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1. Introduction

In [1], Ablowitz and Musslimani introduced the nonlocal nonlinear Schrédinger equation and got its explicit solutions
by inverse scattering. Quite a lot of work were done after that [2-6]. Various other nonlocal integrable equations are also
considered, including high dimensional equations and discrete equations [2,7-13].

The derivative nonlinear Schrodinger equation [14,15]

iqe (X t) = que(x, 1) +i(q(X. £)?q* (%, £))x (8 = £1) (1)

is an important integrable equation which describes the Alfvén wave in plasma physics. In this paper, we propose an inte-
grable equation — a nonlocal derivative nonlinear Schrédinger equation

ige(x. 1) = Qu(x.t) + £(@(x. £)*q" (=X, 1))x (¢ = £1). (2)
Here * means complex conjugation. From Eq. (2), we have

. 3

i@ (%00 ) = (4" (X D& O = (@ (X DD +5 (20X D) . 3)

Hence Eq. (2) has a P7 symmetric conserved density q*(—x, t)q(x,t), which is invariant under spacial reversion together
with complex conjugation. Note that the coefficient of the nonlinear term in Eq. (2) is real, rather than purely imaginary
in the usual derivative nonlinear Schrédinger Eq. (1). For analytic solutions, Eq. (2) can be derived formally from Eq. (1) by
substituting x — —ix, t — —t, as pointed by Yang and Yang [16]. In [17], a real space-time reversal derivative nonlinear
Schrédinger equation was also presented.

In Section 2 of this paper, the Lax pair for the nonlocal derivative nonlinear Schrédinger equation is presented and its
symmetries are considered. In Sections 3 and 4, the Darboux transformations of degree one, two and 2n are discussed
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respectively and explicit expressions of the new solutions are derived. In general, the derived solutions may have singulari-
ties. In Section 5, global solutions are obtained from zero seed solution by Darboux transformations of degree two, four and
eight respectively with suitable choice of parameters. In Section 6, we prove that the solutions given by Darboux transfor-
mations of arbitrary degree 2n from zero seed solution are globally defined and bounded for (x,t) € R? if the arguments of
all eigenvalues are /4 and the parameters describing the ratio of the two entries of the solutions of the Lax pair are small
enough.

2. Lax pair and its symmetries

Consider the Lax pair

O, =UD, &=V (4)
where
A2 g
_ )2 _
=AJ+AP= a2 -
Vo —2iA* +igra? —2igA3 + (—igx +ig?r)A
—2irA3 + (iry + igr¥) A 2iA% —igra? ’

q, r are functions of (x, t), and A is a spectral parameter.
The integrability condition U; — Vi + [U, V] = 0 gives the evolution equations

iqt =(qxx — (qzr)x,
: 6
—ire = e + (qr¥)x. (6)

N . = 9 = .
For simplicity, for a function f(x, t), denote f(x,t) = f(—x,t). Note that ﬁf(x, t) = —f1(=x, t). Here f; refers to the partial
derivative of f with respect to the first variable.
With these notations, we impose a relation r = —eq* where ¢ = +1. Then the system (6) is reduced to one equation —
the nonlocal derivative nonlinear Schrodinger Eq. (2).
With the reduction r = —&qg*, the coefficients of the Lax pair satisfy

KUK = —U(=1*))*, KV)K' = (V(=1))*

where | = ((1) —01)’ K= (? _08). Here U* is the complex conjugation of the matrix U without transpose. We will use

Ut = (U*)T in this paper.
Considering these symmetries of the Lax pair, we have immediately the symmetries of the solutions of the Lax pair as
follows.

Lemma 1.
(1) If @ is a solution of the Lax pair (4) with A = u, then J®, JK®* and K®* are solutions of Eq (4) with A = —pL, A =pu* and
A = —u* respectively. Equivalently, if (S) is a solution of Eq. (4) with A = p, then (° § ) (5* yand ( S* ) are solutions of

Eq. (4) with A= —u, A=pu* and A = —M respectively.
(2) For any solution ® of the Lax pair (4), ®TKL® = 0 holds where L = (8 1).
3. Darboux transformation of degree one and two
3.1. Darboux transformation of degree one for unreduced system

We do not consider the reduction r = —eq* temporarily. Like that for the derivative nonlinear Schrédinger equation [18-
20], a Darboux transformation of degree one can be constructed as follows.

