. This
implies B = 0 identically, or R takes real value.

Till now, we have proved that this Darboux matrix keeps o(2N) reduction. Explicitly,
the transformation of P, () is still

P=P—-R, Q=Q+R, (1-2-33)
while the transformation of g is
g=(R~-Dglt —p '™ (1-2-34)

which guarantees that g € O(2N).

1.2.4 Kaup-Newell system

Kaup-Newell system is

A2 i 2n ;
¢, = 1>\q —i)2 o, P = Z %n—j)\ ¢ (1_2_35)
j=1

_(aw O _ 0 bogsr
‘/2k - ( 0 — oy, ) ) ‘/2k+1 - ( Copt1 0 )
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i
bak+1 = pagy — §b2k—1,x,
i
Cop+1 = QQoi, + §C2k—1,x7 (0 < k <n-— 1), (1—2—36)
1
A2k,x = _§(p02k—1,z +gbok-12), (1<k<n-—1).

The equations given by (1-2-35) are
bt = _ib2n—1,m7 qt = _iCZn—l,m- (1-2-37)

Here {asg, bog+1, Cor+1} which are determined by (1-2-36) are all differential polynomials of
P, q, which will also be written as as[p, ¢, baks1[p, ], c2r11]p, q]. Moreover, the Darboux
matrix of second order is already known [35].

Here we shall construct the Darboux matrix of first order, the composition of two of
which gives the Darboux matrix in [35].

Let
A:(’é —Ou) H:(f] _Tf) o =n/¢ (1-2-38)

where (£,7)T is a solution of (1-2-35). Then

HAH ' =4 < (0)_ 16“ ) . (1-2-39)

By Theorem 5, we choose S = HAH ™1,

01 s 0
RS:‘“(l 0)’ R:(o 1/0)’

G:<g 1(/)0)>\—u<(1) (1)) (1-2-40)

is a Darboux matrix keeping the form of U in (1-2-35), which induces

then

p=po’+2u0, §=q/o° —2u/o. (1-2-41)

Now we prove V = V[p,q], i.e. the Darboux matrix keeps the form of V invariant,
which means p, ¢ satisfy the same equation as p, q. To prove this, we use the technique in
8].

By (1-2-38) and (1-2-35),

0, = iMg — 2iN%0 — i\po?, oy = ¢ — 2a0 — bo? (1-2-42)

(1)
cC —a

therefore, V' = Vp, q] follows from the next lemma.

where a, b, c are entries of V:
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Lemma 2 Given p € C and functions p(z), q(z), o(z) satisfying o, = iAg—2i\20 —iApo?.
Let p.q be defined as (1-2-41), Vi be given by (1-2-36) with fixed integral constants. Let
V =GVG™ + GG~ where

G1 = Mc — 2a0 — bo?) ( (1] _1(}02 ) :

Then V = V[p,q.

Proof. Let R .
px,t) = p —itbay_1[p, ql,
qA(xa t) =q— itc2n—1[ 7Q]7
o(x,t) = o+ t(c — 2a0 — bo?),
A c 0 0 1
then

U=V, —[UV]

at t = 0 by the recursion formula (1-2-36). However,

give B B o
Ui~V +[0,V] =0
at t = 0. By the definition of V and G, we have

Ut|t:0 - ‘7:(: + [[77 ‘7] =0.

This implies V satisfies the same recursion relations as Vip, q.

