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Binary Darboux Transformations for Manakov Triad
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ABSTRACT. The binary Darboux transformations for Manakov triads of second order are
constructed, which generalize the work for KP equation and Novikov-Veselov equation. An

equation given by [1] is discussed.

1. Introduction.

A Manakov triad is a generalization of a Lax pair. It can represent more integrable
systems than the Lax pair. In the present Letter, we discuss the Manakov triad (L, N, W)

with
Ly=WL — LN,
LY =0
¥, = NV,
where
2 2—1
L=) L., Li=)Y Lol
i=0 =0
N =N, +No, Ny =) Ny;0,
§=0
§=0

(1.1)

(1.2)

(1.3)

and the coefficients L;;, N;;, W;; are r x r matrix functions of (z,y,t). Moreover, suppose

Log =1.
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(1.1) is the integrability condition of (1.2). We can determine W explicitly as
Wi = Ny, Wo = No + 2N1 4 + [L1, N1], (1.4)
and N satisfies
L1t + [Lo, N1] — [L1, N1]L1 + [L1, No) — 2N1 L1 — N1L1 5 + L1N1 5
+2No,g + Nige =0 (1.5)
Lo + [Lo, No] — [L1, N1]Lo — 2N1 4Lo + L1Noz — N1Lo 5 + Nozz = 0.
This system contains several interesting equations.

Example 1.
L=02+ad,+u (=1 or i)
N = 4a0,0y — 2u0, + uy + 3aw
W =N — 4u,.
Equation (1.5) gives
Up + 6UU, + Upgy = —3a2wy,
Wy = Uy,
which is the well-known KP equation. This Manakov triad is equivalent to the usual Lax
pair.
Example 2.
L=09,+0+u,
N = —88938; + (Bvr — 2u)0y + 3010y — 2uy
W =N + 6’UR7;E —du,.
We have the equations
Up = 2Ugze — OUgyy + 3VRUL + 3vrUy + 20R zu — Buu,
VRa — VI,y = 2Uyg
URy + VI = _2uya
which is called the Novikov-Veselov equation, and is discussed in [4].
In [3,4], the binary Darboux transformation for DS equation, whose L is of first order,
and KP equation, Novikov-Veselov equation, which are special cases of (1.2), are discussed.

In the present Letter, we use binary Darboux transformation to discuss the more general
system (1.2).

Remark. Any system in (1.2) can be transformed to a linear system of first order whose
coefficients are 3r x 3r matrices. However, since there are many constraints among these
coefficients, (e.g., some coefficients should be given constants), it is more difficult to solve
these systems than to solve (1.2). Therefore we would rather study (1.2) than study a
general system of first order with many reductions.
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2. Binary Darboux transformation.
In order to discuss the binary Darboux transformation, we need the following lemma
about a closed 1-form. Let

LPW] = span{ 8;,0) LY, 9,0} (¥, — NW¥) |i,j >0} (2.1)

and
LPy[W] = LPW] @ span{ dz A dy, dx A dt, dy A dt }. (2.2)

Lemma. For given L, N in (1.3), there exists a 1-form
wl¥| =¥ dx + ¥ dy + ¥ dt (2.3)
where the differential operators

a = Oé(nay + ap, ﬁ = Blam + B(]a

B1 = Pro, Bo = Bo109y + Boo,
(2.4)

n
Y=m0+7, %= Vo)
7=0

(oo, Bij, vij are r x r matrix functions of (x,y,t)) such that dw[¥] € LP3[¥], provided

that the system
L*X* =0

2.5

has a nondegenerate solution \.
Here L*, W* are the formal conjugations of L and W.

Proof. Denote dw[¥| = Dgydx A dy + Dgidx A dt + Dydy A dt. The highest order of 0,
in Dy, does not exceed 2, and the coefficients of 353’; (k > 1) are all zero. Hence let
Dy, = AL, where X is an r X r matrix function to be determined later. Comparing the
coefficients in both sides, we have

p1 = _>\L02, T 1 _)\L(]l + (ALll)m + (ALOQ)EH

2.6
Bio = A, Boo = AL1o — Ay, Bo1 = ALq1, (2.6)

and )\ satisfies . _
S (100 (ML) =0, (27)

jHI<2



which is the first equation of (2.5).
Next we consider D,;. Since

BN = (8105 + Bo) (N10z + No)¥ = (=1 N1 L1 + B1N1 4 + foN1 + $1No) 0y
+ (=B1N1Lo + 1 No,e + BoNo)¥ (mod LP>[¥])

and
Dy =¥y + v ¥ — BN¥ — 3,7,

the request Dy =0 (mod LP3[¥]) implies

— Bt +710y + 71,y = —B1N1L1 + B1 N1, + BoN1 + B1No (2.8.1)
— Bo,t + 700y + Y0,y = —B1N1Lo + B1No, + BoNo.

