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Abstract. For the (1 + 2)-dimensionalAKNS system of lower order, a linear system which
separates variables is constructed. It is found out that any nonlinear equation generated by such
a linear hyperbolicsu(N) system admits solutions which tend to zero in all directions in the
space. The solutions given bynth Darboux transformation split up into more thann solitons as
t → ∞. The application to the Davey–Stewartson I equation is considered.

1. Introduction

We consider the following linear system:

9y = J9x + U(x, y, t)9 9t =
n∑

j=0

Vj (x, y, t)∂n−j9 (1.1)

where ∂ = ∂/∂x, J = diag(J1, . . . , JN) is a real constant diagonalN × N matrix with
mutually different diagonal entries,U(x, y, t) is off-diagonal withU∗ = −U . In this case,
we call (1.1) a hyperbolicsu(N) AKNS system, sinceJ is real andU ∈ su(N).

The system (1.1) is overdetermined, whose integrability conditions are

[J, V A
j+1] = V A

j,y − JV A
j,x − [U, Vj ]A +

j−1∑
k=0

C
n−j

n−k (Vk∂
j−kU)A (1.2)

V D
j,y − JV D

j,x = [U, V A
j ]D −

j−1∑
k=0

C
n−j

n−k (Vk∂
j−kU)D (1.3)

Ut = V A
n,y − JV A

n,x − [U, Vn]A +
n−1∑
k=0

(Vk∂
n−kU)A (1.4)

where the superscriptsD and A refer to the diagonal and off-diagonal parts of a matrix.
We regard (1.3), (1.4) as the nonlinear equations of unknownsU , V D

j (j = 0, 1, . . . , n)’s
in which V A

j (j = 0, 1, . . . , n)’s are determined by (1.2).
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Equations (1.3), (1.4) include several important equations in(1 + 2) dimensions, such
as theN -wave equation, Davey–Stewartson (DS) equation, and so on.

Equation (1.1) can be solved by various methods. In [5, 16], it is related with another
linear system which separates variables, and some examples are discussed in [6, 9, 12, 15].
In these papers, the solutions do not decay at infinity in all directions. InN -wave andDSI

cases, they correspond to the one columnP in (2.1). In the present paper, we shall use a
similar method, but introduce anN × N matrix P , to construct concrete solutions of (1.3),
(1.4). We find out that for any equations in the system (1.3), (1.4) withn 6 3, there exist
solutions which tend to zero in all directions in the(x, y) plane. The solutions are obtained
by Darboux transformations from a trivial solution with a suitable choice of parameters.

For the DSI equation, the soliton solutions which tends to zero in all directions were
first discovered by [1] and then have been discussed in various papers such as [2–
4, 7, 8, 10, 11, 13, 14]. Here we use the above-mentioned purely algebraic method to obtain
these solutions. Moreover, the explicit conditions on the parameters are given to determine
the appearance of each peaks in our cases.

2. A linear system related with (1 + 2)-dimensional AKNS system

We propose the following overdetermined system:

8x =
(

iλI iP
iP ∗ 0

)
8 8y =

(
iλJ + U iJP

iP ∗J 0

)
8

8t =
(

W X

Y Z

)
8 =

n∑
j=0

(
Wj Xj

−X∗
j Zj

)
λm−j8

(2.1)

whereP , Wj , Xj , Zj areN × N matrices to be determined by the integrability condition
of (2.1), and satisfyW ∗

j = −Wj , Z∗
j = −Zj .

The integrability conditions of (2.1) are

Py = JPx + UP Ux = [J, PP ∗] (2.2)

Wj,x = −iPX∗
j − iXjP

∗ (2.3a)

Xj,x = iXj+1 − iWjP + iPZj (2.3b)

Zj,x = iP ∗Xj + iX∗
j P (2.3c)

iPt = Xn,x − iPZn + iWnP (2.3d)

0 = Wn,x + iPX∗
n + iXnP

∗ (2.3e)

Wj,y = i[J, Wj+1] + [U, Wj ] − iJPX∗
j − iXjP

∗J (2.4a)

Xj,y = iJXj+1 + UXj + iJPZj − iWjJP (2.4b)

Zj,y = iP ∗JXj + iX∗
j JP (j = 0, 1, . . . , n − 1) (2.4c)

iJPt = Xn,y − UXn − iJPZn + iWnJP (2.4d)

Ut = Wn,y − [U, Wn] + iJPX∗
n + iXnP

∗J . (2.4e)

For n 6 3, we can choose proper integral constants in (2.3c) and (2.3a) such thatWj , Zj

(j 6 3) are differential polynomials ofP andU .
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For smallj , we have

