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Nonlinear constraints and soliton solutions
of 1+2-dimensional three-wave equation
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Using the nonlinear constraint method, the explicit expressions of localized solitons
of the 1+2-dimensional three-wave equation are obtained. Afterl theDarboux
transformation, each component of the solution has, at nibgieaks when the
parameters for each single Darboax transformation are large enough. This gives a
corresponding asymptotic property for the DSI equation, although all the peaks of
each component move in the same velocity here.198 American Institute of
Physics[S0022-24888)03701-3

I. INTRODUCTION

The 1+2-dimensional three-wave equation describes the nonlinear interaction of three waves
and is widely investigatet. The inverse scattering transformation has been developed
systematicall§® and there are many other considerations for this equéfion.

Since the work of Ref. 9 on thetll-dimensional problem, the method of nonlinear constraint
has been discussed in various papers.+2 Hdimensions, this method is first applied to the KP
equation by Refs. 10 and 11. Generally, the nonlinear constraint&xdimensions is a method
to reduce the original problem to a new2-dimensional problem that can be dealt with by a
1+1-dimensional method. For that new problem, the Darboux transformation has been well
developed?!® Using the nonlinear constraint and Darboux transformation methods, Ref. 14
proved that for any equation in the hyperbodio(n) AKNS system, which includes the three-
wave equation, there are localized soliténs., the solitons that decay at infinity in all directigns

If a certain conditior{condition (16) of Remark ] is satisfied so that different solitons have
different velocities, the asymptotic solution s> =% has, at most|? peaks if the solution is
given by thelth Darboux transformation from the zero solution. This is true for the DSI equation.
However, for the three-wave equation, that condition never holds, and all the solitons in each
component move in the same velocity. Therefore, the asymptotic solution is still very complicated
(not split up into several single solitondn this paper, we show that when certain parameters are
large enough, these peaks can also be separated. This is true, not only for the asymptotic solution
(under a weaker conditionbut also for the solution at finite timee(under a stronger condition

In Sec. Il of this paper we describe the Lax pair of the three-wave equation, whose nonlinear
constraint and the Darboux transformation. The main conclusion has been obtained in Ref. 14. In
Sec. lll the behavior of a single-soliton solution is discussed in detail. In Sec. IV, the asymptotic
behavior of the multisoliton solutions is obtained when the parameters of each single Darboux
transformation(not time t) are large enough. This gives a corresponding property for the
asymptotic solutions of the DSI equation, although all the solitons move in the same velocity here.
Some figures describing the behaviors and interactions of the “two-soliton” solutions are shown.

Il. NONLINEAR CONSTRAINT AND DARBOUX TRANSFORMATION
The 1+2-dimensional three-wave equation is
fri=aqfiyt+ Bif it (az—ay)fsfs,
for=aofyy+ Bof oyt (a1 —az)fifs, D

far=asfay+ Bafaxt (ap—ay)fify,
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whereq;, B; are real constants.
It is known that this equation has a Lax pair

Wy =J¥,+U(xy,t)V,

2
V=KWV, +V(xy,)W¥,
where
J 0 0 K, 0 O o fi f
J= 0 \]2 0 s K= 0 K2 0 s U:(Uu): _fl 0 f3 ,
0 0 J; 0 0 Kj —-f, —f; O

Ji, K; are real constants with #J; for i #j, andV is a 3x3 matrix whose diagonal entries are
zero. Moreover, we suppose that

1 J; Ky
dett 1 J, Ks]+#0. 3
1 J; K;
The integrability conditions of2) are
[J.V]=[K,U], U=Vy+IV,—KU,+[U,V]=0. 4

Eliminating V, we get an equation o), which is just(1) with a;=(K;—Ky)/(J1—J,), ay
=(K1=K3)/(J1=J3), a3=(K;—K3)/(J2—J3), Bi=Ki—Jia; (1=1,2,3).
There is another linear system related wi@h, which is

inloiP iNJ+U  iJP iNK+V iKP
qDX:(iP* 0>(D’ ®=liprs 0 ) ' t_< iP*K 0 ) ’ ®
whereP(x,y,t) is a 3x3 matrix. The integrability conditions db) give
P,=JP,+UP, P=KP,+VP, (6)
Uy=[J,PP*], (7
U=V, +[U,V]-JPP*K+KPP*J=0. (8)

Clearly the systen(6) is the same a€2), except thatV’ is replaced byP. If (7) is considered,
(8) is just the three-wave equatidf). Moreover,(7) gives a nonlinear constraint betwednand
P [P is a solution of the Lax paif2)]. Therefore, we relate thet2-dimensional problen) with
the problem(5) by the nonlinear constrairn¥). For (5), the standard method in+ll dimensions
can be applied.