Lemma 2. Suppose G(x,t,A) = R(x tY(A —S(x,t)) is a Darboux matrix for Eq. (4), which transforms U = A%J+ AP =

(M }”}?2) to U= AZJ+AP_ (A }”}LZ) and transforms V in Eq. (5) to V which has the same form as V where (q, r) are
replaced by (q,7), then R is a diagonal matrix and RS is a constant matrix. Moreover, the transformation of P is
P=RPR +[JRSIR"". (8)

Proof. For the x-part, the condition GU + Gy = UG, which means that G is a Darboux matrix, is
R(A = S)(A*] + AP) + ARy — (RS)x = (A% + Aﬁ)R(A -95). 9)
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Compare the coefficients of the powers of A. The coefficient of A3 implies that R is a diagonal matrix. The term without
A implies that RS is independent of x. The coefficient of A2 gives the transformation (8). On the other hand, RS is also
independent of t by considering the t equation. The lemma is proved. O

By Lemma 1, if (i) is a solution of Eq. (1) with A = u, then (_gn) is a solution of Eq. (1) with A = —u. Following the
idea of [21] and [22] (see also [23]), let

) )
—H no o -n

SéHAH1:M<O 1/") (1)

then

o 0

gives a Darboux matrix G(A) = R(Al —S) where o = /&, and R is a suitable invertible matrix.
To make R diagonal and RS constant, choose

o 0
R= (0 1/0)’ (12)

then RS = M(? é) The Darboux matrix is

or —lu
G(k):R(AS):(_M A/G) (13)

and the transformation (8) becomes

q+2u0o, T=— -2, (14)

3.2. Darboux transformation of degree two for unreduced system

Like Eqgs. (10)-(12), take

Ay = Ha , a = ‘S;:ot é:a , Oq = B s
—Ha Na  —MNa &y
0o 1 0 (15)
_ -1 _ Oq _ [ O« _
So = Hy AgHy —M(aa 0 )a a = (0 1/0‘0,) (x=1,2).

o1k~

Following Eq. (13), the Darboux matrix with respect to (A4, Hy) is Gi(A) = ( M A )
- 2

o1

After the action of G;(A), the two columns of H, are transformed to
£ H2071 — {102\ 52
G = O =12,
1((2) (le & i+ /‘;1 2 %

£ _ —M201 + 4102 B EN
Gl(_M2)<_;2 )—52<_M1+“;?2 =- _%2 ;

which are solutions of Eq. (4) with potentials ¢,7 where the eigenvalues are taken as A =y, and A = —u, respectively.
Define

(16)

~ A

1 w0y — upo
2 _ 1 101 — 4203 (17)

01 U102 — U207

i
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y o2k —[
then the Darboux matrix given by Eq. (13) for (q,7) is G, (1) = ( y A ) The Darboux matrix of degree two for (g, )
Uy e
02
is
~ .2 ~ M2
N 0102A° + (L1 l42 —<M102+?>)»
G(A) =G (MG (A) = !

1
—<M201+g>)» — A%+ 1 ha
2/, GO (18)
M101 — U202 42 M3 — 1
A%+ [l —E———
M10(2—2,U«2021) M102 — U201
— 010 0y — U0
MX M}\Z + M]MZ
H101 — U202 M101 — U202
By Eq. (14), the solution of Eq. (2) derived from this G(1) is
= o ~ — 2 2(u? — u3)
52020 + 211101) + 20U :<M101 M202> ( . 1 2 )
1= 03010+ 21000 + 21202 H102 — K207 H1071 — K202 (19)

=

_ i(L a 2&) _ 2 _ (lMUz - MzCﬁ)z(r_ 2(ug — M%)Uﬂz)
o 07 U101 — L2072 H102 — 4201 /)’

012 (oF]
This result is similar to that in [24] for usual Kaup-Newell system.
3.3. Darboux transformation of degree two for nonlocal derivative nonlinear Schridinger equation

According to Lemma 1, all the eigenvalues u, —u, u*, —u* should be considered in constructing Darboux matrix when
12 is not real. Therefore, a Darboux matrix of degree two is necessary in this case.
Following Lemma 1, those in Eq. (15) are now

pi=p, pp=pt & =§ m=n &=ep, m=§, (20)
01=0, 0,=¢/0*

The Darboux matrix is given by Eq. (18), that is

M*_SMU6* E(I\L*z—ﬂz)o—'*)\’

