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Abstract

In this paper, we determine all the nondegenerate Darboux ma-
trices of first order for quite general 1 + 1 dimensional unreduced
Lax pairs, in which the potentials can be arbitrary rational func-
tions of the spectral parameter. An explicit way to get Darboux
matrix in terms of its initial value and the fundamental solution of
the Lax pair is provided. Also, the permutability property of the
Darboux matrices is obtained by twice Darboux transformations.

1 Introduction

Darboux matrix method is an effective method to get explicit solutions
of integrable nonlinear partial differential equations (NPDEs). The main
task is to construct the Darboux matrices (DMs). For a 141 dimensional
NPDE possessing a Lax pair, if one solution of the NPDE is known, and
if we can construct a DM from the solutions of the Lax pair, the problem
to get special solutions of the nonlinear equation can be reduced to a
linear problem to solve the Lax pair. Furthermore, we can get a series of
solutions of the original NPDE by a purely algebraic algorithm so long
as we know a solution of the Lax pair.

The Darboux transformations (DTs) for some specific equations have
been studied since 1975 (see, for example, [6,11,13]). For the 2 x 2 ZS-
AKNS system, DMs of first order as well as higher order in a quite
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general form were also known in 1984 [7,10], and they transform a so-
lution of an equation in the system to a solution of the same equation
(2,4,5,8] . As for the ZS-AKNS system of arbitrary order, the DMs in a
quite general form were constructed by [3,12].

The ZS-AKNS system is

®, = (\J + P)®,
n

O = Vo ;N (1)
i=0

Here J is a constant N x N diagonal matrix with mutually different
diagonal entries, P is a valued in N x N off-diagonal matrices, V;’s are
actually differential polynomials of P. According to [3], the following
conclusion is true.

Given complex numbers Aj,---, Ay, let h; be a column solution of
(1) with A = X;; A = diag(A1,---,An), H = (h1,---,hn). If det H # 0,
then G =X — HAH ' is a DM of (1).

This kind of DMs have interesting physical meanings. They are
closely related to the increasing and decreasing of solitons [1,9,12].

[3] also proved that any DM in this form transforms a solution of
any equation generated by (1) to a solution of the same equation. On
the other hand, [12] showed that these are all the possible DMs of form
A — S(z,t) if P is integrable with respect to z in the whole real line and
G is bounded for fixed A, t.

The natural questions are, what are the DMs for other integrable
systems, and what happens for the solution which does not decay at in-
finity? This paper is devoted to solving these problems, and constructing
all the nondegenerate DMs of first order for quite general unreduced Lax
pairs.

2 Some definitions and main theorems

In this paper, my denoted the set of all N x N complex matrices. (lis a
simple connected domain in R?, vy, -+, v, are complex numbers. Every
function is assumed to be infinitely differentiable.

An equation (or a system of equations)

wﬁun““v:uﬁu.:?:éa....wuo ANV

General form of Nondegenerate Darboux Matrices 233

of unknowns u = (uy,---,u,) (defined in Q) is integrable if there exist
two mpy-valued functions Ulu,z,t,A], V[u,z,t, A\] which are differential
polynomials of u, such that (2) is equivalent to

Ui -V, +[U,V]=0. 3)

Here X is a parameter.
(3) is the integrability condition of the linear equations

¢, =Uluy,z,t, AP, (4)
®; = Vu,z,t,A]9.

This is called a Lax pair of (2).
For the equation (2) with Lax pair (4), a matrix G(z,t, )) is called a

Darboux matrix if there exists @ such that for any fundamental solution

® of (4), ® = G satisfies

=UQ,

~V3, (5)

[SE. <X
)

Where U = U[&, z,t,A], V = V[ii, z,t,A].

After the transformation,

U=GUG!+G,G!

Z 6
V=GVG1+G,G! (6)

and
U, -V, +[0,V]=0. (M

Thus, @ is another solution of (2).
In this paper, we consider the Lax pair (4). Here U,V are rational
functions of the spectral parameter. They are written as

qﬁﬁvnuyvﬂm ﬁHnyw..TMUMQ HnA\/IT»v u

uMo w : 1 Amv
<?;.5quit+MM< (z,8)(A — ) 7.