In Ref. 15, this method was applied fok3 matrix P. In that case, nonlocalized solutions of
the 1+2-dimensional three-wave equation are obtained. However, localized solutions can only be
obtained by choosin® as a 3x's (s=3) matrix with rank 3.

If we can solvg[6)—(8), the explicit solutions{;) of (1) are obtained, although they are not all
solutions of(1).

Reference 14 showed that the equatiébshave localized soliton solutions that tend to zero
exponentially at infinity. These solutions can be obtained by a Darboux transformati@s),for
provided that the parameters in the Darboux transformation are chosen properly. More precisely,
the Darboux transformation can be constructed as follows from the zero seed solution.

Takel complex numbers 4, ...\ such that;#\ (j #Kk) and\;#\, for all 1<j,k=<lI. Let

eV~ I\j(x+Jy+Kt)
H;= ,

cl ©
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where C’s are 3x3 nondegenerate constant matrices. Eet (2 1< < be a block matrix
given by

. 10
Wy (10
Then

[ [
— H.
=11 A= 1- X —= (S HHk (11)
j=1 jk=1 N—MAg
is a Darboux matrix of degrekefor (5) with U=P=0. That is, for any solutiord of (5) with

U=P=0, ®=Gd satisfies(5) for certainU andP. It is known that the action of the Darboux

matrix of degred is equivalent to the successive actiond @arboux matrices of degree one.
From the standard calculation of a Darboux transformation, we have

|
Ugp= 2\/__1]_%;41 (hj(zil)jkh:)aﬂ

| J— _ _
=2./-1 2 (E—I)QBev‘——l()\j—)\k)X-F V“——l()\jJa—)\kJﬁ)y*— \f—_l()\jKa—)\kKB)t. (12)
j.k=1

Reference 14 proved that wh@4)’s are nondegenerate, the solutidr) is localized, and it
decays at infinity exponentially. Moreover, the peaksijj move in the velocity ¢, ,v,) given
by

_ JaKﬁ_JﬂKa

K,—K

_ B
Uy=

T (13

For a three-wave equation, these velocities are independent Tierefore, all the solitons
move in the same velocity for giveh,, K, .

Remark 1:For a more general linear systdit comes from the hyperbolisu(N) AKNS
system,

il P iNJ+U  iJP
®=lipe ofP BT ipry o |
(14
® W(X,Y,t,\) X(X,y,t,\)
=X Gy BN) ZOGYEN) )
the multisoliton solutions are taken froo\=P=0, X=0, Z=0,
iB1(N)
W(X,y,t,\)= (15

iBN(N)

In that case, Proposition 4 of Ref. 14 shows that if

1 Ji ﬁil()\a)/)\al
dett 1 J; Bji(Ag)/\g | #0 (16)
1 ‘]k Bkl()\'y)/)\yl
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for any mutually different pairsi(a), (j,8), and k), then ast—c, each entryu};! of the
solutionU!" given by thelth Darboux transformations splits up into at mbspeaks. Here, is
the imaginary part of a complex number Actually, (16) implies that different solitons have
different velocities.

For a three-wave equatioB;(\) =K;, which is independent of. (16) is always violated by
taking pairs (,«), (i,B8), (i,vy) for different «,8,v. Hence Proposition 4 of Ref. 14 is no longer
valid. From (13), the formula for the velocities for the solitons, the solitons will not splitt as
— 00

Remark 2:Sinceujp,=—Uu,gz, we will always considet,; (a<g) from now on.

[ll. SINGLE-SOLITON SOLUTIONS

Takel=1,
e\s‘—_l)\o(x+Jy+Kt)

= c ) (17

whereC=(Cj) is a 3x3 nondegenerate constant matrix, then
2= ! (720U =TS +q,,)3x3 (18

2by/-1 rrEe

with

X=v,t+§, y=v i+, (19

m,=vxtJ,uy+K,,  a=Relg), b=Im(A), QWZC;#CW

Since the solitons moves in a fixed velocity for each compoungpt we consider the solution
in @ moving frame with velocity«, ,v,). The asymptotic behavior of the soliton is clearly seen in
this frame.

When @, ,v,) takes the value i13), m,=mz=0. Without loss of generality, supposs,
=m3=0, thenw;#0 by considering3).

Let (hlw)z(g,w)*l, 9=(9,.), h=(h,,), then by direct calculation froril2), we get the
new solution of(1) as follows:

4ab 1 =1
Upp=— X (h12 /det geb§+ 03 _ J12 det he—bg— 03)ev—la(J1—J2) n+ v‘—lalet,
4b = =1
Ugg= = 5~ (hiz/detge’?2—gyzydethe " f2)e et igniami, (20)

4b o
Uzg= = 5 (hpe™! - gpee Ve 100270007,

where
A=eSV(eP+gy; dethe P+ h,efs™ 2+ hyel2 )
+e % (e P +hyy detge’+g 0" "2+ ggge’s %),
s(t)=b(&+J,p+ 7it)+ 1 In(detg), (22)
p=b(2&+3,m+33m), 6;=blin (j=1,293.