Now we use induction to complete the proof. Clearly, ap = ao[p, ql, b= b [, ql,
¢ = ci[p,q]. Suppose G = aok[D, q], baky1 = bakt1[P, ql, Cokt1 = Cors1[D, q], then, by
(1-2-36), aggro — agk+2[p, ] = A is a constant for given p, g, o, which is also a differential
polynomial of p, ¢, 0. Furthermore, from (1-2-42), we can suppose

(r)

Ak:Ak(p7p:E77p 7q7qm7"'7q(8)70-)

where the superscripts refer to the order of the derivative with respect to x. So

0= @Ak = 2 ——2pUth Z 2 oL Ut 4+ 5o ——(1Aq — 2iX°0 — i\po”). (1-2-43)
We know from this equation that the partial derivatives of A, with respect to the deriva-
tives of p, q of highest order are zero, which implies A, is independent of p, ¢, o by (1-2-
43). Now choose particularly p = ¢ = 0 = 0, we have A, = 0, and bog3 = boyy3[p, ql,

Conss = Copes[D, q) by (1-2-36). Therefore, Vi, = Vi[p, q] for any k. QED.
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Next, we shall get the Darboux matrix for a concrete equation — derivative nonlin-
ear Schrodinger equation [16], which describes, for example, the propagation of circular
polarized nonlinear Alfvén waves in plasmas.

The equation is

it + pex +12(|p°p)e =0 (e = £1) (1-2-44)
which corresponds to
. 2 .
U— 1'>\_ 1]?>\2 ’
—iepA  —iA (1-2-45)
B —2i\t — ig|p[2\? —2ipA® — (pa + ig|p|*p) A
O\ 2iepA3 — (ep, — i|p*p) A 21\t + ig|p|?\? ’

In this case,

(|o]*)e = 2Refiepo(a — epulo|*)} + 2ilo|*(7* — 11?),
(lo?); = —2Re{2iepo(7® — ep®|o|?) + o (ep. + ilp*p) (7 — eplo]?)} (1-2-46)
Hdilo|*(u® + %) + 2ie|p*lo [} (u* — i°).

If e = 1, choose p to be real. If e = —1, choose p to be purely imaginary. In both cases, we
can want |o|? = 1. Hence, the Darboux matrix (1-2-40) transforms a solution of (1-2-44)
to a solution of itself by (1-2-41).

As the simplest example, let p = a (constant), then we can choose

¢ = —iap(Ae’ + Be™?),
n=iu*(Ae? + Be %) — v(Ae? — Be )

where || < |al,
v=y/l]al|ul> = pt, 0 =ve— Quu® +evja)t,

and A, B are two complex numbers satisfying
Re((v +iu?)AB) = 0.

The new solution is

U v (Ae(’ — Be“’)2

25



26



Chapter 2

142 Dimensional Darboux
Transformation

2.1 General form of Darboux operators
In the introduction, the following Lax pair in 1+2 dimensions was introduced:
¢, =U(z,y,t,0)0, &, =V(x,y,t,0)0. (2-1-1)

Here (z,v,t) € Q (simply connected domain in R?),

Uw,y,t,0) = ) Un—j(2,y,0)&,

:EMS

(2-1-2)
V(z,y,t,0) = Z Un—j(z,y, )"

7=0

are differential operators with respect to x whose coefficients U;,V; € C*(Q, My), 0 =
0/0x.

We say that (2-1-1) is integrable if, for any (g, yo,%) € €2 and any smooth vector-
valued function ®g(z) defined near xg, there exists a solution ® of (2-1-1) in some neigh-
bourhood of (xg, 3o, ty) such that ®(z, yo,tg) = Po(x).

If (2-1-1) is integrable,

U(0)® — V,(0)® + [U(0),V(0)]® = 0. (2-1-3)

Lemma 3 If (2-1-1) is integrable, then
UL(0) = V,(0) + [U(), V(9)] = 0. (2-1-4)
Proof. If not, (2-1-3) would give a nontrivial ordinary differential equation (with

respect to ) of ®. This is a contradiction to the solvability of (2-1-1) for any initial data.
QED.
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Remark 4 The condition in the definition of integrability can be weakened. In stead of
the existence of the solution in a whole neighbourhood W, we can require that the solution
only exists in one of the subsets

Wﬂ{(%y,tﬂ(y—yo)fz(), (t_tO)nZO}a 5777::*:1

If we define the integrability like that, all the conclusions below still hold.