Jj=0 k=1j=1

Most of integrable equations have Lax pairs in this form. Moreover,
we do not consider reduction, i.e. the entries of U;,Vj, QE <A ) are
assumed to be independent unknowns.



234 Chinese Mathematics into the 21st Century

In this case, the general definition of DM is equivalent to that there

exist
~ m . N 5* ~ w .
O(z,t,0) = Y Uiz, )0 + 53 09 (2, 0)(A - wi) 7,
j=0 T:.-;
n
<AH,P\SHMUQAH“\<+MM< z,t)(A — vi) 7.
7=0 k=1j7=1
such that ® = G® satisfies
$, =U9,
0» = <0

for any fundamental solution @ of (4).

A nondegenerate DM of first order is the DM of form AR(z,t) —
T(z,t) such that R is invertible and v;,---, v, are not the eigenvalues
of S = R7!T. In this case, G = R(\ — S), and we may set R = [
without loss of generality since R is a trivial DM if there is no reduction.
Hence, we always choose R = I in this paper. Then, a DM XA — S is
nondegenerate if v,-- -, are not the eigenvalues of S.

The following theorem provides all the possible nondegenerate DMs
of first order.

Theorem 1. Ifvy,---, v are not the eigenvalues of S, then G(z,t,\) =
A — S(z,t) is a DM of (4) if and only if S = KI['K™!, where T is a
constant matriz, and K s an my-valued nondegenerate solution of the

integrable equations

NAH” OQ NAHJNJFMUk H.MU
N“HMMHOSNTJrMU»H_MN. <

It is required to obtain the explicit solutions of (3) and the Lax pair

vﬁ?sﬂv-ﬁ
@a VKT — vi)7. ©)

(4). However, it is not easy to get the explicit solution of (9). In order to
derive a series of solutions of (3) by successive DTs, we hope to express
the DM only through the solutions of the Lax pair. This is possible due
to the following theorem.

For any open subset D of Q, let

S(D) = {H(z,t)AH(z,t)"! | A = diag(A1,-++,AN) is a con-
stant diagonal matrix, H = (hy,---,hy) is nondegenerate,
where h; is a solution of (4) in D with A = X\;},
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then we have

Theorem 2. Ifvy,---, v are not the eigenvalues of S(z,t), then G(z,t, A)
= A—S(z,t) is a DM of (4) if and only if (i) S € §(2), o Av there ezist

open sets Q C Q (k= 1,2,---) satisfying Q; c Qy C --- C Qe =
and Sy € S(Q) such that for any point (z,t) € (U, ga mwn:m:anm

{Si(z,t)}, {Siz(z,t)}, {Sii(z,t)} converge to S(z,t), S.(z,t), St(z,t)
respectively for 1 > k.

3 Proof of the theorems

Before the proof of these two theorems, we first derive an equation which
a DM should satisfy.
For M € my with eigenvalues different from vy, -- -, v, define

MQ §+MUMUq: M - )7, (10)

k=1j5=1
then we have

Lemma 1. Under the action of the nondegenerate DM G =\ — S,

GUG™'+G,G™ ' = Muq t+MUMqu9 ve) T - A(A=S)"L. (11)
k=1j5=1

Here

U;=Uj+ Y [Ujsi, 8]
=1

0¥ = (5~ u)UM (s - Ap)”

smw_ v, s)(s - -1, P

A =S, +[S,U(S))
Therefore, G is a DM if and only if

S, +[S,U(S)] = 0,
Si + TEMV_ — 0. (13)
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Proof.

GUG™'+G.G™!
=(A=S)UNA-8)t-5(\L-95)"
=U) =[S, (U) - US)(A -5 -a(r-5)"1 (14)

From the identities

(N = S7)(A = 8§)"t = YT gimi-1i,

, 15
(= 1) = (5 - ) A - ) )
= =TS = )T - )
we get (12) by direct calculation. a

Proof of Theorem 1. Suppose K is a nondegenerate solution of (9),
and let S = KT K~!, then

K. K~ ' =U(S). (16)

Hence
S, =K,TK™' - KTK'K,K™' = [U(S),S].