X0 = 0 Z0 = 0 W0 = iK0(t)

X1 = iK0P Z1 = 0 W1 = U [0] + iK1(t)

X2 = K0Px + U [0]P + iK1P Z2 = iP ∗K0P

W2 = −i(adJ )−1
(
U [0]

y − [U, U [0] ] − K0PP ∗J + JPP ∗K0
)

+ U [1] − i
(
K0(PP ∗)D + (U(adJ )−1U [0])D

) + iK2(t)

X3 = −iK0Pxx − i(U [0] + iK1)Px

− i(adJ )−1
(
U [0]

y + JK0PP ∗ + JPP ∗K0 − 2K0PP ∗J − [U, U [0] ]
)
P

+ U [1]P − i
(
2K0(PP ∗)D + (U(adJ )−1U [0])D

)
P + iK2P

(2.5)

whereU [i] = (adJ )−1[Ki, U ], (adJ )−1(M) = M ′ if M ′ is off-diagonal and [J, M ′] = M.
For n = 1, the equations are

Py = JPx + UP

Pt = K0Px + U [0]P + iK1P

Ut = U [0]
y + J (adJ )−1UxK0 − K0(adJ )−1UxJ − [U, U [0] ] + i[K1, U ]

(2.6)

with the constraint

Ux = [J, PP ∗] . (2.7)

The equations (2.6) are theN -wave equations with its Lax pairs [15].
For n = 2,

J =
(

1 0
0 −1

)
U =

(
0 u

−ū 0

)
andK0 = −2J , K1 = K2 = 0, we have

Py = JPx + UP

Pt = 2iJPxx + 2iUPx + i

( |u|2 + 4Q1 ux + uy

−ūx + ūy −|u|2 − 4Q2

)
P

− iut = uxx + uyy + 2|u|2u + 4i(Q1 + Q2)u

Q1x − Q1y = − 1
2(|u|2)x Q2x + Q2y = − 1

2(|u|2)x

(2.8)

with the constraints

(PP ∗)D =
(

Q1 0
0 Q2

)
[J, (PP ∗)A] = Ux . (2.9)

This is the Davey–Stewartson I (DSI) equation [16].
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3. Darboux transformation

As in [9, 16], the Darboux transformation is still valid for (2.1) and its integrability
conditions. We have

Proposition 1. Suppose(P, U, Wj , Xj , Zj ) satisfy (2.2)–(2.4). Letλ0 ∈ C such that
Im λ0 6= 0. Let λ1 = · · · = λN = λ0, λN+1 = · · · = λ2N = λ̄0, hi be a solution of
(2.1) with λ = λi which satisfiesh∗

i hj = 0 if λi 6= λj and detH 6= 0. DenoteS = H3H−1

by

S =
(

S11 S12

S21 S22

)
whereSij ’s areN × N matrices, theñ8 = (λ − S)8 satisfies

8̃x =
(

iλI iP̃
iP̃ ∗ 0

)
8̃ 8̃y =

(
iλJ + Ũ iJ P̃

iP̃ ∗J 0

)
8̃

8̃t =
n∑

j=0

(
W̃j X̃j

−X̃∗
j Z̃j

)
λm−j 8̃

(3.1)

where

Ũ = U + i[J, S11] P̃ = P + S12 (3.2)

andW̃j , X̃j , Z̃j are uniquely determined by∑
j

(
W̃j X̃j

−X̃∗
j Z̃j

)
λm−j (λ − S) =

∑
j

(
Wj Xj

−X∗
j Zj

)
λm−j (λ − S) − St .

Remark. The H satisfying the above conditions always exists, because detH 6= 0 and
h∗

i hj = 0 for λi 6= λj hold identically if they hold at one point(x0, y0, t0) [9].

4. Single-soliton solutions

Take the seed solutionP = 0, U = 0. From (2.3), (2.4), we haveWj = iωj(t), Xj = 0,
Zj = iζj (t) whereωj(t)’s are real diagonal andζj (t)’s are real. For simplicity, takeωj to
be independent oft andζj = 0 for all j .