Define

Dy(02) = {Z A ‘Aj € C*(2, My), r is a nonnegative integer}.
=0

In this chapter, we deal with the equation
F($7y7t>u>ux>uy>utauxx>'") =0 (2-1—5)

of unknowns u = (uy,---,us) in Q which admits the Lax pair (2-1-1), i.e. (2-1-5) is
equivalent to (2-1-4) where the coefficients of U(0), V(9) may be differential polynomials
of u.

This section is devoted to the equation (2-1-4) without reduction, i.e. the entries of
U;,V; are independent unknowns. Then, the definition of Darboux operator in the intro-
duction implies that G(z,y,t,) is a Darboux operator if there exist U(8), V(9) € Dy ()
such that ® = G(9)® satisfies

d, =U(0)d, & =V(O)P (2-1-6)
for any solution ¢ of (2-1-4).
In this case, U(0), V(0) satisfy

G,(9) = UD)G(D) — GU(D), G(d) = V(9)G(D) — GOV (d) (2-1-7)
and
U.(9) — V,(9) + [U(9), V(9)] = 0. (2-1-8)

From now on, we consider the nondegenerate Darboux operator of first order, that is,
a Darboux operator G(z,y,t,0) = R(x,y,t)(0 — S(x,y,t)) with R nondegenerate. Since
we do not consider reduction here, we can always choose R = I.

Nondegenerate Darboux operators of first order can be constructed explicitly as follows.

Theorem 6 0 — S(x,y,t) is a Darbouz operator of (2-1-1) if and only if S = H,H" for
some N x N nondegenerate matriz solution H of (2-1-1).

We first prove two lemmas.

Lemma 4 For any M € OC=(Q, My), there is a differential polynomial MY of M such
that 9;¥ = MWDV for any V satisfying ¥, = M.
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Proof. Define
MO =1, MUY = MY - MDM (5> 0), (2-1-9)

then
PV =MD (2-1-10)

by induction. QED.

By this lemma, we can define
UM) =Y Upn ;MY (2-1-11)
=0

and clearly
U)WV =U(M)¥ (2-1-12)

for any W satisfying ¥, = MW.
Lemma 5 0 — S is a Darbouz operator of (2-1-1) if and only if S satisfies
Sy +[S,U9)] = (U(S))ar  Si+[S,V(S)] = (V(5))a (2-1-13)

Proof. First suppose 0 — S is a Darboux operator of (2-1-1). Choose a fundamental
solution matrix ¥ of ¥, = SW, then (2-1-6) implies

Sy ¥ = (0 = SU(S)¥ = (U(5)). ¥ — [S,U(9)]¥,
which lead to (2-1-13).
Conversely, suppose S is a solution of (2-1-13). Define

U(d) = i U (2-1-14)

where U ;’s are defined inductively by

ﬁ(] = U07
Upp1 = U1 + Uje — SU; + Y Co iP5 8S.

k=0

(2-1-15)

Then,
S, — (80— 8)UD) +U(0)(0—S) € C=(W, My).

However, for the fundamental solution matrix ¥ of ¥, = S, (2-1-13) gives
(sy (0 - S)U@) + U (D)0 — 5))\1/ —0.

This means

S, — (@ =8)U@)+U(@)(O—S)=0
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as a matrix. QED.

Proof of Theorem 6. Suppose H is an N x N nondegenerate matrix solution of
(2-1-1), S = H,H'. (2-1-1) leads to

S, =Hy,,H™' — H.H'H,H™" = (U(S)), + [U(S), 3],

which means 0 — S is a Darboux operator by Lemma, 5.
Conversely, suppose G(9) = 0 — S(x,y,t) is a Darboux operator of (2-1-1), we need to
find a solution H of (2-1-1) such that S = H,H !, or equivalently, we need to solve

H,=SH, H,=U(0)H, H,=V(0)H. (2-1-16)
Again, this is equivalent to
H,=SH, H,=U(S)H, H,=V(S)H (2-1-17)

by Lemma 4. Therefore, we only need to verify the integrability condition of (2-1-17).
Let ¥ be a fundamental solution matrix of ¥, = SW. By (2-1-7),

(W, — U@)¥), = (S¥), - dU(2)¥ = S(¥, — U(2)W),

thus,

Similarly,
(U(0) + UV ()W =U(S) ¥ +U((S)V(9)V.

