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Abstract. For the (1 + 2)-dimensionalakns system of lower order, a linear system which
separates variables is constructed. It is found out that any nonlinear equation generated by such
a linear hyperbolicsu(N) system admits solutions which tend to zero in all directions in the
space. The solutions given lagh Darboux transformation split up into more tharsolitons as

t — oo. The application to the Davey—Stewartson | equation is considered.

1. Introduction

We consider the following linear system:

U, =JWU, +U(x,y, )W U, = Z Vi(x, y, )" /W (1.1)
j=0
whered = d/dx, J = diag(Jy, ..., Jy) is a real constant diagon& x N matrix with

mutually different diagonal entrieg/(x, y, ¢) is off-diagonal withU* = —U. In this case,
we call (1.1) a hyperbolicu(N) AKNS system, since is real andU € su(N).
The system (1.1) is overdetermined, whose integrability conditions are

-1
[J. VA= VA —JVA - [U. V)" + ) Ci(vid ™ u)? 1.2)
k=0
-1
Vh —Ivh =[U. VAP =Y el (i )P (1.3)
k=0
n—1
U =V —JVE —[U. V] 4> (V" 0y (1.4)
k=0

where the superscript® and A refer to the diagonal and off-diagonal parts of a matrix.
We regard (1.3), (1.4) as the nonlinear equations of unkndw,ns’jD (j=01,...,n)'s

in which VA (j =0,1,...,n)'s are determined by (1.2).
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Equations (1.3), (1.4) include several important equationd i 2) dimensions, such
as theN-wave equation, Davey—Stewartson (DS) equation, and so on.

Equation (1.1) can be solved by various methods. In [5, 16], it is related with another
linear system which separates variables, and some examples are discussed in [6,9, 12, 15].
In these papers, the solutions do not decay at infinity in all directionV-ilmave andbsi
cases, they correspond to the one columin (2.1). In the present paper, we shall use a
similar method, but introduce aN x N matrix P, to construct concrete solutions of (1.3),
(1.4). We find out that for any equations in the system (1.3), (1.4) with 3, there exist
solutions which tend to zero in all directions in tbe y) plane. The solutions are obtained
by Darboux transformations from a trivial solution with a suitable choice of parameters.

For theDsI equation, the soliton solutions which tends to zero in all directions were
first discovered by [1] and then have been discussed in various papers such as [2—
4,7,8,10,11,13, 14]. Here we use the above-mentioned purely algebraic method to obtain
these solutions. Moreover, the explicit conditions on the parameters are given to determine
the appearance of each peaks in our cases.

2. A linear system related with (1 + 2)-dimensional AKNS system

We propose the following overdetermined system:

(Al ip _(iM+U iJP
(DX_(iP* o)q) q’>'—( iP*J o)‘b

(W XN (W X e
(¥ D)5 (% Y

Jj=0 7

2.1)

where P, W;, X;, Z; are N x N matrices to be determined by the integrability condition
of (2.1), and satisfy: = —W;, Z7 = —Z;.
The integrability conditions of (2.1) are

P,=JP.+UP U, =[J, PP¥] (2.2)
Wi = —iPX! —iX;P* (2.3a)
X =iXj;1—iW;P +iPZ, (2.30)
Zj.=iP"X; +iX;P (2.%)
iP, =X, —iPZ, +iW,P (2.3)
0=W,, +iPX*+iX,P* (2.3%)
Wiy =ilJ, W] +[U, W] —iJPX} —iX;P*J (2.4a)
Xy =iJX; 1+ UX; +iJPZ, —iW;J P (2.4b)
Zjy =P JX; +iXIJP (j=01,...,n—1) (2.4c)
iJP,=X,,—UX, —iJPZ, +iW,JP (2.4d)
U =W, —[U W]+iJPX: +iX,P*J. (2.4)

