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Explicit solutions of the N-wave equation in 1+2 dimensions *
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A linear system in 1+ 1 dimensions is found to be related to the Lax pair of the N-wave equation in 1+2 dimensions. This
relation gives a method to obtain explicit solutions of the N-wave equation in 1+ 2 dimensions by the Darboux transformation.

The N-wave equation 1 +2 dimensions is [1]

a;b;—a;b, n ..
Wy, =cylly,+ ———— a’ u,,-.x+k2 (cx—C)utty (5, Jj=1,..,n), (1
1T Yy =1

where

uji=_u’1; (l?é.]) 5 ui1=0’ (2)
b,—b;

CU=——Ja (3)
a,—a;

and a,, b; are real constants with a;#a;, b;#b; for i#].
The simplest example is the three-wave equation, which can be written as

wi =W, B w (0 —an)wowd, Wy, =00 Wy, + Paw,  + (a, —az)w ws,

Wy, =a3wsy,+ faws  + (0 —a )wing,

where u,=w,, u;3=Ww,, U,;=w, comparing with (1) and

&y =Cy2, Ay =03, A3 =03, Bi=bi—aici,, B=bi—a.cis, Bi=br—azcas.

It is well-known that eq. (1) has a Lax pair

¥, =AY . +U¥, Y, =BY +V¥, (4)

where A=diag(a,, ..., a,), B=diag(b,, ..., b,) are nXn real diagonal matrices whose diagonal entries are mu-
tually different respectively, U= (u;), and U, Vesu(n) (i.e., U, V are anti-Hermitian).
The integrability condition of (4) is

[4,VI=[B, U], U~—V,+AV,—BU+[U, V]=0. (5)

This system of equations is the same as (1).
If we suppose Uegl(n, C), i.e. there are no relations among all the entries of U, then using the method in
ref. [2], we can construct the Darboux transformation for (4) and get an infinite number of explicit solutions
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of (§) (or equivalently (1)) by successive Darboux transformations. However, if we want U, Vesu(n), it is
not so easy to get the Darboux transformation using that method. In other approaches, this equation has been
studied by the inverse scattering method [3], the Bicklund transformation method [4] etc. Here, we hope to
get a procedure to obtain new solutions explicitly from a known simple solution.

Inref. [S], the connection between the KP equation and the second and third equations in the AKNS system
1s found. This gives a method to obtain the solutions of the KP equation from the solutions of the equations
in the AKNS system. Hence it reduces the problem of solving a nonlinear equation in 1+ 2 dimensions to the
problem of solving some nonlinear equations in 1+ 1 dimensions. In this paper, we have show that this method
can also be applied to the N-wave equation in 1+2 dimensions. We construct a 1 +1 dimensional system (6)
which has a close relation with (4). Using the idea of nonlinearization (see, e.g., ref. [6]), we add some non-
linear restrictions on U and ¥ in (4) so that U is expressed by a nonlinear function of ¥. Then (4) becomes
a nonlinear equation for ¥ and (6) can be its Lax pair. The explicit solutions of (5) can be obtained by the
Darboux transformation of (6).

We introduce the linear system

(10 0 p (4 0 U p‘”)
o=(y Spo+( 5, Do, a=(3 Shoe( 0 7)o

B 0 Vv p®
<1>,=(O 0>/1¢>+<q(2), 0)<p, (6)

where p=(p, .., p,)T is a vector function of x, y and ¢, p¥ = (p{?, ..., pN7T, ¢V =(q?, ..., ¢)T (i=1, 2),
U= (ujx)1<ij<n and V= ()1 <ij<n Will be determined by the integrability condition of (6).
From the integrability condition @,,=®,, and @,,=P,,, we have

pV=Ap, p®P=Bp, qV=-4p, ¢P=-Bp, (7
Ue=(4,pp*1, V.=I[B, pp*] (8)
and

py=Ap.+Up, p.=Bp;+Vp. (9)
The equality @, =P, gives

U,—V,+[U, V]1—App*B+ Bpp*4=0 . (10)

Hence (6) is completely integrable if and only if (7)-(10) hold.

(10) is indeed the integrability condition of (9) if we regard U, V as independent of p. Hence (6) is com-
pletely integrable if and only if (7)~(9) hold. In this case, U, ¥ satisfy (5).

Therefore, we have

Theorem. The system

(10 0 »p (4 0 U Ap)
<1>x_<0 o)“’*(_p* 0)¢, <py_(0 o)“’*(_pm "o,

<p,=(g g)a¢+(_:*8 g”)qb (11)
is completely integrable if and only if (p, U, V) satisfies

py=Ap.+Up, p=Bp.+Vp, (12)
Uc=[4,pp*], Vi=I[B,pp*]. (13)
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In this case, U= (u;) gives a solution of (1).