By the integrability condition (2-1-4),
U(S): = V(8)y +[U(S),V(S)] =0 (2-1-18)

since det ¥ # 0.

Lemma 5 implies that another two integrability conditions H,, = H,,, Hys = H;, hold.
Combining this with (2-1-18), we know (2-1-17) is integrable. Therefore, (2-1-17) has an
N x N nondegenerate matrix solution. QED.

This theorem implies that any nondegenerate Darboux operator of first order can be
determined only by an N x N matrix solution of the Lax pair.

Analogous to 141 dimensional case, the permutability theorem also holds. here.

We first consider the Darboux operator of higher order, i.e. a differential operator

G(0) = ZT:GT_jaj, Go=1
satisfying
Gy(0) = U(0)G(9) = G(O)U(9), Gi(0) = V(9)G(9) — G()V(9)

for some U(8), V(9) € Dy (Q).
The Darboux operator of r-th order can be constructed as follows.
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Theorem 7 Given r N x N nondegenerate matriz solutions Hy,--- , H, of (2-1-1), let F;

be the block matriz (0 Hg)1<a,p<j. Suppose det F, # 0, then
(1) There exists a unique differential operator of r-th order

G(Hy, - Hy,0) =Y G, &, Go=1
=0
satisfying G(Hq,- -+ ,H.,0)H; =0 (i =1,--- ,r).
(2) For any permutation m of (1,--- ,r),
G(Hw(l)a e >H7T(T’)> a) = G(Hla e >H7’a a)
(8) If det F,._1 # 0, then
G(Hb o aHra a) = G(G(Hla T >H7’—1a a)Hra a)G(Hla T aHr—1> a)
(4) G is a Darboux operator of r-th order.

Proof. (1): det F,. # 0 implies that the group of linear algebraic equations

r—1
ZGT_jajHi:—arHi (izl,"',T)
=0
has a unique solution G, -- - , G,, which determines G(0).
(2): holds because of (1).
(3): Let
r—1
G(H17 te 7H7“—17 8) = Zgr—l—j8j7
=0
then
r—2
Zgr—l—jajHi =-0""'H;,
=0
or
(Gr—1,-++g1)Frmy = —(0" " Hy, -+ 0" ' H,y).
Hence,

det(G(Hl, ce 7Hr—17 8)Hr>
=det(0"*H, — (0" *Hy,--- , 00 Y H,_)E_L(HT, - ,or=2HT)T)
= det F,./det F,_1 # 0.

Considering the definition of G(0),

G(G(Hy,--- ,H,_1,0)H,,0)G(Hy, -+ ,H,_1,0)H, = 0,
G(G(Hla aHr—laa)HzZO (1 Szgr—l)

Therefore, (3) holds by (1).
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(4): Since det F,. # 0, there exists a permutation 7w of (1,---,7) such that
det(aa_lﬂw(g))ga,ﬁgk # 0
for all & <r. Then, (2) and (3) lead to

G(Hy, -, H,,d) = G(G(Huqy, - Hu(r—1), 0) Hu(ry, 0)-
G(G(Hw(l)’ e ,Hw(r—2)> a)Hw(r—l)a a) e
-G(G(Hry, 0)Hr2), 0)G(Hyr(1, 0).

Each term on the right hand side is a Darboux operator of first order. Hence G(0) is a
Darboux operator of r-th order. QED.

By the symmetry of the Darboux operator of higher order, we can get the permutability
theorem immediately. (It can also be obtained by direct calculation).