v1 can be solved recursively by comparing the coefficients of 8;”‘1, .-+, Oy in (2.8.1).
With (1.4), it can be checked that the right-hand side of (2.8.1) equals to AWy — (AW7),.
Hence the terms without 9, in (2.8.1) are equal identically by the second equation of (2.5).
Similarly, 7o can be solved from (2.8.2) and (2.8.2) holds identically because of (1.5) and
(2.5). Therefore, we have proved D, =0 (mod LP;[¥]). The definition of Dy, Dy and
D, leads to 9yDy =0 (mod LP[¥]). Suppose

Z Z dij0L90  (mod LP[P]),

1=0 5=0

then ;o 37 (dij + Oydi j—1)05 W + doo¥ = 0 (mod LP>[P]), which means d;; = 0
for all ¢, 7. The lemma is proved.

Now we proceed to the discussion of binary Darboux transformations for (1.2).

Theorem. Let m and A be nondegenerate r X r matrix solutions of (1.2) and (2.5) respec-
tively, S(x,y,t) be an arbitrary nondegenerate matrix function and C be a constant r X r
matrix. Suppose ¥ is a solution of (1.2). Let QW] = [w[¥]+C, 2y = Q[x]|, R = SQ2m 1,
and

¥ = RW — SQ[W]. (2.9)

Then, at the points where det 2y # 0 and det(1 — R™1SAL1; + (R71SX)2Lgs) # 0, v
satisfies s
LY =0

L (2.10)
U, = NU.



Here

(2.11)
N=No,+ N Ni= Z 00,

and the coefficients are given by

" . . R —SOé(n 0
(Lao L1z Loz) | O R —Sap1 =R(La Li11 Lo2)
0 =SB R—-SPn

= =~ R —SOAOl .
(Lo L01)<_Sﬁm R_Sﬂm)—R(Llo Loy)

- _ _ 2R, — Sagp —2S,001 — SaOI,w
— (Lo Li1 Lo2) Ry, — S:510 Ry — S3:B01 — Syaor — Sago — Sapry
—25yB10 — SPioy 2R, — 25,801 — SBoo — SPo1,y

Rw - Sa()o)

LooR = RLoo — (zm Z01) <R — 5B
y

- . . Rmm - 283@00 — SaOO,m
- (Lzo Ly Loz) Rmy — Sz 800 — SyOéoo - Saoo,y
Ryy - 2Syﬁoo - SBOO,y

(2.12)
N can be determined by the recursion formulae
j\vfluR = RNl,u — S’}/lu — Z Cgﬁlk(ag_“R)
k>p+1
+ Y CFCE Ny(0,0578S) (05 1 By)
j2k>p+1
+ Y CFCE_ Noj(9)7"8) (@5~ " p1)
j2k>p+1
NONR - ]\71“80! = RN()M - S’Y(]M + Rt(SOu (2.13)
— Y CENok(@F ™ R)+ Y ClNu(05#(Sa))
kE>p+1 k>p+1
+ Y CFOE N1j(0,057"S) (08 " Bo)
J>k>p
+ Y CROE Noj(9575S) (051 Bo).
j2k>p+1



Remark. For given m and ), we can always have det 2y # 0 and det(1 — R™1SALy; +
(R71S)X)2Lgy) # 0 locally by the suitable choice of the arbitrary matrices S and C.

Proof. Since det(1 — R™YSALy; + (R71SA)2Lgs) # 0, the coefficient matrices on the left-
hand side of all the equations in (2.12) are nondegenerate. Hence (2.12) determines L;;
uniquely. Direct calculation shows that

LY = (LS)2w] (2.14)

holds for any solution ¥ of (1.2). Taking ¥ = w, we have LS = 0. Hence LV = 0 for any
solution ¥ of (1.2).
N is uniquely determined by (2.13). Using (2.13), we can check that

(8, — N)& = —(S, — NS)2[w]. (2.15)

Let ¥ = 7, then S; = NS. Hence ¥; = NW¥. The theorem is proved.