Let ω(λ) = ∑m
j=0 wjλ

m−j . By the choice of3 = (λ0, . . . , λ0, λ̄0, . . . , λ̄0) as in
section 3, we can take, without loss of generality,

H =
(

eiλ0(x+Jy)+iω(λ0)t −eiλ̄0(x+Jy)+iω(λ̄0)tC∗

C I

)
(4.1)

where C is a constantN × N matrix. Moreover, chooseC to be non-degenerate. Let
φ = λ0(x + Jy) + ω(λ0)t , 0 = C∗C, then

S11 = (λ0eiφ + λ̄0eiφ̄0)1−1

S21 = (λ0 − λ̄0)C1−1 S12 = −S∗
21

S22 = λ̄0 + (λ0 − λ̄0)C1−1eiφ̄C∗

(4.2)
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where

1 = eiφ + eiφ̄0 . (4.3)

Since0 is positive definite,1 is non-degenerate everywhere.
The transformations ofU andP are given by

Ũ = U + i[J, S11] = i[J, (λ0eiφ + λ̄0eiφ̄0)1−1)]

P̃ = P + (λ0 − λ̄0)(C1−1)∗ .
(4.4)

Remark. We assumeλ1 = · · · = λN = λ0 and C is non-degenerate so that the solution
decays exponentially in all directions, as discussed from now on.

For definiteness, here we suppose Imλ0 > 0. All the following discussions hold for
Im λ0 < 0 provided thatx, y → ±∞ is replaced byx, y → ∓∞.

Now we consider the asymptotic behaviour of the solutionŨ along a straight lineL.
If L is parallel with x-axis, it is easy to show thatS11 → λ̄0I , S12 → 0 exponentially
as x → +∞ and S11 → λ0I , S12 → 0 exponentially asx → −∞. HenceŨ → 0
exponentially asx → ±∞. In what follows, we suppose thatL is not parallel with the
x-axis. For givenk, let z = x − ky (k 6= 0). By reordering the indices of the matrices, we
can assume that

J1 + k 6 · · · 6 Jp + k < 0 < Jp+1 + k 6 · · · 6 JN−1 + k JN + k = 0 (4.5)

or

J1 + k 6 · · · 6 Jp + k < 0 < Jp+1 + k 6 · · · 6 JN + k . (4.6)

Under this choice of indices, write anyN × N matrix M as the block matrix

M =
( M11 M12 M13

M21 M22 M23

M31 M32 M33

) p

q−p

N−q

(4.7)

whereq = N − 1 or q = N . (If q = N , the terms with subscript 3 disappear.) Using such
a division, we have

φ =
( φ1

φ2

φ3

)
. (4.8)

Then Re(iφ1) → +∞, Re(iφ2) → −∞ and Re(iφ3) stays finite asy → +∞ when z is
finite. Here Re(iφ1) → +∞ and Re(iφ2) → −∞ mean that each entry of Re(iφ1) tends to
+∞ and each entry of Re(iφ2) tends to−∞.

The matrixS is computed as follows. The first block ofS is

S11 = λ0 + λ̄0

2
+ λ0 − λ̄0

2
(eiφ − eiφ̄0)(eiφ + eiφ̄0)−1

≡ λ0 + λ̄0

2
+ λ0 − λ̄0

2
6 . (4.9)

To calculate the inverse of a block matrix, we need
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Lemma 1. SupposeT = (Tij )16i,j63 is a positively definite block matrix, whereTij are
sub-matrices, then

T −1 =
 T̃11 T̃12 T̃13

T̃21 T̃22 T̃23

T̃31 T̃32 T̃33

 (4.10)

where

T̃11 = T −1
11 + T −1

11 T12R
−1
22 T21T

−1
11 + R13R

−1
33 R31

T̃12 = −T −1
11 T12R

−1
22 + R13R

−1
33 R32R

−1
22

T̃13 = −R13R
−1
33

T̃21 = R−1
22 R23R

−1
33 R31 − R−1

22 T21T
−1

11 T̃22 = R−1
22 + R−1

22 R23R
−1
33 R32R

−1
22

T̃23 = −R−1
22 R23R

−1
33

T̃31 = −R−1
33 R31 T̃32 = −R−1

33 R32R
−1
22 T̃33 = R−1

33

(4.11)

and

R33 = T33 − T31T
−1

11 T13 − R32R
−1
22 R23 R13 = T −1

11 T13 − T −1
11 T12R

−1
22 R23

R31 = T31T
−1

11 − R32R
−1
22 T21T

−1
11

R23 = T23 − T21T
−1

11 T13 R32 = T32 − T31T
−1

11 T12 R22 = T22 − T21T
−1

11 T12 .

(4.12)

Moreover,

detT = detT11 · detR22 · detR33 . (4.13)

Proof. SinceT is positively definite,T11, R22 andR33 are non-degenerate. The conclusion
follows from direct calculation.

