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Abstract� The binary Darboux transformations for Manakov triads of second order are
constructed� which generalize the work for KP equation and Novikov�Veselov equation� An
equation given by ��� is discussed�

�� Introduction�

A Manakov triad is a generalization of a Lax pair	 It can represent more integrable
systems than the Lax pair	 In the present Letter� we discuss the Manakov triad �L�N�W �
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and the coe�cients Lij � Nij � Wij are r� r matrix functions of �x� y� t�	 Moreover� suppose
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��	�� is the integrability condition of ��	��	 We can determine W explicitly as
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This system contains several interesting equations	

Example ��

L 
 ��x 
 ��y 
 u �� 
 � or i�

N 
 ���x�y � �u�x 
 ux 
 ��w

W 
 N � �ux�

Equation ��	�� gives
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which is the well�known KP equation	 This Manakov triad is equivalent to the usual Lax
pair	

Example ��

L 
 ��x 
 ��y 
 u�

N 
 ���x�
�
y 
 ��vR � �u��x 
 �vI�y � �ux

W 
 N 
 �vR�x � �ux�

We have the equations
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which is called the Novikov�Veselov equation� and is discussed in ���	
In ������ the binary Darboux transformation for DS equation� whose L is of �rst order�

and KP equation� Novikov�Veselov equation� which are special cases of ��	��� are discussed	
In the present Letter� we use binary Darboux transformation to discuss the more general
system ��	��	

Remark� Any system in ��	�� can be transformed to a linear system of �rst order whose
coe�cients are �r � �r matrices	 However� since there are many constraints among these
coe�cients� �e	g	� some coe�cients should be given constants�� it is more di�cult to solve
these systems than to solve ��	��	 Therefore we would rather study ��	�� than study a
general system of �rst order with many reductions	
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�� Binary Darboux transformation�

In order to discuss the binary Darboux transformation� we need the following lemma
about a closed ��form	 Let
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���i� �ij � �ij are r � r matrix functions of �x� y� t�� such that d��� � � LP��� �� provided
that the system
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has a nondegenerate solution ��

Here L�� W � are the formal conjugations of L and W 	

Proof� Denote dw�� � 
 Dxydx � dy 
 Dxtdx � dt 
 Dytdy � dt	 The highest order of �x
in Dxy does not exceed �� and the coe�cients of ��x�

k
y �k � �� are all zero	 Hence let
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which is the �rst equation of ��	��	
Next we consider Dyt	 Since
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�� can be solved recursively by comparing the coe�cients of �n��y � � � � � �y in ��	�	��	
With ��	��� it can be checked that the right�hand side of ��	�	�� equals to �W� � ��W��x	
Hence the terms without �y in ��	�	�� are equal identically by the second equation of ��	��	
Similarly� �� can be solved from ��	�	�� and ��	�	�� holds identically because of ��	�� and
��	��	 Therefore� we have proved Dyt � � �mod LP��� ��	 The de�nition of Dxy � Dxt and
Dyt leads to �yDxt � � �mod LP��� ��	 Suppose
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for all i� j	 The lemma is proved	

Now we proceed to the discussion of binary Darboux transformations for ��	��	

Theorem� Let 	 and � be nondegenerate r� r matrix solutions of ����� and ���	� respec�
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and the coe�cients are given by
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Remark� For given 	 and �� we can always have det
� �
 � and det�� � R��S�L�� 

�R��S���L��� �
 � locally by the suitable choice of the arbitrary matrices S and C	

Proof� Since det��� R��S�L�� 
 �R��S���L��� �
 �� the coe�cient matrices on the left�

hand side of all the equations in ��	��� are nondegenerate	 Hence ��	��� determines eLij

uniquely	 Direct calculation shows that

eLe� 
 �eLS�
�� � ��	���

holds for any solution � of ��	��	 Taking � 
 	� we have eLS 
 �	 Hence eLe� � � for any
solution � of ��	��	eN is uniquely determined by ��	���	 Using ��	���� we can check that
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Remark� Since L�t 
 ��N��L��L���W ��� if �	� �� creates a binary Darboux transforma�
tion as in the Theorem� then ���� 	�� creates a binary Darboux transformation for ��	��	

Therefore� not only the solution of ��	�� with respect to �eL� eN�� but also the solution of

��	�� with respect to �eL�fW � are constructed	 This means that the binary Darboux trans�
formation can be constructed successively by using di�erentiation and integration� without
solving any di�erential equations	

�� Examples�

For the KP equation and the Novikov�Veselov equation� the binary Darboux transfor�
mations given by the Theorem are just those given by ���	

Here we consider the following example	
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For r 
 �� this is a special case of the equation discussed in ������ which will be discussed

here	 Under the reduction Q 
 F 
 �� the system ��	�� becomes the matrix Burgers
equation in �
� dimensions	
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To construct the binary Darboux transformation for ��	��� let 	 be a solution of
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We can obtain many explicit solutions using ��	���	 For example� take the seed solution
as P 
 �p � � �p is a real constant�� Q 
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Clearly� it is bounded for all ��� 
� t�	 However� it does not decay at in�nity	 It is still
interesting to look for solutions which decay at in�nity	

Remark� In this Letter� we have only discussed the binary Darboux transformations for the
Manakov triads of second order	 It is naturally interesting to discuss the binary Darboux
transformation for the Manakov triads of higher order	 This is still open due to some
technical problems	
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