Forn < 3, we can choose proper integral constants ind2ehd (2.2) such thatW;, Z;
(j < 3) are differential polynomials of and U.
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For small j, we have
Xo=0 Zo=0 Wo = iKo(1)
X1 =iKoP Z1=0 Wy = U +iKq(r)
X2 = KoP, + U P +iK P Z, = iP*KoP
Wo = —i(ad) (U — [U, U] — KoP P*J + J P P*Ko) 2.5)
+ UM —i(Ko(PP*P + (U(ad))*UP) +iK,(1)
X3 = —iKoPe — (U +iK) P,
—i(ads) (U + JKoP P* + JPP*Ko — 2KoP P*J — [U, UP)) P
+ UMP —i(2Ko(P PP + (U@d)) 'UHP)P + ik, P

whereU! = (adJ)~Y[K;, U], (adJ)~Y(M) = M’ if M’ is off-diagonal and [, M'] = M.
Forn = 1, the equations are

P,=JP, +UP
P, = KoP, + UOP +iK,P (2.6)
Uy = U + J(adJ) UKo — Ko(adJ) U, J — [U, UO] +i[ Ky, U]

with the constraint
U, =[J, PP*]. (2.7)

The equations (2.6) are thé-wave equations with its Lax pairs [15].
Forn =2,

55 e-(33)

andKqg = -2J, K; = K, =0, we have

P,=JP, +UP
2
P = 2iJ Py + 2IU P, +i <|"'_ 401wt ) P
—Uy +uy _|u| _4Q2 (28)
— iy = Uy + Uy + 2lul?u + 4i(Q1 + 02)u
Q1 — 01y = —5(Juld), Qo + Q2 = —5(Juld),
with the constraints
(PPHP = (Ql 0 ) [J, (PPHY] =U,. (2.9)
0 0>

This is the Davey—Stewartson bgl) equation [16].
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3. Darboux transformation

As in [9,16], the Darboux transformation is still valid for (2.1) and its integrability
conditions. We have

Proposition 1 Suppose(P, U, W;, X;, Z;) satisfy (2.2)—(2.4). Leto € C such that

Imig # 0. Leti; = --- = Ay = Ag, ANys1 = -+ = Ay = Ag, h; be a solution of
(2.1) with A = A; which satisfiesifh; = 0 if A; # A; and detH # 0. DenoteS = HAH~*

by
S11 S
S =
<521 Szz)

whereS;;’'s are N x N matrices, thenb = (A — S)® satisfies

_(ial PP\ & ~ (I +U P\
CI>”‘(ip* o)q’ q’y—< B+ o)q’

l

(3.1)

where
U=U+i[J, Su] P=P+5Sp (3.2)

andVVj, )?j, Z are uniquely determined by

~ ~ )T =8) = J S)IATTI (A= 8) =S, .
Z(_X; z,) (A —5) Z(_X;k z,) (A—58-5,

J

Remark The H satisfying the above conditions always exists, becausé/dgt 0 and
hihj =0 for A; # A; hold identically if they hold at one poirtxo, yo, fo) [9].

4. Single-soliton solutions

Take the seed solutioR = 0, U = 0. From (2.3), (2.4), we hav®¥/; = iw;(t), X; = 0,
Z; =ig;(t) wherew;(t)'s are real diagonal ang (¢)’s are real. For simplicity, take; to
be independent of andg; = 0 for all ;. . .
Let w(2) = Y7, w;A"~/. By the choice ofA = (ko,..., A0, Ao, ..., o) @S in
section 3, we can take, without loss of generality,
dro(x+Jy)+iw (o) _éio(x-*-ly)-&-iw(io)t C*
ne (0 e @
where C is a constantV x N matrix. Moreover, choos€ to be non-degenerate. Let
¢ = ro(x + Jy) + w(ho)t, ' = C*C, then

S11 = (Aoei“’ + )_»oei(;F)Ail
Sp1= (Ao — Ag)CA™? Sip = —83 (4.2)

Sop = ko 4+ (Ao — Ag)CA~ 1P C*
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where
A=é?4+dT. (4.3)

SinceT is positive definite A is non-degenerate everywhere.
The transformations o/ and P are given by

U=U-+Ii[J, Si1] = i[J, (ho€? + X0€?T)A )] )
P =P+ (ho— o) (CA™H*. '

Remark We assumé.; = --- = Ay = A¢ and C is non-degenerate so that the solution
decays exponentially in all directions, as discussed from now on.