This implies G = A — S is a DM by the lemma.
Conversely, suppose A — S is a DM, then

Sy = _Qﬁmvvm_v Sy = :\Amvum_

Since Ut, Vi, UV, VU are all my-valued rational functions of A, we can
define U(S), V(S), (UV)(S), (VU)(S) as (10). Thus, the identity

Ue(A) = Va(A) + [U(A), V()] =

implies
Ui(S) - Vo(S)+ (UV)(S) - (VU)(S) =0. (17)

However,

(U(S)): = Muqmg + WW&:G:EJ.

k=1j3=1 ¢
m j-1

Il
0 Ms

k=1j5=1 §=0i=0

U7 + MU M UM(S — )7 + 33 U;S's, s
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I mg j-1
=2 Y U —w) TS — )
k=1;=1i=0

= U(S)+ WTMU_ U; SV (S),S]si—+1

§=0i=0
) m WM U3 = 1)1V (8, S)(S - w)
= $+Muq vV (S), %_fﬂMwM_qs:\ (S = vi) ™)
= +MUQ<G%+»M_MWQ (S — i)™’
- MU U;jSv(S) - M MU UM(S — 1)V (8)

k=1j=1
— B(S)+ OV)S) - VEVS),

likewise,

(V(S)e = Va(S) + (VU)(S) - V(S)U(S).
Combining these with (17), we have
(U(S))e = (V(S))= +[U(S)

Choose any point (zo,t0) € 2, (18) implies that the equation

s)] =o. (18)

K, =U(S)K,
K =V(S)K, (19)
NAHO.nOV = N
has a unique solution K with det X # 0 in 0.
Let
[ = S(z0,t0), S'=S-KTK™!,
then
=[U(8),8] - [U(S),KTK '] = [U(S),5'],
= _a\ﬁmvv.m:
and

.m;AHo‘s.OV =0.
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Hence

S=KIK™!

everywhere. (19) implies (9). This proves the theorem. O

Proof of theorem 2. First suppose S = HAH™! € §(Q), where A is
a constant diagonal matrix, and H = (hy,---,hy) with h; a solution of
(4) as A = A;. Then H is a solution of (9) with ' = A. Hence G = A - S
is a DM of (4) by theorem 1. On the other hand, if S satisfies (ii) of this
theorem, G is also a DM by the limit of (13). This proves the necessity.

Now suppose A — S is a DM. From Theorem 1, S = K['K~! where
[ is a constant matrix and K satisfies (9).

If T is diagonizable, I = TAT ™! with A = diag(A1,--+,An). Let
H=KT. Then S = HAH™!, and

HIMQmEJrMMUq (A—wi)™7,

w Hulu

S|MU<E<+MUMU< (A—wi)™7.
k=1j7=1
If we write H = (hy,---,hn), then h; is a solution of (4) with A =
Hence S € §(Q).

Now suppose T' is not diagonizable. Choose a constant matrix ©
such that I'(6) = T + €© is diagonizable with eigenvalues different from
v (k =1,---,1) for sufficiently small e. Let (zo,to) be any point in Q
and K(¢) be the solution of

m I my
=S U KETEY £ N &ENEQE - )7,
izo E=1j=1
I ng . 20
Mf« (Y + 32 S VIR v, 0
k=1j=1
K() AHovsov mﬂﬁﬁovnov.

Let K = K(/®) T =T0/%) Q, be the interior of

N {(z,t) € Q| det K (z,t) #0}.

e<1/k

Then, at any given point (',t') € Q, det K()(z',t') # 0 for sufficiently
small € since K(¢) depends continuously on € in Q2 and det K (z',t') # 0.
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Hence there exists ko such that (z',t') € Qj for k > ko. This implies
(e )
By (20), we have

Ki(z,t) = K(z,t), Kiz(z,t) = Ki(z,t), Kir— Ki(z,t)

as k — oo with det K(z,t) # 0 in Qy, for k > ko.
Since I'y is diagonizable, let

T = TeAi Ty
with Ax = diag(A} Al v\/&vv and let
Hie = KiTx,

then Hy = QLS. e v\%\&v where }.M.S is a solution of E with A = \/M.S,
and
Sy = HiAyHy' = K Th K ' — KTK ' = S,
Skz=[HeHg', Skl = [Ke Kit, Sk) — (KK, S| = S,,
Skt — St

at (z,t) € Qi for k > ko. O

Theorems 1 and 2 provide all the nondegenerate DMs of first order
if we do not consider the reduction. If there is reduction, DMs will be
a part of that. To determine all the nondegenerate DMs of first order
which keep certain reduction is usually a much more difficult problem.