Denoteβj = eiφ̄j , β̂j = eiφj = 1/β̄j , thenβ1 → 0, β2 → ∞ exponentially asy → +∞
alongL,

1 =
( β̂1 + β1011 β1012 β1013

β2021 β̂2 + β2022 β2023

β3031 β3032 β̂3 + β3033

)
. (4.14)

After tedious calculation, we derive the asymptotic behaviour of the blocks of1−1 as

(1−1)11 = β̂−1
1 + · · ·

(1−1)12 = −β̂−1
1 β1(012 − θ13h

−1β3032)0
−1
22 β−1

2 + · · ·
(1−1)13 = −β̂−1

1 β1θ13h
−1 + · · ·

(1−1)21 = −0−1
22 (021 − 023h

−1β3θ31)β̂
−1
1 + · · ·

(1−1)22 = 0−1
22 (I + 023h

−1β30320
−1
22 )β−1

2 + · · ·
(1−1)23 = −0−1

22 023h
−1 + · · ·

(1−1)31 = −h−1β3θ31β̂
−1
1 + · · ·

(1−1)32 = −h−1β30320
−1
22 β−1

2 + · · ·
(1−1)33 = h−1 + · · ·

(4.15)
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wheny → +∞ alongL, where

θij = 0ij − 0i20
−1
22 02j h = β̂3 + β3θ33 . (4.16)

Here ‘· · ·’ represents the terms of lower order comparing with the leading terms, whose
ratio with the leading term tends to 0 exponentially. Moreover, the blocks of

6 = −I + 2eiφ1−1 = I − 2eiφ̄01−1 (4.17)

are

611 = I − 2β1(θ11 − θ13h
−1β3θ31)β̂

−1
1 + · · ·

622 = −I + 2β̂20
−1
22 (I + 023h

−1β30320
−1
22 )β−1

2 + · · ·
633 = (β̂3 − β3θ33)h

−1 + · · ·
612 = −2β1(012 − θ13h

−1β3032)0
−1
22 β−1

2 + · · ·
613 = −2β1θ13h

−1 + · · ·
623 = 2β̂20

−1
22 023h

−1 + · · ·

(4.18)

with 6∗
ij = 6ji . In these formulae, all the terms with subscript 3 disappear ifq = N .

Actually, equations (4.15) and (4.18) hold even when the order of033 is greater than 1.
This fact will be used later for the asymptotic behaviour of the solutions.

Hence,6A → 0 exponentially asy → +∞ alongL. Moreover,

S11 →
( λ0Ip

λ̄0Iq−p

µIN−q

)
(4.19)

whereµ is a constant.
On the other hand, all the entries ofC1−1 in the first and second columns of its block

division tends to 0 exponentially asy → +∞ alongL. Hence, the limit of the entry(i, j)

of S as y → +∞ along L is zero if i 6 q or j 6 q with i 6= j . The same conclusion
holds asy → −∞ alongL since we only need to exchangeβ1 andβ2. Therefore, we have

Proposition 2. The one-soliton solutioñU constructed above tends to 0 exponentially when
(x, y) → ∞ along any straight line.

5. Multi-soliton solutions

To construct multi-soliton solutions, takeλ0 = λ
(i)

0 , C = C(i) (i = 1, . . . , r), respectively,
with C(i) non-degenerate. Here we assumeλ

(i)

0 6= λ
(j)

0 and λ
(i)

0 6= λ̄
(j)

0 for i 6= j .
Let 0(i) = C(i)∗C(i) and H(i) be given by (4.1) withλ0 = λ

(i)

0 and C = C(i). Then
we can construct a Darboux matrix oflth order with respect to the parametersλ

(i)

0 ,
C(i) (i = 1, . . . , l). Let S(i) = H(i)3(i)H (i)−1, and suppose thelth Darboux matrix is

Gl(λ) = λl − G
(l)

1 λl−1 + · · · + (−1)lG
(l)
l (5.1)

then the new solutionU(l) given byGl is

U(l) = U + i[J, G
(l)

1 ] . (5.2)

Denote

Gl(M) = Ml − G
(l)

1 Ml−1 + · · · + (−1)lG
(l)
l (5.3)

for a 2N × 2N matrix M. We have
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Lemma 2.

Gl(λ̄)∗Gl(λ) =
l∏

i=1

(λ − λ
(i)

0 )(λ − λ̄
(i)

0 ) (5.4)

and

Gl+1(λ) = (
λ − Gl(S

(l+1))S(l+1)(Gl(S
(l+1))−1

)
Gl(λ) (5.5)

is well defined.

First, we show that (5.4) implies thatGl(S
(l+1)) is non-degenerate, which leads to (5.5).