For definiteness, here we supposerygn> 0. All the following discussions hold for
Im Ao < O provided thatr, y — +oo is replaced by, y — Foo.

Now we consider the asymptotic behaviour of the solutibralong a straight lind..
If L is parallel with x-axis, it is easy to show thaf;; — Ao/, Si» — 0 exponentially
asx — +oo and S1; — Aol, S12 — 0 exponentially asx — —oo. HenceU — 0
exponentially asx — +oo. In what follows, we suppose thdt is not parallel with the
x-axis. For giverk, let z = x — ky (k # 0). By reordering the indices of the matrices, we
can assume that

Ji+k<- < T +k<0< Jppa+k<--- < Iyvo1+k IJvn+k=0 (4.5)
or
Ji+k< - <J+k<0<Jp+k<--- < JIy+k. (4.6)
Under this choice of indices, write any x N matrix M as the block matrix
My M, Mis P
M= <M21 M3 M23> a-p (4.7)
Mz Mszz Ms3 N—q

whereq = N —1org = N. (If ¢ = N, the terms with subscript 3 disappear.) Using such
a division, we have

</>=<¢l ¢2 ¢3)- (4.8)

Then Réi¢;) — 400, Reigy) — —oo and Reigs) stays finite asy — 400 whenz is
finite. Here Réi¢;) — +o00 and Réi¢,) — —oo mean that each entry of Reé;) tends to
400 and each entry of Rep,) tends to—oo.

The matrixS is computed as follows. The first block 6fis

)»o+)_»o )\o—io

Su="5—+", (€ — ') (@? + 1)1
_Aot+io ho—ho
=2+ (4.9)

To calculate the inverse of a block matrix, we need
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Lemma 1 Supposel’ = (T;;)1«;, j<3 iS a positively definite block matrix, wherg; are
sub-matrices, then
Ty, T, Ti3
T =|Tu T Tn (4.10)
T31 Tz2 Ts3
where
o | -1 -1 -1 -1
Tj_]_ = Tll + Tll T12R22 TZlTll + R13R33 R31

Ty = —Ti;' 1Ry, + RisRy; RaaR55

Tis = —R13R§31
g 1 1 1 1 i~ 1 1 1 1 (4.11)
T21= Rp; RosR33 Ra1 — Ryp ToaTyy T22 = Ry + Ry RasR33 RaaR;
Tos = —Ry; RosRyy
~ &~ -1 -1 5 pel
T31 = —R33 Ra1 T32 = —R35 R32R55 T33 = Ra3
and
Rag = T33 — Ta1Ty; 13 — R32R55 Raz Riz = T;7'Tis — T;1* Ti2Ro) Ros
Ra1 = Ta1T;t — RaoRyy TonTi7t (4.12)
Rog = Toz — To1 Ty Tha Rap = Tap — Ta1Ty; Ti2 Rop = Top — To1Ty; Tha.-
Moreover,
detT = detTy1 - detRys - detRas. (413)

Proof. SinceT is positively definite,]1;, R22 and R33 are hon-degenerate. The conclusion
follows from direct calculation.

Denoteg; = €%, §; = €% = 1/;, thenpy — 0, B2 — oo exponentially ay — +o0
alongL,

Bi+ Bl Pl p1l'13
A= ( ) (4.14)

Pl'2r B2+ f2ll22  Pol'as
Bal'a1 Pal'za B3+ fPalss

After tedious calculation, we derive the asymptotic behaviour of the blocks dfas
(A=t +-
-1 _ A1 _ -1 —1p-1
(A" )12 = —PB; P1(T12 — O13h™ " Bal'a) 5 B~ + - -
(A 3= —31_151913”1 + .-
(A™Y21 = —T53(T21 — Tagh ™ Babs) prt + - -
(A N2 = T (1 + Tagh BaTal o)yt + - - (4.15)
(A Mg = —Tp Tosh ™ + -
(A3 = —h B3l + - -
(A Nz = —h BaTal o Bt + - -
(A Daz=h"1+ -
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wheny — 400 along L, where