- * '*)\'2 + |I'L|2 * A
Gy =| HoEmeo, notheao : 1)
(u** —p*)o W—epod”., 2
W — EUTT* W — EUTT*
It can be checked that G()) satisfies the reductions G(—1) = J=1G(A)J, (G(=A*))* = K-1G(A)K, which are compatible with

Eq. (7).
The new solution is given by Eq. (19). That is

Theorem 1. Suppose q is a solution of Eq. (2). Let v be a nonzero complex constant which is neither real nor purely imaginary.
Let (&, n)T be a solution of Eq. (4) with A = . Then

* ~x 2 2 %2
G- (M EHoG ) (q_ 2(p” — _)85*) (22)
n—Eeguroo* n*—enuoo*

is a new solution of Eq. (2) where o = n/&. The corresponding Darboux matrix is given by Eq. (21).
4. Darboux transformation of degree 2n

The Darboux transformation of degree two is the Darboux transformation of lowest degree that keeps all the reductions
of nonlocal derivative nonlinear Schrédinger equation if 42 is not real. The composition of these Darboux transformations
leads to a Darboux transformation of higher degree. However, this can be constructed equivalently and more compactly
following the idea of [25]. The following construction is based on Lemma 1.

Theorem 2. Take n complex numbers p; so that ,ujz s are not real and take the solution (§;, nj)T of the Lax pair (4) with A =
(G=1.2,...,n). Let Agj_q = pj, Agj = —pj, hajq = (&, npT, hyj= (&, —npT(G=1,2,....n). Let

_ hiLhg

R F

(a,8=1,...,2n), (23)

2n 2n(I-1),ghohlL
GOy =[T+ny-F1 (1= 3 =2 (24)
y=1 ao,f=1 B
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where

2n (F—l)aﬁhah;L

F=1- Z e (25)
o,f=1 B
is a diagonal matrix. Then G(A) is a Darboux matrix for the Lax pair (4), and the transformation of q is given by
1 22 (D) ap o
- Pt )»/*3 2n
= —" —(q+2 Y (T Dby, (26)
n (F )aﬂ&xsﬂ a.f=1
I—e ) —F— '
o,f=1 B
Remark 1.

n
(i) G(A) is a polynomial of A of degree 2n. Moreover, G(0) = (—1)"Huf21 is a constant scalar matrix. This is necessary
I=1
since G(0) of a Darboux matrix (21) of degree two is constant, so is their product.
(ii) Eq. (24) gives the same Darboux matrix as Eq. (21) up to a constant scalar multiplier when n = 1.

Proof. We have

n - Rt n - pt
. i (D) gphahlL ‘ b i (D ")uphahliLh, o
o,f=1 A +)\2 A=hy ao,f=1 )\y +)Lz

_ 27
2n (r—l)aﬂhahLL (27)

(A+Ay)(1— > M)‘)L:_)\;Khyzo

o,f=1

since

R KR, = (E; ﬁ;)(? _01) <n>’) —o0. (28)

Hence
G(Ay)hy =0, G(—)»;)Kfl;‘, =0 (y=1,2...,2n). (29)

Since hy, is a solution of the Lax pair (4) with A = A,, Lemma 1 implies that Kf_l;‘/ is a solution of Eq. (4) with A = —2;,.
According to Lemma 4 of [26], G(A) is a Darboux matrix without considering the reductions. What is more, by the standard
construction of Darboux transformation [23], G(A) is a composition of 2n Darboux matrices in the form (13). From the choice

of A;’s and h;'s, G(A) is a composition of n Darboux matrices in the form (18). That is,

n *
w
G =(D"G(A) ..M ]+ (30)
1= M
where each G)(A) (I=1,...,n) is a Darboux matrix in the form (18). Hence G(A) keeps the reduction r = —¢@*, i.e. it is a
Darboux matrix for the nonlocal derivative nonlinear Schrédinger equation.
Write
G(A) = MgA?™ + My A2 1 4+ . 4+ My, (31)
then the coefficient of A2*+1 in G(A)U(A) + Gx(A) = U(L)G() gives the transformation
P = MoPM;" — [J. My IM; . (32)
2n
Expanding Eq. (24) as a polynomial of A and using Z Ay =0, we get
y=1
2n _
Mo=F"', My=—F" Y (I'")yghahjl. (33)
o,f=1