Corollary 1 Let Hy, Hy be N x N nondegenerate matriz solutions of (2-1-1),
det(H, ,H' — Hy Hy') £ 0,

then
G(G(Hy,0)Hs,0)G(H,,0) = G(G(Hy,0)Hy,0)G(Ha, 0).

2.2 Darboux operator for ZS-AKNS system and KP
hierarchy

142 dimensional ZS-AKNS system is

O, =JP,+ PP, =) V, ;&0 (2-2-1)
§=0

where J(t) is a diagonal matrix with mutually different diagonal entries, P(z,y,t) is valued
in off-diagonal matrices.
The integrability condition of (2-2-1) is

[‘L Vﬁ—l] = V;ﬁ/ - ‘]‘/jﬁc - [P7 ‘/J]A + ]zi CZ:I]g(Vka]_kP)Aa (2_2_2)
. k=0
Vi —Jgvh = [PVi)P =Y Crl (Vi P)P 4 Ty, (2-2-3)
= n—1
P=V2, = JVA =[PV 4+ (Vi FP)* (2-2-4)
k=0

Here the superscripts D and A represent the diagonal and off-diagonal parts of a matrix.
Unlike in 1+1 dimensional case, V;’s are usually not differential polynomials of P.
Therefore, we regard (2-2-3), (2-2-4) as a group of differential equations of unknowns
P, VjD (j=0,1,---,n), while VjA (j=1,---,n) are determined by (2-2-2).
The Darboux operator given by Theorem 6 transforms a solution of (2-2-3), (2-2-4) to
a solution of itself, that is,
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Proposition 1 Suppose {P,V,°(j =0,1,---,N)} is a solution of (2-2-3), (2-2-4), {V/*}
is determined by (2-2-2), H is an N x N nondegenerate matriz solution of (2-2-1). Then
¢ = (0 — H,H )P satisfies

where

o, = U(0)®, & =V()P (2-2-5)

Ud) =Jo+ P,
V(@)= Vi, Vo=,
j=0

P=P+[J HH, (2-2-6)
J
V2 =V 4+ VE - (HH'V)? + Y Crl(Vid M HHT)P, (2-2-7)
k=0
Vit = Vi, = IV = [PV + ) Cnrj(id )™, (2-2-8)

J
k=0

Moreover, {P, ‘A;;»D (7=0,1,---,n)} is also a solution of (2-2-3), (2-2-4).

Proof. By direct calculation, (2-2-6) is true. Let

n

V() =Y Voo, V(@)= Vi ;&
j=0

=0

where {‘7]} is defined by (2-2-7), (2-2-8), {V/} is defined by

(see (2-1-15)). Then

implies

Vo =V,
4 . (2-2-9)
Vi = Vier + Via = HH7Wy ) CUOlViY ™ (HH T,
k=0
Ui(9) = V,(9) + [U(9),V'(9)] = 0
Vi) = Vi = JVig = [PV + Ol (o Py~ (2-2-10)
k=0

We use induction to prove V(8) = V'(8). Clearly, Vg = V{. Suppose 173 =V for j <1,
then (2-2-7) and (2-2-9) implies V;2, = V/2, while (2-2-8) and (2-2-10) imply V4, = V/A.
Hence V(0) = V'(0), and

‘7(8>(8 - HmH_l) = (8 - HmH_1>v(a) - (HmH_l)t
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by the definition of V'(8). This implies ® is a solution of (2-2-5), and {P, VP (5
0,1,---,n)} is a solution of (2-2-3) and (2-2-4). QED.