Remark. Since L = (—N*)L* — L*(=W*), if (m, \) creates a binary Darboux transforma-
tion as in the Theorem, then (A*,7*) creates a binary Darboux transformation for (2.5).

Therefore, not only the solution of (1.2) with respect to (L, N), but also the solution of

(2.5) with respect to (L, W) are constructed. This means that the binary Darboux trans-
formation can be constructed successively by using differentiation and integration, without
solving any differential equations.

3. Examples.

For the KP equation and the Novikov-Veselov equation, the binary Darboux transfor-
mations given by the Theorem are just those given by [4].

Here we consider the following example.

bet L = 0,0, + PO, + Q
N =02 +F, (3:1)
then (1.1) holds if and only if
F, =2Q,
P, — Py, +2P,P+F, +[P,F]=0 (3.2)

Qt + Qzz +2(PQ), + [Q, F] = 0.

(3.1) is not of form (1.2). However, a simple change of variables can lead to Ly = I.

For r = 1, this is a special case of the equation discussed in [1,2], which will be discussed
here. Under the reduction @ = F = 0, the system (3.2) becomes the matrix Burgers
equation in 141 dimensions.



Let £ =x +y, n =z — y, then (3.1) becomes

L=08;—07+P(0—0y) +Q

. (3.3)
N = (0¢ + 0p)“ + F.
Forr =1,
W= (0+0)>+F—-2P, =0+ F — P, + P, (3.4)
a = A0, — A\ + AP, B = X0 — A¢ + AP,
v = 2X0e0 + 2007 — 2(Ae + Ay) (0 + 0y) + APO; + 3APO, (3.5)
+ 2Xen + 20 + AP — Py) — AeP — 30, P — 2)Q.
To construct the binary Darboux transformation for (3.3), let m be a solution of
Lr =0
= N1 (3.6)
and A be a solution of
L*\* =0 57
A = —WHA". (37)
Suppose 25 # 0 and 2y + A7w # 0, and let
s
S=——". 3.8
-QO — AT ( )
As in the Theorem,
2
R — m- (3-9)
(2.12) leads to
Ly =1, Ly =0, Lop = -1,
~ ~ ~ 20— Am AT
Ligy=-Lypyu=P=P—-2——(0c¢+0yp) =——
0 o1 oy Gy v
_p_ 290(85 + O) (AT) — Am(9¢ + 0y)$2 (3.10)
22 — 272

Loo=Q=Q — R™'P(S: — S,)\
— RN (Reg — Ry — 2(S¢ — Sy))AP — S((AP)¢ — (AP)y) + 2S¢y — 25, X¢),

which gives the new solution (P, Q) of (3.2).
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We can obtain many explicit solutions using (3.10). For example, take the seed solution
as P =2p >0 (pis a real constant), Q = F = 0, then (3.6) has a solution

1 = eal§tm+a’t o b(E—m—p(E+n)+ap’t (3.11)

and (3.7) has a solution
A = —ecl&tm—ac’t | pd(E—m)+p(Etn)—dp’t (3.12)

where the constants a, b, ¢ and d satisfy
(p+a)(a+c) <0,  bd+b)<0.

Let N .
p+a
= — >0 =———>0
. a+c ’ g b+d ’

and
A=a(€+n) +4a’t,  B=b(&—n) —p&+n)+ 47,
C=c+n) —4c’,  D=d(—n)+p(+n) -4,
then direct calculation gives N o

P=-2p+(a+c)
02

where
o1 =+ 1)2e2AFTCHD | 2oA+B20 | (AB2D (4 1) (o 1)e2BHCHD
+ (3p + v + 2)eATBHOHD,
oo =g+ 1)e2AM2C Ly 4 1)e2B+2D o (1 1 1)e2A+COHD | o A+B+2C | A+B+2D
+ (v + l)eZB+C+D + Quv+p+rv+ 2)6A+B+C+D.

Clearly, it is bounded for all (£,n,t). However, it does not decay at infinity. It is still
interesting to look for solutions which decay at infinity.

Remark. In this Letter, we have only discussed the binary Darboux transformations for the
Manakov triads of second order. It is naturally interesting to discuss the binary Darboux
transformation for the Manakov triads of higher order. This is still open due to some
technical problems.
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