0ij = Tij — Tial 3y Ta; h = B3+ Babas. (4.16)
Here - .’ represents the terms of lower order comparing with the leading terms, whose
ratio with the leading term tends to O exponentially. Moreover, the blocks of

Y= 1 +2d?A" 1= —2dorA? (4.17)

are
Su =1 — 2B1(011 — O13h " Bafa) Byt +

B2 = —1 + 2Bl 55 (I + Tosh ™ Balsal ) 5 +
P33 = (B3 — Baba)h L+ - -

Y12 = —2B1(T12 — b1sh Bals) oy B +
B3 = —2B101sh+ -

(4.18)

Yoz = 2,32F psh ™t 4.

with 7 = %;;. In these formulae, all the terms with subscript 3 disappear # N.
Actually, equations (4.15) and (4.18) hold even when the ordersgfis greater than 1.
This fact will be used later for the asymptotic behaviour of the solutions.

Hence, 24 — 0 exponentially ay — +o0c along L. Moreover,

Aol B
S11 — ( roly—p

whereu is a constant.

On the other hand, all the entries 6A~? in the first and second columns of its block
division tends to 0 exponentially as— +oo along L. Hence, the limit of the entryi, j)
of S asy — +oo along L is zero ifi < g or j < g with i # j. The same conclusion
holds asy — —oo along L since we only need to exchange and 8,. Therefore, we have

) (4.19)

H/IN—q

Proposition 2 The one-soliton solutiofy constructed above tends to 0 exponentially when
(x, y) = oo along any straight line.

5. Multi-soliton solutions

To construct multi-soliton solutions, take = Ay’, C = C® (i = 1,...,r), respectively,
with C® non-degenerate. Here we assuvrﬁfa2 # 2§ and 2y ;é /\(” for i # j.
Let T = c®*Cc® and H® be given by (4.1) W|thAo_A(’ and C =C®. Then
we can construct a Darboux matrix éth order with respect to the paramet@rg)
COD G=1,....1). Let SO = HOAOFO-1 and suppose thih Darboux matrix is

G =a—GPA 4+ (—1)’G,”> (5.1)
then the new solutio© given by G, is
vb =u+iJ,GV]. (5.2)
Denote
Gi(M)=M —GPM" ™+ + (-1'G) (5.3)

for a 2N x 2N matrix M. We have
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Lemma 2
]
GG =[] =2 =25 (5.4)

and
Gr1(M) = (A = G/ SV (G (SN G (v (5.5)
is well defined.

First, we show that (5.4) implies that; (S/*?) is non-degenerate, which leads to (5.5).
Let 20+ be theath column of H*D, then G, (A5 ™)h!*" are solutions of the Lax pair
(1.1) With U = U0, & = At fora < N, andG (k(”l))h(’“) are solutions of the Lax
pair (1.1) withU = U®, 1 = 3J*P for > N + 1. Define

HHD = (G, (A(l+l’)h(1[+l), ”.7Gl(k(()l+l))h§\/]+l)’ Gl(xg—&-l))h(l—&-l) § Gz()»(l+l))h(l+l))

N+1°
= G, (SHDYHHD (5.6)
Since
(G, (A(l+l>)h§\l]ﬁl)) (Gl(k(lﬂ))hgﬂ))
= ]‘[(xg+l A = AR R =0 (5.7)
i=1

for 1 <a,b < N, andG,{*Y), G,(AU*Y) are non-degenerate, we know that

(GBS GO RS ™), yon )
I+1 14+1)\ % I+1 I+1
0 (GRS IR GRS G ) 1w pen

is non-degenerate. Therefore, equation (5.6) implies ¢has‘*?) is non-degenerate and
the new Darboux matrix is given by

F D ga+d _ ( (5.8)

S(l+1) _ H(l+l)A(1+1)H(l+1) 1 G (S(l+l))S(l+1)(G (S(lJrl))) l (59)
The compound Darboux matrix G41 (1) = (A—S+D)G,(1). Next, we turn to prove (5.4).