Whenevelib+# 0, u,3 tends to a single localized peaktas *, and bothu,,, u;3tend to zero
exponentially. More precisely, whemrt— + (& 7 bounded,
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U12"’0, U13"‘0,

(22
_4bh238»f——1a(J2—33)77
U2s™ e gy, dethe P+ hye’ %2+ hgpef2 %’
and whenbmt— —« (¢ 7 bounded,
U;,~0, us3~0,
12 13 (23)

4bgzse\——13(J2—J3)77
Upg~ — - —.
B e P+hy, detge’+g,e’2 O3+ gyels 2

The asymptotic solutions af,; for t— — o andt— + « differ in the amplitudes as well as the
phases. That is because there is an interactiam af u;3 andu,; aroundt=0. The total energy
T (Jugg?+|ug9?+|uyg?)dx dy still conserves.

At an extreme case, lét,5=0 andg,;# 0 [this is always possible since the only constraints
on (g,,) are Hermitian and positivitly then au,; wave disappears ds- + although it exists as
t— —oo.

On the other hand, ifd,,,) is unitary, therhwzaﬂ and the asymptotic behavior af,4 as
t— —o andt— + are the same.

The asymptotic behavior af;, is similar whensw,=m7,=0, so is that ofu;3 when 7= 73
=0.

IV. MULTISOLITON SOLUTIONS

Since the velocities of solitons do not depend on the choide Bfoposition 4 of Ref. 14 that
is explained in Remark 1 fails. However, we can still see several peaks after twice Darboux
transformations, although all these peaks move in the same velocity.

Forl>1, we have obtained the squtioﬁ}; given by(12). Now that the limitt— * o cannot
separate these peaks, we consider the asymptotic behavior of the solution€ whernn some
way. This describes the separation of the peaks when the phase of each single soliton is large
enough. - ' . .

It is well known thatH; andH; - diagh{’ ./ /) (¥, 8,4 are constanisgive the same
solution ug]ﬁ [see alsq10) and(11)]. Therefore, we can rewritdl; in (9) as

eV TN+ Iy +Ky - QLW

oL

H; e , (29

i~ DM

whereL=diag(L{’ LY L) are arbitrary real constant diagonal matric@sis a real number,
andD()=ce Q"

The discussion in Secs. IV and VI of Ref. 14 can be used directly herex+&h+ Qw,,
y= 79+ Quw, wherew,, w, are real constant§'velocity” with respect to Q). Let

\/__l¢iaE \/__l)\i(X+Jay+ Kat)_QL(ai)
== INi(&g+ om0+ K o)+ (V= Ihi(we+J,w,) — L) Q.

Suppose
1 3, LU
def 1 Jg LYIN, | #0 (25
13, LW

for mutually different pairs &,i), (8.j), (v,k). Here\;, is the imaginary part ok, .
Now fix DO, LO)| and letQ— + or —«. Note that
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Re(V— 1N (Wt J,w,) — L) = =Ny (we+ I w,) — LY

Therefore, Imd,, keeps finite if and only ik (W +J,w,)+L{=0.
The discussion in Secs. IV and VI of Ref. 14 implies the following.
Proposition 1: Suppose the matrix; kh (9), (10), (11) can be written as

QA(j)JrB(j)
e
sz( (i) )

D
where Q is a parameter, R=diag(A{’,... AJ)), B =diag(B{,... B{) are NxN diagonal
matrices independent of @) are NXN matrices independent of Q. Leg}y be the solution
given by | Darboux transformations. Then the following occurs

(1) If there is at most one paiigi) such that A)=0, then u;}—0 for all x<vwhen Q-+ or

o,
(2) If there are exactly two pairsa{i) #(8,j) (e<p) such that A)=AP =0, then, when @+
or —o, ul;}—0 for all u<v exceptu=a, v=4.

For theH;’s in (24), Proposition 1 implies the following.

(1) If (wg,w,) is chosen so that there is at most one paiti), such that\; (w;+J,w,)
+L{)=0, thenul}) -0 for all u<v whenQ— + or —c,
(2) If (wg,w,) is chosen so that there are exactly two pairsi)# (8,j) (a</) such that

Ny (WetJ,w,)+L P =0,

(26)
N (WetJgw,)+ LI =0,
ie.,
_— LY NG = LI, o I LN = 3L 01N 27)
& Jo—3p roTn Jo—3p '

then, whenQ— + or —=, ul}J—0 for all u<v exceptu=a, v=2.

() If (25) holds for mutually different pairsd,i), (8.j), (v.k), then for any (v, ,w,), there
are at most two pairsd,i), (B,j) such that(26) holds.