Let h(l+1)
a be theath column ofH(l+1), thenGl(λ

(l+1)

0 )h
(l+1)
i are solutions of the Lax pair

(1.1) with U = U(l), λ = λ
(l+1)

0 for a 6 N , andGl(λ̄
(l+1)

0 )h
(l+1)
i are solutions of the Lax

pair (1.1) withU = U(l), λ = λ̄
(l+1)

0 for a > N + 1. Define

H̃ (l+1) = (Gl(λ
(l+1)

0 )h
(l+1)

1 , . . . , Gl(λ
(l+1)

0 )h
(l+1)
N , Gl(λ̄

(l+1)

0 )h
(l+1)

N+1 , . . . , Gl(λ̄
(l+1)

0 )h
(l+1)

2N )

= Gl(S
(l+1))H (l+1) . (5.6)

Since

(Gl(λ̄
(l+1)

0 )h
(l+1)
N+a )∗(Gl(λ

(l+1)

0 )h
(l+1)
b )

=
l∏

i=1

(λl+1
0 − λ

(i)

0 )(λl+1
0 − λ̄

(i)

0 )h
(l+1)∗
N+a h

(l+1)
b = 0 (5.7)

for 1 6 a, b 6 N , andGl(λ
(l+1)

0 ), Gl(λ̄
(l+1)

0 ) are non-degenerate, we know that

H̃ (l+1)∗H̃ (l+1) =
( (

(Gl(λ
(l+1)

0 )h(l+1)
a )∗Gl(λ

(l+1)

0 )h
(l+1)
b

)
16a,b6N

0

0
(
(Gl(λ̄

(l+1)

0 )h
(l+1)
N+a )∗Gl(λ̄

(l+1)

0 )h
(l+1)
N+b

)
16a,b6N

)
(5.8)

is non-degenerate. Therefore, equation (5.6) implies thatGl(S
(l+1)) is non-degenerate and

the new Darboux matrix is given by

S̃(l+1) = H̃ (l+1)3(l+1)H̃ (l+1)−1 = Gl(S
(l+1))S(l+1)(Gl(S

(l+1)))−1 . (5.9)

The compound Darboux matrix isGl+1(λ) = (λ−S̃(l+1))Gl(λ). Next, we turn to prove (5.4).
Clearly, it holds forl = 0. Suppose (5.4) is true forl = j − 1, then the above discussion
implies thatGj−1(S

(j)) and S̃(j) are well defined, andGj(λ) = (λ − S̃(j))Gj−1(λ). Hence

Gj(λ̄)∗Gj(λ) = Gj−1(λ̄)∗(λ − S̃(j)∗)(λ − S̃(j))Gj−1(λ) =
j∏

a=1

(λ − λ
(a)

0 )(λ − λ̄
(a)

0 ) (5.10)

by using (5.8). This proves the lemma.
Denote

M = {M = (Mij )16i,j62N | Mij = 0 if i 6 q or j 6 q with i 6= j} . (5.11)

Evidently, M is a ring. Therefore, by the same procedure as in section 4, we can show
that lim(x,y)∈L, (x,y)→∞ S

(i)

22 exists andS(i)

22 tends to its limit exponentially. Hereafter, we call
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a limit lim(x,y)∈L, (x,y)→∞ f (x, y) exists exponentially if the limit exists andf (x, y) tends
to its limit exponentially. HenceS(i) → S

(i)

0 ∈ M exponentially as(x, y) → ∞ alongL.
Clearly,G0(λ) = I ∈ M. Suppose thatGj−1(λ) ∈ M and lim(x,y)∈L, (x,y)→∞ Gj−1(λ) exists
exponentially. From equations (5.8), (5.10) and the equalityGj−1(S

(j)) = H̃ (j)H (j)−1, we
have

Gj−1(S
(j))∗Gj−1(S

(j)) =
j−1∏
a=1

(λ
(j)

0 − λ
(a)

0 )(λ
(j)

0 − λ̄
(a)

0 ) . (5.12)

Since both the limits ofGj−1(λ) and S(j) as (x, y) → ∞ along L exist ex-
ponentially, so is the limit ofGj−1(S

(j)). Moreover, from equation (5.12), we
know that lim(x,y)∈L, (x,y)→∞ Gj−1(S

(j)) ∈ M is z. From (5.4), Gj(λ) ∈ M and
lim(x,y)∈L, (x,y)→∞Gj(λ) exists exponentially. This proves the fact that lim(x,y)∈L, (x,y)→∞
Gl(λ) ∈ M for all l. Especially, lim(x,y)∈L, (x,y)→∞ G1(λ) ∈ M exists exponentially, which
meansU(l) → 0 exponentially as(x, y) → ∞ alongL.