We can also show that there are DMs which are not diagonizable, so
in Theorem 2, (ii) is not included in (i) in general. Furthermore, The
proof of Theorem 2 provides a constructive way to get nondiagonizable
DMs only through the solutions of the Lax pair. We repeat it briefly
here.

For given constant matrix I, we can construct a DM A — S satisfying
S(zo,to0) = I in the following way. Choose a constant matrix © such that
'y =T+0/k (k=1,2,--) is diagonizable with eigenvalues different
from v; ( = 1,:--,1) for sufficiently large k. Let 'y = TeAr T with
A = &mm;%&‘ v\/m\&v. Let Hy = ;msv...“\%\&v satisfy Hg(zo,to0) =
T, where &.s is a solution of (4) with A = yw.s. Then S = limg_ oo Sk
with S, = mw?nm»l_ gives a DM A — S. All the DMs of form A — S can
be constructed in this way if there is no reduction.
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4 Permutability

Permutability is an important property of Backlund transformations.
The permutability theorem for diagonizable Darboux matrices for ZS-
AKNS system has already been known {cf.[3,5,8,10]). Here we make a
slight generalization and show that this is true universally for any two
generic nondegenerate DMs of first order of Lax pair (4).

We have

Theorem 3. Suppose G,(z,t,A) = A — Sy(z,t) (@ =1,2) are two non-
degenerate DMs for (U,V), det(S1 — S;3) # 0. then

Gpa(z,t,A) = A = (Sp — Sa)Sp(Sp — Sa) ™" (21)
is a DM for
Ua = GaUGL' + GazGLY, Vo= GoVGL' + GG}
(o, 8 =1,2; a # B) and the permutability
G21(A)G1(A) = G12(A)G2(R) (22)
holds.

Tse\.m,:wem:vvo% MQMQ Hrwvmao&mmoiswzo.boaMQH
HoAo Hy where Aq = diag(\\?, -, X&) with A® 2 v, (i1 =1, NV,
J=1,-; a=12), H, = ?m&....,&ﬂd, Fﬁ.& is a solution of (4)
with A = ».A.&. Under the action of G, Hg changes to
mma = AQn%x/me#mhﬁ e MQQ A\/w%vv}w%vv
= HpAg — HoiAoH ' Hg = (S5 — Sa)Hp
(a,8=1,2; a # B). Therefore,
Spa = HpahpHyy = (Sp ~ Sa)Sp(Sp — Sa)™!
gives a DM Ggo(A) = A — S, for U,,V,. Moreover,
Gpa(A)Ga(})
={X = (S5~ 5a)Sp(Sp — Sa) ' }(A ~ Sa)
= A~ (S5~ 52)(Sp — Sa)7MA
+(Sp = 5a)Sp(Sp — Sa) ™" Sa- (23)
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Noticing that
S2(Sz — 81)718; + S1(S1 — S2) 1S, =0, (24)
we know (23) is symmetric for S,, Sg. Hence
G21(A)G1(X) = G12(N)G2(N). (25)

For nondiagonizable G4 = A — S,(z,t), we have nondegenerate DMs
c® AN)=xr- S8 such that S8 is diagonizable, mmimms - .mpmsv #0
and Qm& — G4 as k — oo. From the above discussion,

GGl = - (s - s¢)s{(spH - s (26)

is a DM for QMS,SMSV which are transformed from U,V by Qm&v and

k) ~(k k) ~(k
aiel = cilel. (27)
Taking that limit in (26) and (27), we derive the conclusions in the
theorem. m]
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