Clearly, it holds for/ = 0. Suppose (5.4) is true fér= j — 1, then the above discussion
implies thatG;_1(S’) and S are well defined, and; (1) = (A — SY))G;_1(1). Hence

J
G;(W*G;(M) = G (= S =SNG = Ja - rgHa -3 (5.10)

a=1
by using (5.8). This proves the lemma.
Denote
={M = (M;j)1<i.j<on | Mi; =0 if i < g or j <q withi # j}. (5.11)

Evidently, M is a ring. Therefore, by the same procedure as in section 4, we can show
that M. yer. (x.)-00 Sog EXISts andsy, tends to its limit exponentially. Hereatfter, we call



Soliton solutions fosu(N) AKNSSystem 97

a limit lim yyer, (x,y)—o00 f(x, y) €Xists exponentially if the limit exists anfd(x, y) tends
to its limit exponentially. Hences® — S e M exponentially agx, y) — oo along L.
Clearly,Go(A) = I € M. Suppose that;_1(1) € M and Iimx,y)eL,(x,y)%ogj,l(x) exists
exponentially. From equations (5.8), (5.10) and the equality; () = HY HY=1, we
have

1 S
Gia(SV) Gia (V) = [ [ = aH g — 7§ . (5.12)
a=1

Since both the limits ofG,_1(x) and S“ as (x,y) — oo along L exist ex-
ponentially, so is the limit of G;_1(S"’).  Moreover, from equation (5.12), we
know that lim. yer, .00 Gi-1(SY) e M is z  From (5.4), G;(A) e M and
liM e yeL, (v, )—00Gj(A) exists exponentially. This proves the fact that lifjer, v, y)—>o00
Gi(A) € M for all I. Especially, limy yyer, r,y)—»00 G1(A) € M exists exponentially, which
meansU® — 0 exponentially agx, y) — oo alongL.

Therefore, we have proved

Proposition 3 For any equation in the hyperbolia:(N) AKNS system, the multi-soliton
solutionsU " tends to zero exponentially &s, y) — oo in all directions.

6. Asymptotic behaviour of the multi-soliton solutions ast — oo

First, consider the single-soliton solution. Take a reference frame moving with velocity
(v1, v2) such thatx = & + vyt, y = n + vot, then

¢ = do(x + Jy) + @w(Ao)t

= (Aov1 + AgJv2 + w (o))t + )»o(g: + Jn) . (61)
Denote
B1(ro)
w(ho) = (6.2)
IBn ()\O)
and suppose

1 Ji Biu(ho)
det(l Ji ﬁj.(xo)> #0 (6.3)

1 Je Bu(ro)

for all mutually different(i, j, k). (If N = 2, this is supposed to be always true.) If we
keepé, n finite and letr — oo, the analysis in section 4 shows that

)

rol, B
S11 — ( Aoly—p
/’LIN—q
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as in (4.19), andyz, S2; — 0, unless

o —J;Bir (o) + Ji Bji (Ao) vy — —Bj1(ko) + Bii(Ro)
' ol — J) ? (=)

(6.4)

Here the subscript ‘I’ refers to the imaginary part. Hence, if (6.4) fails, the soldfien 0
exponentially ag — oo with (&, n) finite.

If equation (6.4) holds, we suppose, without loss of generality,itkatv — 1, j = N,
then

2b912éa(JN71—JN)77+i (a(Bji—PBin)+b(Bir—Bjr)t/b

ﬁNfl,N -

vdetd ch(2b& 4 b(Jy_1 — In)n + ¢1) + /012022Ch(b(Jy — In_1)n + ¢2)
~ ~ 6.5
Uvn-1=-Uy_1y ©9)

U,;—0  Gj)#(N—1N) or (N.N-—1)

wherea, b are real and imaginary parts af, 6 = 633 = I's3 — F32F521F23 is a constant
positive-definite 2x 2 matrix as in (4.16), angy = 3 Indetd, ¢, = 3 IN(022/611).
For multi-soliton solutions in section 5, we suppose