The proposition provides a general expression of Darboux operator for ZS-AKNS sys-
tem. Next, we shall apply this to the Davey-Stewartson hierarchy, i.e. the system with

B _i 1 0 B 0 u _ o vj W .
J=V,= (O _1), P_<5a 0)(5-:&1), VJ_(eu‘)j @j). (2-2-11)

Clearly, {V;} is characterized by V; = oV;o~! where
(01
~\e 0)°
The corresponding equations come from (2-2-3) and (2-2-4):

n—1
uy = D_w, + u(v, — 0,) + Z 00" Fu,
k=0 (2-2-12)

7j—1
- D — TGw.) — n—j j—k
D_v; = e(uw; — uw;) — ¢ E C) Jwpd ",
k=0

where {w;} is determined by

J—1
iwj 1 = D_wj +u(v; — ;) + Y CoZford *u (2-2-13)
k=0

which corresponds to (2-2-2). Here
g i0
D=2 419
* Jdy 20x

If (&,7)7 is a solution of (2-2-1) and (2-2-11), (g7}, £)T is also a solution of it. Let

£ e )
H = . 2-2-14
(5% (2:214)
Then, after the action of the Darboux operator  — S = 9 — H,H~!, (2-2-6) leads to
U=U+1Fr—5. 2-2-15
€ —<lnP 2219

implies -



Hence the Darboux transformation keeps the reduction (2-2-11). {u,v; (j =0,1,--- ,n)}
({v;} is given by (2-2-7)) is another solution of (2-2-12).
The usual Davey-Stewartson equation corresponds to N = 2, and

110 (0 u B ve  —iDiu
%—2(0 —1)’ Vl_(eu 0)’ V2_(i€D_u Uy ) (2-2-16)

The equation is

1
g =y, — Eum +iu(vy — T), D_vy = ieD |ul?. (2-2-17)
If we denote
v = 2¢elul® +i(vy — By),
then
1

1
iy =y, — Zum - 25|u|2u +uv, vy, + va = 5(|u|2)m (2-2-18)

This is the Davey-Stewartson equation in the usually form which describes a 3-dimensional
wave packet on the surface of water with finite depth [6].

Since u, v determine v, up to a real function, it is easy to know from the fact for (u, vs)
that the Darboux operator transforms a solution of (2-2-18) to a solution of itself. The
explicit expression is

u=u+ ieH, v=v— (& — e|n*) e (2-2-19)

The simplest solution for ¢ = —1 can be obtained from u = v = 0. Due to (2-2-11),
(2-2-16), any two solutions of

i i
_¢xa ¢t = §¢x:c

¢y:2

(corresponding to & and 7 respectively) provide a new solution of (2-2-18).
Especially, let

& =exp (ax + %Uy + %azt), 1N = exp ( —ox + %dy — %6215)

with ¢ = a — i3, then we get the solution of stationary wave
u = (B +ia)sech(2ax + By) exp(i(a?® — fH)t), ¥ = —da’sech®(2az + By).
If

i
£=ax+§ay, n=1

with a real, then the static solution




is obtained. If
1 \2
fza(m%—%y) +iat, n=1,
then we get the solution of solitary traveling wave
~ —ay + 2axi

u= T :
a’ (:L'2 — ng) +a*(xy +t)* +1

Complicated solutions can be obtained by Darboux operator from this kind of simple
solutions.
Next, we discuss briefly the KP hierarchy

by = 000+ oub, =Y 4 ;0 (2-2-20)
§=0

(0, vy are functions of t).
If this system is integrable,

j—1
_ n—j, ik
20j 410 = Vjy = OVjae + E O und ™M — 04002,
k=0
] (2-2-21)
OU = Upy — Wy pg + E o 0" Fu — oy
k=0
This is a group of equations of unknowns u, v; (j =1, -+ ,n).