Since each Gy(A) (k=1,2,...,n) in Eq. (30) is in the form (18), F = Mal must be diagonal. (This can also be verified alge-
braically from the expression (25) by exchanging each pair of (2j -1,2j)(j=1,..., n) in the subscripts.) The (1, 2) entry of
Eq. (32) gives Eq. (26). The theorem is proved. O
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el

Fig. 1. |g|: q is given by a Darboux transformation of degree 2.

~

S=
'

~

5. Examples

When q =r =0, the Lax pair (4) becomes

A2 0 —2iA4 0
The solution of this system for A = u is (i) = (l;lee_%) here 0 = u2x — 2iut and a, b are complex constants. Then
o= g =ce ¥ (35)

where ¢ = b/a is a complex constant.

The behavior of the solutions depends on 4arg /. In our construction, we have already assumed that 4 arg ./ is not
an even integer. In fact, the derived solution will not be bounded if 4arg /7 is an even integer. When 4 arg (/7 is not an
integer, a Darboux matrix of degree two should be used as in Theorem 1. In Eq. (21), one of the denominators

U—EUOG* = 8M*|C|2(M‘i|/'z|2 _ e—Z(/ﬂ—;L"z)x+4i(u“—p,*“)t> (36)
can be zero if u?#*2. In order to get solutions without singularities, we need p? = u*2, hence 4arg /7 should be an
odd integer. Without loss of generality, take argu; = /4 (j=1,...,n) for a Darboux transformation of degree 2n.

First consider a Darboux transformation of degree 2 with i = a(1 + i) where a is a positive constant. By Eq. (22),

e—4iazx(-l _ 18|C|2e—8iazx) I6iatt
(‘l + 18|C|2e78182)()2 :
This solution is global if |c|s 1. It is periodic in both x and t, and |q| is a function of x only. Fig. 1 shows the norm of the
solution with € =1, u = 1.5(1 +1i), c = 0.5. Hereafter, the figure on the right shows the contour plot of the one on the left.
By using Theorem 2, the figures for the norm of the solutions given by Darboux transformations of degree 4 and 8 are
plotted in Fig. 2 (¢ =1, a; =1.5, a =1.3, ¢; =0.05, c; = -0.02) and Fig. 3 (¢ =1, a; =15, a, =13, a3=1.1, a4 =0.9,
1 =0.001, ¢; = —0.002, c3 = 0.001i, ¢4 = —0.001).

q=—4(1 —i)eac

(37)

6. Globalness of the solutions

Although the solutions (37) given by Darboux transformation of degree two are always global when |c|# 1, those given
by Darboux transformation of higher degree may not. However, we can prove that the solutions have no singularities when
all |¢j|'s are small enough.

Before proving that theorem, we need the follow algebraic lemma.

Lemma 3. Let Aq,...,Am,®1,...,wn be nonzero complex constants such that a)j+)\k;é0(j,k=1,.4.,m), and C=

<$) . Then
®j+ A/ 1<jksm

-y (c-l)jkwik:]‘[(—i—’l). (38)

1<jk<m 1=1
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Fig. 2. |q]: g is given by a Darboux transformation of degree 4.

-0.3+

Fig. 3. |q]: G is given by a Darboux transformation of degree 8.

Proof. By the formula for computing the determinant of a block matrix,

1 1 l
w1+ M w1+ Anm w1
1 1 : : Tla A
— -1 g — = — . . . [ —

1 1<}Zk<m(c )kak detC 1 1 1 detC’ (39)

o Wm + M T om+Am w_m

1 1 1

Clearly,

A=T()~1,...,Am,w1,...,wm) (40)

l_la), l_[ (a)j + Ag)

=1 1<j,k<m
where T is a polynomial of degree m2. Note that T = 0 when wj = wy or Aj = A for certain j#k with 1<j, k<m, or when
;= 0 for certain | with 1 <l <m. Considering the degree of the polynomial, we have

m

=1 1<j<k<m

where p is a constant. When Aq, ..., Am are distinct,

1= lim A’"A]]_:!(w,- +A) = (=1)"p (42)