Therefore, we have proved

Proposition 3. For any equation in the hyperbolicsu(N) AKNS system, the multi-soliton
solutionsU(l) tends to zero exponentially as(x, y) → ∞ in all directions.

6. Asymptotic behaviour of the multi-soliton solutions ast → ∞

First, consider the single-soliton solution. Take a reference frame moving with velocity
(v1, v2) such thatx = ξ + v1t , y = η + v2t , then

φ = λ0(x + Jy) + ω(λ0)t

= (λ0v1 + λ0Jv2 + ω(λ0))t + λ0(ξ + Jη) . (6.1)

Denote

ω(λ0) =
 β1(λ0)

. . .

βn(λ0)

 (6.2)

and suppose

det

( 1 Ji βiI (λ0)

1 Jj βj I(λ0)

1 Jk βkI (λ0)

)
6= 0 (6.3)

for all mutually different(i, j, k). (If N = 2, this is supposed to be always true.) If we
keepξ , η finite and lett → ∞, the analysis in section 4 shows that

S11 →
( λ0Ip

λ̄0Iq−p

µIN−q

)
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as in (4.19), andS12, S21 → 0, unless

v1 = −JjβiI (λ0) + Jiβj I(λ0)

λ0I(Jj − Ji)
v2 = −βj I(λ0) + βiI(λ0)

λ0I(Jj − Ji)
. (6.4)

Here the subscript ‘I’ refers to the imaginary part. Hence, if (6.4) fails, the solutionŨ → 0
exponentially ast → ∞ with (ξ, η) finite.

If equation (6.4) holds, we suppose, without loss of generality, thati = N − 1, j = N ,
then

ŨN−1,N → 2bθ12eia(JN−1−JN )η+i(a(βj I−βiI )+b(βiR−βjR))t/b

√
detθ ch(2bξ + b(JN−1 − JN)η + φ1) + √

θ11θ22 ch(b(JN − JN−1)η + φ2)

ŨN,N−1 = −Ũ ∗
N−1,N

Ũi,j → 0 (i, j) 6= (N − 1, N) or (N, N − 1)

(6.5)

wherea, b are real and imaginary parts ofλ0, θ = θ33 = 033 − 0320
−1
22 023 is a constant

positive-definite 2× 2 matrix as in (4.16), andφ1 = 1
2 ln detθ , φ2 = 1

2 ln(θ22/θ11).
For multi-soliton solutions in section 5, we suppose

det

( 1 Ji βiI (λα)/λαI

1 Jj βj I(λβ)/λβI

1 Jk βkI (λγ )/λγ I

)
6= 0 (6.6)

for any mutually different pairs(i, α), (j, β) and (k, γ ). Hereλα = λ
(α)

0 . As in section 5,
if

v1 = −JjβiI (λα)/λαI + Jiβj I(λβ)/λβI

Jj − Ji

v2 = −βj I(λβ)/λβI + βiI (λα)/λαI

Jj − Ji

(6.7)

fails, the solutionU(l) → 0 exponentially ast → ∞ with (ξ, η) finite. Moreover, if
(6.7) holds for some(i, j, α, β), equation (6.6) guarantees that (6.7) cannot hold for other
(i, j, α, β). Therefore, we have

Proposition 4. As t → ∞, each entryU(l)
ij of the solutionU(l) given by lth Darboux

transformations splits up into at mostl2 peaks, whose velocities(v1, v2) are given by (6.7)
with 1 6 α, β 6 l.

7. Example: solutions of DSI equation given by once and twice Darboux
transformations

From equation (6.5), we know that the solution given by once Darboux transformation is

u = 2bc12e2iaη+4i(a2+b2)t

| detC| ch(2bξ + φ1) + c1c2 ch(−2bη + φ2)

where

c1 =
√

|C11|2 + |C21|2 c2 =
√

|C12|2 + |C22|2 c12 = C̄11C12 + C̄21C22

φ1 = ln | detC| φ2 = ln
c2

c1
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with x = ξ , y = η + 4at . Therefore, the velocity is(0, 4a) and the amplitude is

2|b| |c12|
| detC| + c1c2

.

The maximum of|u| appears atξ = − 1
2b

ln | detC|, η = 1
2b

ln c2
c1

.
The lth Darboux transformation can also be given by [15] as

G(λ) =
l∏

j=1

(λ − λj )

(
1 −

l∑
j,k=1

hj

λ − λk

(6−1)jkh
∗
k

)

where

hj =
(

eiλj (x+Jy)+iω(λj )t

C(j)

)
where (λj , C

(j)) are corresponding parameters(λ0, C) in (4.1), and6 is a block-matrix
given by

6jk = h∗
j hk

λk − λj

.