Given any solution h of (2-2-20), d — h,h™' is a Darboux operator transforming a
solution of (2-2-21) to a solution of itself. To see this, we only need to verify that the
Darboux transformation keeps the form of y-part of the Lax pair, i.e. U (0) = 00” + ou,
which is easy to check. Moreover,

u=u+2(hh™b),,

j—1
~ _ i~ i _ 2-2-22
Vj4+1 = Uj+1 + Vjx — 'Ujhxh L + E Cn_i’l}ka] k(hxh 1). ( )
k=0

If n = 3, (2-2-21) can be reduced to a differential equation of u. Especially, choose
02 =ec=41,v9=1,v; =0, vy = 3u/2, we get the KP equation

1 3
Uy = Z(umx + 6uuy), + 15ty (2-2-23)

We can check directly that & = u+ 2(h,h™'), is a solution of (2-2-23) if u is a solution
of it.
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2.3 Application to 141 dimensional problem
In this section, we shall use Theorem 6 to get the corresponding conclusion for the Lax

pair (0-6):
AD = U(xz,£,0)®, & =V(z,t,0)d (2-3-1)

where (z,t) € Q (simply connected domain in R?),
U@) =Y Unj(z, ), V(@)= Vi(zt)o. (2-3-2)
=0 =0
The integrability condition of (2-3-1) is
U(9) +[U(9),V(9)] =0, (2-3-3)

which is just (0-5).
G(z,t,0) € Dn(Q) is a Darboux operator of (2-3-1) if there exist U(z,t,0), V(x,t,0) €

Dy () such that for any solution ® of (2-3-1), & = G(9)P satisfies
AD = U(z,t,0)®, &, =V(x,t,0)b. (2-3-4)
For nondegenerate Darboux operator of first order G(z,t,0) = 0 — S(z,t), we have

Theorem 8 9 — S(x,t) is a Darbouz operator of (2-3-1) if and only if S = H,H~* where
His an N x N nondegenerate matrix solution of

HA=U(Q)H, H,=V(0)H, (2-3-5)
and A is a constant triangular matriz.

Proof. Consider the equation
v, =U0)¥, ¥, =V(0)V (2-3-6)
for (z,t) € Q, y € R. Suppose 0 — S(z,t) is a Darboux operator of (2-3-1), then

0=(0—S)U(d)— U0 —5),
5= (0 S)V(0) ~ V()0 - 9) (25

for certain U,V € Dy(Q). Thus, d — S is a Darboux operator of (2-3-6). According
to Theorem 6, there exists a solution Hy(z,y,t) of (2-3-6) such that S = Hy,H;'. Let
AQ = HO_IHQy, then

Ao = Hy'U(S)H,,
Ao = —Hy 'Ho o Hy U (S)Ho + Hy ' (U(S)). Ho + Hy 'U(S)Ho o
= Hy'{(U(9))z — [S,U(S)]}Hy = 0
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by (2-1-13),

Aoy = —Hy'Ho Hy'U(S)Hy + Hy 'U(S)Hy,, = 0,
Aoy = —Hy'Ho Hy 'U(S)Hy + Hy Y(U(S))Ho + Hy 'U(S)Ho,
= Hy {(U(S)[U(S), V(S)]}Hy = 0

by (2-1-18). Hence, Ay is a constant matrix, which is similar to an upper-triangular matrix:
Ao = TAT!, and
HO,Z/ - HoTAT_l,

or
Ho(z,y,t) = H(x,t) exp(Ay) T~

where H satisfies (2-3-5) and S = H,H '
Conversely, if H is a solution of (2-3-5), S = H,H~!, then it is easy to see that S
satisfies (2-3-7), i.e. 0 — S is a Darboux operator of (2-3-1). QED.

If N =1, H satisfies the Lax pair itself.
For example, KdV equation

Uy + 6ulUy + Upgy = 0
possesses the Lax pair
AP = —Quz —up, G =2(2X — u)Py + Uz,
while Boussinesq equation
(Ugge + OuUL), + Beuy =0 (e = £1)

possesses the Lax pair
3u
)\¢ = ¢x:c:c + 7¢x + w¢> ¢t = U¢:c:c + 0u¢

3
(0% = &, wy = —u; + Uy, ), their Darboux operators can be obtained form Theorem 8

directly (for the latter one, see [23]).
Using the same method as in the proof of Theorem 8, we can get Theorem 1 when U, V'
are polynomials of .
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