W1 = A1y Oy —>—



Z.-X. Zhou /Commun Nonlinear Sci Numer Simulat 62 (2018) 480-488 487

which leads to p = (—1)™. Likewise, we have

H A — M) (wj — wy)

1<j<k<m

T (@ +x)

1<j,k<m

detC =

(43)

which is the standard Cauchy determinant. Therefore,

- 2 @Dy —ﬁ(*%) (44)

1<j.k<sm 1=1
The lemma is proved. O

Theorem 3. Take the seed solution q = 0. Suppose ;= aje”i/4 where aq, ..., ay are distinct positive numbers. Then there is a
positive constant § such that the solution (26) given by a Darboux transformation of degree 2n is globally defined and bounded
for (x,t) € R? when lcl<8(G=1,....n).

Proof. It is easy to check from Egs. (23) and (24) that G(A) is invariant if each (&;, n;) is changed to p;(§;, n;) for any
nonzero constants p; (j=1,..., n). Hence (§j, 7;) can be replaced by (1, o;).

It is only necessary to prove that I in Eq. (23) and F in Eq. (25) are both invertible for all (x, t) when |¢;| (j=1,...,n)
are small enough.

912 i 4
As before, denote hy;_y = (1,7,)T, hyj = (1,—n))T. Since o; = cje 2% = ¢je 2t

2(a? +a)x+ 4(a;? —a})t is real. Hence

. o0 = ckc’;e"‘bik where ¢, =

f_l Lhy =0} Ly =+ 0,57 = e(1+ eqcie ), (45)

hZJ (Lhy, =AY Lth 1 =€—0yd} =e(1 —egcie ),
I' = (Pgg)2nx2n in Eq. (23) can be written as a block matrix I' = (f‘jk)nxn where
h2] (Lhoy_4 hZJ (Lhoy 1+ sckcjfe—i‘f’jk 1- sckc;?e—i‘i%k
~ Wi+ g Wi — W W5+ g Wi — W
T = i N — j . j . 46
]" Il Lha_q h} Lhy 1—eqcie ™ 1+ eqcie (46)
o R R ey —M A+ M — = i
Hence I" converges to I'|¢,— _¢,—o uniformly for (x,t) € R? when ¢; — 0, ..., cn — 0. Note that
1
Tlew.—oo0 = 8(7) 47
|C1 ..=Cp=0 )\-j"‘)\'k 15]‘.’{52“ ( )
where Ayj_1 = i, Ayj=—p;j(j=1,...,n). Its determinant is
l_[ Ma - )\,8 |2
det T,o. 0 = 22 (48)
l_[ ()\'Ol + )"ﬁ)
1<a,B<2n
as Eq. (43). Hence I is invertible when |¢j|(j =1,...,n) are small enough.
According to Lemma 3 and (47),
1\(¢
2n (Flcl—...—c,, 0)ap (1 0) (0)( ]>
Flcl_ =Cp= _I* Z e
o, B=1 B
2n
1 (DL oap (1
= ( 1) > 7 0 (49)
o,f=1 B
2n n
Ay 7%
_ (155 of_ H(E) 0 _ (D" o
y=1"Y I=1 l 0 1
0 1 0 1
is invertible. Eq. (48) implies that '~ is bounded for all (x, t) when lcjl G=1,...,n) are small enough. Hence F converges
to Fl¢, = —c,—0 uniformly for (x,t) € R? when ¢; > 0, ..., ¢n — 0, which implies that F is invertible if |¢;| (j=1...., n) are

small enough.
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Finally, by the expression (26), boundedness of § follows from Egs. (48) and (49) and the boundedness of oj's. The
theorem is proved. O

Remark 2. By considering o~! = £/ instead of o = /&, it is easy to see that the above theorem is also true if all |¢j|(j =
1,...,n) are large enough.

Remark 3. For the usual derivative nonlinear Schrédinger Eq. (1) or the nonlocal nonlinear Schrédinger equation, interesting
global solutions can be derived from bounded exponential seed solutions. However, there is no such kind of seed solution
for Eq. (2). It is worth finding other interesting bounded seed solutions for the nonlocal derivative nonlinear Schrédinger
Eq. (2).
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