1 7 Bir(a)/Aar
det( 1 Ji BiGp)/2pr ) #0 (6.6)
1 Jk ﬂk]()ty)/)‘-yl

for any mutually different pairsi, o), (j, 8) and (k, y). Herei, = kf)“). As in section 5,
if
—JiBit (M) [Aar + Ji Bj1(Ag) [ Ag1 —Bi(Ag)/Apr + Bir(Aa)/Aar
V1 = V2 =
Ji —J; Ji —J;

(6.7)

fails, the solutionU®” — 0 exponentially ag — oo with (£, ) finite. Moreover, if
(6.7) holds for somdi, j, «, 8), equation (6.6) guarantees that (6.7) cannot hold for other
@, j, o, B). Therefore, we have

Proposition 4 As t — oo, each entryU;] of the solutionU® given by Ith Darboux

transformations splits up into at maétpeaks, whose velocitie®,, v,) are given by (6.7)
with 1 <o, 8 <.

7. Example: solutions of DsI equation given by once and twice Darboux
transformations

From equation (6.5), we know that the solution given by once Darboux transformation is

2 Clzezian+4i(a2+b2)z

“ 7 detC| ch(2b& + ¢1) + c1c2 ch(—2b7 + o)

where
c1=+v|C11l? + |C21|? c2 = v/|C12? + |C22? c12 = C11C12+ C21C2
$1 = In| detC]| ¢y =1In 2

C1
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with x = &, y = n + 4at. Therefore, the velocity ig0, 4a) and the amplitude is

2|b| |c12]
|detC| + cico

The maximum ofiu| appears at = — 5 In|detC|, n = 3 In .
The /th Darboux transformation can also be given by [15] as

l

i B h
G =[]a- ,\j)(l -y —= (zl),kh;>
1 A=

jok=1

where

@ e+Iy)Ho ()t
hj = ( cu) )

where (;, CY) are corresponding parameteps, C) in (4.1), andX is a block-matrix
given by

hhi

Sp=
Ay

Correspondingly,

2i

u

i

(hj 02 7l)jkh7;) 1,2

J.k=1

- =
1

o (=Y gl O =¥+ O+ 70y =224+ T)r
.2
jk=1

which is the same as the solutions given by [13] with= 1,,.

For the solutions given by twice Darboux transformations, there are at most four peaks
ast — +oo. For simplicity, we suppose; # az, b1 # +b, wherea; = Rej;, b; = ImA;.
After tedious calculation, we can get the asymptotic properties of these four peaks, which
are more direct than those in the previous papers.

Denote

ap _ A@ ~(B) |~ ~(B)
8ij = Cy Clj +Cy C2j

B (@) ~(B) (&) ~(B)
fzj = Cl? C2j - Cztix Clj .

(Note that £ = detC®.) Letx = & + vat, y = n + vpt With certain velocity (v, v),
then asg, n fixed andr — +o00, u behaves asymptotically as follows.
(I) v1 =0, vo = 4ay:

4[9;]_)/@9

u —
A8 4 Aje21E  Bie?in + Byem 2
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where

6 = 2a1n + 4(a? + b?)t

B { (A2 — A1) (A2 — A1) (A2 — M1lPg13825 — Ab1bogi2gss) (a2 — ap)bot — +0o0
o= )G — M) (2 — APgiie? — AbibrgiZesd) (a2 — a)bat — —00
4y = | P M= MPI e (@2 - anbat > foo
A2 — A1l?Ih2 — A1l?] 212822 (az — ap)bpt - —o0
Ay = |A2 — §1|2|)L2 — M|%g5% (az — a1)bat — 400
A2 — A1l?|ho — A1|2g22 (az — a1)byt — —o0
B, = [ P2 = Mal(h2 = RaPlenilPe; — dbabalgnal®)  (az —apbat — +0o
2 — A1l2(1h2 — 111g331°8%2 — Ab1bo|g321%) (a2 — apbyt — —oc0
B, = | %2 = Ml(h2 = 2Plenl’szz — dbabalgzl®) (a2 —abat — +oo0
A2 — Al2(1h2 — 211181117822 — 4bibolgitl?) (a2 — apbyt — —oo.