Correspondingly,

u = 2i
l∑

j,k=1

(
hj (6

−1)jkh
∗
k

)
(1,2)

= 2i
l∑

j,k=1

(
(6−1)jk

)
(1,2)

ei(λj −λk)x+i(λj +λk)y−2i(λ2
j +λ

2
k)t

which is the same as the solutions given by [13] withµn = λn.
For the solutions given by twice Darboux transformations, there are at most four peaks

as t → ±∞. For simplicity, we supposea1 6= a2, b1 6= ±b2 whereai = Reλi , bi = Im λi .
After tedious calculation, we can get the asymptotic properties of these four peaks, which
are more direct than those in the previous papers.

Denote

g
αβ

ij = C
(α)

1i C
(β)

1j + C
(α)

2i C
(β)

2j

f
αβ

ij = C
(α)

1i C
(β)

2j − C
(α)

2i C
(β)

1j .

(Note thatf αα
12 = detC(α).) Let x = ξ + v1t , y = η + v2t with certain velocity(v1, v2),

then asξ , η fixed andt → ±∞, u behaves asymptotically as follows.
(i) v1 = 0, v2 = 4a1:

u → 4b1γ eiθ

A1e2b1ξ + A2e−2b1ξ + B1e2b1η + B2e−2b1η
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where

θ = 2a1η + 4(a2
1 + b2

1)t

γ =
{

(λ2 − λ1)(λ2 − λ1)(|λ2 − λ1|2g11
12g

22
22 − 4b1b2g

12
12g

12
22) (a2 − a1)b2t → +∞

(λ2 − λ1)(λ2 − λ1)(|λ2 − λ1|2g11
12g

22
11 − 4b1b2g

12
11g

12
21) (a2 − a1)b2t → −∞

A1 =
{ |λ2 − λ1|2|λ2 − λ1|2|f 11

12 |2g22
22 (a2 − a1)b2t → +∞

|λ2 − λ1|2|λ2 − λ1|2|f 11
12 |2g22

11 (a2 − a1)b2t → −∞

A2 =
{ |λ2 − λ1|2|λ2 − λ1|2g22

22 (a2 − a1)b2t → +∞
|λ2 − λ1|2|λ2 − λ1|2g22

11 (a2 − a1)b2t → −∞

B1 =
{ |λ2 − λ1|2(|λ2 − λ1|2|g11

11|2g22
22 − 4b1b2|g12

12|2) (a2 − a1)b2t → +∞
|λ2 − λ1|2(|λ2 − λ1|2|g11

22|2g22
11 − 4b1b2|g12

21|2) (a2 − a1)b2t → −∞

B2 =
{ |λ2 − λ1|2(|λ2 − λ1|2|g11

22|2g11
22 − 4b1b2|g12

22|2) (a2 − a1)b2t → +∞
|λ2 − λ1|2(|λ2 − λ1|2|g11

11|2g22
11 − 4b1b2|g11

11|2) (a2 − a1)b2t → −∞ .

(ii) v1 = 0, v2 = 4a2. The solution is similar to that in case (i), except for the exchange
of λ1 andλ2, and the exchange of ‘1’ and ‘2’ in the superscripts ofg

αβ

ij , f
αβ

ij . For example,
a1 is changed toa2, g12

11 is changed tog21
11 = g12

11, f 12
11 is changed tof 21

11 = −f 12
11 etc.

(iii) v1 = 2(a1 − a2), v2 = 2(a1 + a2):

u → −8ib1b2γ eiθ

A1e(b1+b2)ξ+(b1−b2)η+A2e−(b1+b2)ξ−(b1−b2)η+B1e(b1−b2)ξ+(b1+b2)η+B2e−(b1−b2)ξ−(b1+b2)η

where

θ = (a1 − a2)ξ + (a1 + a2)η + (a2
1 + b2

1 + a2
2 + b2

2)t

γ =


−|λ2 − λ1|2(λ2 − λ1)g

12
12 d(t) → (+∞, +∞)

|λ2 − λ1|2(λ2 − λ1)f
12
11f

22
12 d(t) → (+∞, −∞)

|λ2 − λ1|2(λ2 − λ1)f
12
22 f

11
12 d(t) → (−∞, +∞)

|λ2 − λ1|2(λ2 − λ1)g
12
21f

11
12f

22
12 d(t) → (−∞, −∞)