Therefore, for anyy, B, unless (v, ,w,) takes the value if27), u[a']ﬁﬂo. Sincei,j in (27) can
be 1,..1, respectivelyug}g has at most? peaks. Thus, we have the following. L

Theorem 1: Let \; (j=1,...,) be complex numbers such thgt# N, (j #Kk),\;# N for all
1sjksl. Let LUs be 3x3 constant diagonal matrices such that (25) holds’® be
3x3 nondegenerate constant matrices. Lé? €DWeR"" and construct Has in (9). Then as
Q— +o or —o, each componentg}g of the solution derived by the Darboux transformation of
degree | has at most Ipeaks for fixed time t

Remark 3:Generally, wher(26) holds,u[a'] tends to a nonzero function unless its coefficient
tends to zero. Hence, usually there are exgq:teaks for eachug]ﬂ whenQ is large enough. Of
course, if a certain coefficient vanish@sg.,h,3=0 org,;=0 for u,3in a single-soliton cagethe
corresponding peak disappears.

When we only consider the asymptotic behaviorué}r};, a condition weaker thaf25) is
enough to separate the peak¥as ». This is because as—, the interaction betwee\m[a'},, and
any otheruEl]V vanishes.

As in Sec. Ill consideu,z and choose the velocity such thag= m3=0, thens,# 0. Take the
coordinatest, » given by (19). Sinceb;=\; #0, bjm t—c ast—c. Therefore, the limit Dar-
boux matrix can be constructed by
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0 0 0
0 e D\E+n-aLy 0
Hj(—o)= 0 e\f——lxj(.gﬂs,])_Q,_g)
11 Di, Dys
Doy D,, Dys
D31 Ds; Das
if barit— —o0, or
1 0 0
0 e D\(E+in-qLy 0
0 0 eV TN j(6+33m)—QLY)
Hj(+o)=
0 D1, Dys
0 D2, D.s
0 Da2 D33

if b t— 4. Now let §=&,+Qw,, n=ny+Qw,. Clearly, if (Hj(—=))1 is replaced by
e~ 1% and (H;(+)) 11y is replaced byel?!, the limit Darboux transformation is the same when
Q—. Then, the coefficients @ in the power of(H;(*==)), ;) are always nonzero. Therefore,
according to Proposition 1, we only need to guarantee B%t holds for («,i)#(8,j) with
a,€{2,3 so thatug};(—oo), the asymptotic solution fot— —, does not tend to zero, and
uby)(—=0)—0 for any(u,»)#(a,B). This implies that we only need thé25) holds for all mutually
different pairs @,i), (8,j), (y,k) with a,8,y€{2,3}.

Sincea, B, y can only take two values anlj,'s are mutually different(25) is equivalent to

LD #LPIN (a=2,3, i#]).

The same argument can be appliem%(+OO), the asymptotic solution far— + o.

Clearly, there are corresponding Conclusionsu{é}, u[1'3] Therefore, we have the following.

Theorem 2: Given two integersy, g with 1sa<p<3. Let\; (j=1,...,]) be as in Theorem 1,
DU’s be 3x3 nondegenerate constant matrices. L&Y’k be 3x3 constant diagonal matrices
such that I)/x; #LOIN,, LY #LPIN;, for i#). Let CW = DWeR " and construct Hasin
(9). Then as @+ or —o, the asymptotic solutionsi(—<) and U}(+) have at most?
peaks respectively

Remark 4:Both Theorem 1 and Theorem 2 are valid for thevave equation, except that 3
is replaced byN. Here we discuss three-wave equation for its simplicity and importance.

Remark 5:Return to the case of single-soliton solutions(20), (21), the phase of the soliton
is characterized by

i) 4 =D (O(] - ) () (] -
$1=In(e>""V+e73"Oh) detgi)—In(e "+ e Vgll) deth),
DOn(i) 1 e s (] —e DO (i) 4 s O (]
2=In(e"Oni+ e~ Wgl) ~In(e=*"" Vg + e Uh(Y).

If we let L) =g1)/Q, then, when_U) is fixed, Q— + = implies ¢);— + and ¢, is bounded.

Here we show some figures that describe the behavior of the solitons given by a Darboux
transformation of degree 2. Figures 1, 3, 5, and 7 correspond tottimel6, 0, 12, and 16,
respectively. As discussed above, these solitons have at most four peaks. Here the vertical axis is
[u|Y?= (Juyy?+|urg®+|ung) ¥4 Therefore, all three components are shown in one figure. The
corresponding parameters are
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Figures 2, 4, 6, and 8 are the corresponding contour plot of Figs. 1, 3, 5, and 7. Note that in
Fig. 3 and Fig. 5, the scales of the coordinates are different from the others so that the peaks can
be seen more clearly.
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