(ii) v1 = 0, vo = 4a,. The solution is similar to that in case (i), except for the exchange
of A, and,, and the exchange of ‘1’and ‘2" in the superscrlptsgﬁf f . For example,
ay is changed tar,, gi? is changed tg?! = gﬁ 2 is changed tof3 = — f12 etc.

(iii) v1 = 2(a1 — az) Vo = 2(ay + ap):

—8ib1b27/ ei"
A€b1tb2)E+B1-b2)n 4 A e (brtb2)i—(b1=b2) 4 B @b1—b2)é+(bitb2)n 4 Bog—(b1—b2)s—(br+b2)n

u —

where

6 = (a1 — ax)é + (a1 + az)n + (@2 + b? + a3 + b3t

—[r2 — 21?02 —mgi% d(t) - (+00, +00)
) 1= *l00 — M)fllf d(t) - (400, —00)
"7 e - P02 — ap 2R d(t) — (—00, +00)
2 — 21 (hz — mngii 2 d(t) - (—00, —00)
k2 — M[?(1h2 — Aal°g11855 + 4baba| fi517)  d(t) — (+00, +00)
Ay = | 2= M2 = MPeiil fi71° d(1) = (+00, —00)
|2 — AalPho — A1l?g53] fig1? d(t) — (—00, +00)
2 — Ml fig 121 1P d(t) — (—00, —00)
A2 — Aql* d(t) — (+00, +00)
4, = | P2 = 2Plhe = 2Pl d(t) — (400, —00)
Ih2 — 2al?lhz — 21l’g33 d(t) — (—00, +00)
k2 — A1l?(1h2 — AlPg338%2 + 4baba| £327)  d(t) — (—00, —00)
2 — halPlh2 — Aal?glt d(t) — (400, +00)
By = | P2 = MaP(he = RaPetiell — dbibalerfl®)  d(0) > (+00, —00)
A2 — Aal* fio12 d(t) — (—00, +00)
k2 — MalPlho — A1l?g%2| fig1? d(t) - (—00, —00)
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|h2 — A1l?|h2 — A1l?g55 d(r) — (400, 400)
g, = | e 2l d(1) — (+00, —00)
2 — 2l2(ha — M|2g32e33 — Abibylgid®)  d(t) — (—o0, +00)
Ih2 — hal?|h2 — Mal®g0al fEI? d(t) - (—00, —00)

whered(t) = ((ax — a1)bat, (az — ay)bot).

(IV) V] = 2(a2 —ay), vy = 2((11 + a).

The solution is similar to (iii), but the indices ‘1’ and ‘2’ are interchanged as in the
case (ii).

The peak vanishes when= 0. Write y@ as that in case (i), then,

L [ 12— halsiass; — Abibagingss  d() > (+00,400) OF (—00, +00)
A2 — A1[°g13832 — dbibagisess  d(t) — (400, —00) OF (—00, —00)
@ [ 12— MPefisii — Abibagingii  d() > (+00,400) OF (00, ~00)
h2 — 2al°gi583s — Abibagidess  d(t) — (—00, +00) Of (—00, —00)
gis d(t) — (400, +00)
Jo )i d) = (oo, —00)
57 d(1) — (—00, +00)
g5 d(t) > (—00, —00)
815 d(t) — (400, +00)
yo | fu dD) = (too,—o0)
2% d(t) - (—00, +00)
25 d(t) = (=00, —00).

Figure 1. t = —2.

At the end of the paper, three sets of figures of these solutions are shown=wit2,
-1, -0.5, 0, 05, 1, 2, respectively. The corresponding parameters are figures 1-7:

4
=142 Ap=2—] c1=<é g) c2:<(1) i)'
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Figure 21. ¢t = 2.
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