Remark. If we add a certain boundary condition on p, egs. (12), (13) will be simplified. For instance, sup-
pose p—0 sufficiently fast together with its derivatives as x— —co, then we can define

oxy.0= | GGy (14)
and
U=[A,0], V=[B,o]. (15)

(12), (13) become
py=Ap.+{A,olp, p=Bp.+[B,clp. (16)

It can checked directly that (16) is completely integrable. The theorem implies that (11) is completely in-
tegrable if and only if p satisfies (16).

Now we discuss how to get the explicit solutions of (12), (13). Here we use the method of the Darboux
matrix [71].
Suppose (p, U, V) satisfies (12), (13), then (11) is completely integrable. For given 44€C, let

/1,'=—18, lslsl,
=40, I+igigsn+t, 17)

and A=diag(A,, ..., 1,+). Choose solutions A, of (11) such that ATh;=0 if ;= —A7 (this is possible since
(h*h)) = (hTh)), = (hth;),=0 in this case) and h,, ..., h; are linearly independent, Aiy1y ooy By are also lin-
early independent. Then H= (A, ..., A,.) is nondegenerate everywhere. Denote T=HAH ~ ! then we can check
that T*T=|Aq|% and T*—T= (4§ —A,)1. Moreover, by direct calculation,

S=A—-T=A—HAH"!

is a Darboux matrix for (11), i.e., for any solution @ of (11), & =S satisfies

I 0 0 p A 0 U A4p
<§X=(O 0)w+(_ﬁ* 0)@, <5y=(0 o)”‘*(_ﬁ* . 0)6,

B 0 vV  Bp
<25,=(0 0)A<5+(_ﬁ*3 0)«5, (18)

where j= (5;), U= (0,;), V= (V) are given by

Di=pDi+T;ns1, aij=uij+(ai—aj)Tij’ 17tj=vzj+(bi—bj)7:j (1<i,jgn). (19)
Therefore, we obtain new solutions #; of (1).
Now we will give special solutions for the N-wave equation. Choose A;=...=4,=—13, A,+1=40,
&
hosr=0 i |, (20)
Cn-&- 1
then

372



Volume 168, number 5,6 PHYSICS LETTERS A 7 September 1992
L (RetA9EE
S ERE &)

is independent of the choice of &; (i=1, 2, ..., n) if we use the previous construction. p is transformed to = (p;)
where

~ (Ao +A8)CiCh+1

T,=—2%6 (i,j=1,2,..,n+1) (21)

A VI NTAL (22)
and the solution of (1) is
To obtain the “one-soliton” solution, let us take p=0, U=V=0 and 1,eC with Re 1,#0. Then
& =c exp[Ao(x+ay+bit)] (I<ign), $nt1=Cur1 s (24)
where ¢y, ..., C,+, are constants, ¢, ., #0.
(22), (23) give
.= (Ao +A8)cichriexplAo(xt+ay+bit)] (25)
Sioilel? expl (Ao +A8) (xtary+biet) 1+ v |2
- _ (a—a)(Ao+A8)cicT expl (Ao +A8)x+ (Roa; +A0a)y+ (Robi+28b)11 (26)

v Si_1 lek1?expl (Ao +A8) (x+ay+bit) 1+ 1Carr |2

{#i,} is a solution of (1). (u;) decays exponentially in all the directions except in the direction given by y=const.
In that direction, (u,) tends to a constant matrix at infinity.

“Maulti-soliton” solutions can be obtained as follows. Take p=0, U=¥V=0. Choose 4,, ..., 4,6C such that
Red;#0and 4, —AF (i=1, 2, ..., s) are mutually different. Let A, be the solution of (11) with A=4,,

(h)a =Aq exPMj(x'*'aa,V‘*'bat)] (a=1,2,..,n), (hj)n+l=Aj,n+l , (27)
where A, are constants. Let
h}hy
= , 28
LV TEYH (28)
then by ref. [7] or by direct calculation,
S(H= 3% (/1+/1;)(1 -3 ! (r- )jkhjhz>=AS—S,F“ + 84572 — L+ (=1)5S, (29)
Jj=1 Jk=1 A+Az

is a Darboux matrix for (11) with p=0, U=V=0, i.e. for any solution @ of (i11) with p=0, U=V=0, S®
satisfies (18) where p;=(S:) ;.41 and #;= (a4, - ;) (Sy)y, V5= (b _bj) (S0
From (29),

Jj=1 Js

e

(F_l)jkhjh): >

1

hence

Uop= (A —aﬁ)(/_:é] (r-! )jkhj}.lZ)

ap
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gives a solution of (1) where {A;} is given in (27).

The author would like to express his sincere gratitude to Professor Gu Chaohao and Professor Hu Hesheng
for encouragement and helpful advice.
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