A1 =


|λ2 − λ1|2(|λ2 − λ1|2g11

11g
22
22 + 4b1b2|f 12

12 |2) d(t) → (+∞, +∞)

|λ2 − λ1|2|λ2 − λ1|2g11
11|f 22

12 |2 d(t) → (+∞, −∞)

|λ2 − λ1|2|λ2 − λ1|2g22
22|f 11

12 |2 d(t) → (−∞, +∞)

|λ2 − λ1|4|f 11
12 |2|f 22

12 |2 d(t) → (−∞, −∞)

A2 =


|λ2 − λ1|4 d(t) → (+∞, +∞)

|λ2 − λ1|2|λ2 − λ1|2g22
11 d(t) → (+∞, −∞)

|λ2 − λ1|2|λ2 − λ1|2g11
22 d(t) → (−∞, +∞)

|λ2 − λ1|2(|λ2 − λ1|2g11
22g

22
11 + 4b1b2|f 12

21 |2) d(t) → (−∞, −∞)

B1 =


|λ2 − λ1|2|λ2 − λ1|2g11

11 d(t) → (+∞, +∞)

|λ2 − λ1|2(|λ2 − λ1|2g11
11g

22
11 − 4b1b2|g12

11|2) d(t) → (+∞, −∞)

|λ2 − λ1|4|f 11
12 |2 d(t) → (−∞, +∞)

|λ2 − λ1|2|λ2 − λ1|2g22
11|f 11

12 |2 d(t) → (−∞, −∞)
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B2 =


|λ2 − λ1|2|λ2 − λ1|2g22

22 d(t) → (+∞, +∞)

|λ2 − λ1|4|f 22
12 |2 d(t) → (+∞, −∞)

|λ2 − λ1|2(|λ2 − λ1|2g11
22g

22
22 − 4b1b2|g12

22|2) d(t) → (−∞, +∞)

|λ2 − λ1|2|λ2 − λ1|2g11
22|f 22

12 |2 d(t) → (−∞, −∞)

whered(t) = ((a2 − a1)b1t, (a2 − a1)b2t).
(iv) v1 = 2(a2 − a1), v2 = 2(a1 + a2).
The solution is similar to (iii), but the indices ‘1’ and ‘2’ are interchanged as in the

case (ii).
The peak vanishes whenγ = 0. Write γ (i) as that in case (i), then,

γ (1) ∼
{ |λ2 − λ1|2g11

12g
22
22 − 4b1b2g

12
12g

12
22 d(t) → (+∞, +∞) or (−∞, +∞)

|λ2 − λ1|2g11
12g

22
11 − 4b1b2g

12
11g

12
21 d(t) → (+∞, −∞) or (−∞, −∞)

γ (2) ∼
{ |λ2 − λ1|2g22

12g
11
11 − 4b1b2g

12
12g

12
11 d(t) → (+∞, +∞) or (+∞, −∞)

|λ2 − λ1|2g22
12g

11
22 − 4b1b2g

12
22g

12
21 d(t) → (−∞, +∞) or (−∞, −∞)

γ (3) ∼


g12

12 d(t) → (+∞, +∞)

f
12
11 d(t) → (+∞, −∞)

f 12
22 d(t) → (−∞, +∞)

g12
21 d(t) → (−∞, −∞)

γ (4) ∼


g12

12 d(t) → (+∞, +∞)

f
12
11 d(t) → (+∞, −∞)

f 12
22 d(t) → (−∞, +∞)

g12
21 d(t) → (−∞, −∞) .

Figure 1. t = −2.

At the end of the paper, three sets of figures of these solutions are shown witht = −2,
−1, −0.5, 0, 0.5, 1, 2, respectively. The corresponding parameters are figures 1–7:

λ1 = 1 + 2i λ2 = 2 − i C1 =
(

1 4
0 3

)
C2 =

(
1 4

3
0 1

)
.
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Figure 2. t = −1.

Figure 3. t = −0.5.

Figure 4. t = 0.
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Figure 5. t = 0.5.

Figure 6. t = 1.

Figure 7. t = 2.
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Figures 8–14:

λ1 = 1 + 2i λ2 = 2 − i C1 =
(

1 4
0 3

)
C2 =

(
1 − 4

3
0 1

)
.

Figure 8. t = −2.

Figure 9. t = −1.
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Figure 10. t = −0.5.

Figure 11. t = 0.

Figure 12. t = 0.5.
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Figure 13. t = 1.

Figure 14. t = 2.

Figures 15–21:

λ1 = 1 + 2i λ2 = 2 − i C1 =
(

1 4
0 3

)
C2 =

(
1 0
4
3 1

)
.
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Figure 15. t = −2.

Figure 16. t = −1.

Figure 17. t = −0.5.
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Figure 18. t = 0.

Figure 19. t = 0.5.

Figure 20. t = 1.
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Figure 21. t = 2.
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