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12. EXPLICIT FORM OF BACKLUND
TRANSFORMATIONS FOR GL(N), U(N)
AND O(2N) PRINCIPAL CHIRAL FIELDS

The explicit form of Darboux matrices of Backlund transformations
for GL(N), U(N) and O(2N) principal chiral fields is obtained. The
algorithm is purely algebraic and can be continued successively,
provided that a seed solution and a fundamental solution of the

Lax pair is given. It is noted that a Backlund transformation does
not create or kill solitons in the case of principal chiral
fields.

1 Darboux matrix method for GL(N) principal chiral field

Let g(t,x) be a GL(N)-valued function and

-1

Slg) = Strig.e g, | )dédn (1)

an action mcSOnwo:ww. Here €, n are light-cone coordinates
£ = x+t, n = x-t (2)

A principal chiral field is a solution of the variational
problem

8S(gl =0 (3)

and is called a harmonic map mathematically.
The Euler equation is

A. +B_ =0 (4)

Here
A=gg , wummm (s)

Hence we have
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Backlund transformat ions for chival [ields
A. - B_+ [AB] =0 (6)
€ n

(4) and (6) are equations of GL(N) principal chiral field.
Equations (4) and (6) admit a Lax pair

¢, = (1+p) " ag, ¢ = (1-u) " 'Bg (7)
or
- - _4y1
sa = AA¢, sm A(2x-1) ‘B¢ (8)
The zero-curvature condition
A - >Am>-~v-~ms +2%@-n"1aB) =0 (9)

is exactly (4) and (6) [8].

The Backlund transformations for principal chiral fields were
considered in [9]. We are going to construct the Darboux matrix
explicitly. It should be noted that the Darboux matrix method is
very powerful for AKNS system (e.g. [1,2,4,5,6,7,10]) and the
Cauchy problem for the principal chiral fields of compact group in

wn.n was first solved in [3].

Suppose that a solution (A,B) and a fundamental solution
¢=¢(A,m,€) of (8) are given. The Darboux matrix of first degree
has the form

S=1+axr (10)
where « is an N x N matrix. Let ﬁ» = S¢. From
_ _ 431
s~= = >>H$~. eam = A(2r-1) mgsu (11)
we obtain
x a = aA - Aa
n
a.a + 20, = Ba-aB 12)
¢ € o (
and
-1
A, = aAa = A+ a
1 n
B, = (a+2)B(a+2)"! = B - % (13)

It is seen that (12) is a completely integrable system for a« and

(13) is an explicit form of the Backlund transformation provided a
is known.

Backlund transformations tor chiral fields

The general solution a can be constructed in the following way.

Choose N numbers yw A»ug.m_.l..zuﬂywﬂo.u\mw. and let
:~A>~v...‘...szﬂyzv be N column solutions of the Lax pair which
can be obtained from the fundamental solution ¢(A). Moreover,
construct a matrix

H = ~:~Ay»v. ..... Jhy (A )]

We choose :mA>Ww such that det H = 0.
It is seen that
1

a = -HATH (14)
with
>~ 0
A = (15)
0 vz
is a solution of the system (12). In fact, we have
H, = AHA
e = BHA(2A-1)"! (16)
Hence
::a.u ==>.N=.H - HA =-~:=>- ol
= aA - Aa
aga + 20, = =m>.m=.~ - BA” :-#m>|~:-~|mmm>- o le2nn” ='ﬂ=m=-»
= Ba-aB

Thus (12) is satisfied.

It is also noted that all solutions of (12) which are similar to
diagonal matrices at a point (hence at all points) are obtained if
the diagonal elements are neither zero nor (-2).

Moreover, from (11), we know that the corresponding principal
chiral field is

Bp = (1 + a)g amn

if ym 1 (i=1,2,......,N).
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Backlund transformations for chiral fields

2 Example

For simplicity. we choose N = 2. Take a seed solution (A,B) such
that A,B are diagonal,

¢ 0 v 0
A= 1 , B= 1 (18)
0 ¢, 0 v,

Since A and B commute each other, the seed solution consists of
linear waves

sﬂasv 0 s~ﬁmg 0
A= , B= (19)
0 #,(m) 0 ¥, (&)

where P Py sp. SN are arbitrary functions. Moreover, sﬂﬁdf
sNA:- are waves going to the right and eaﬁmv. SNAmV are waves

going to the left. If these functions contain several impulses, we
have "linear multi-solitons"”.
We assume that smadu. Smﬂmv (a=1,2) approach zero rapidly as

n,€+-», then a fundamental solution to the Lax pair is

P.Q 0
sy = | 11 (20)
o] vNON
where
vm = mxvﬁyHSSmﬁ:vasu
-0
g (a=1,2) (21)
om = exp(A(2x-1) °f emﬁmvamv
-
Let
B wvﬂa>auopﬁ>~v ovpﬁymuoﬁﬁwmv
Saﬁwuu = SNANNV =
UWNA>HVONA>~v Q1NA>NvONA»Nv
(22)

where a,b,c,d are constants such that

det H = det _:uﬁyﬂu. vmnvww_ 0

Then
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l‘ - !.Mt
Qn Hmavuﬂy_vo_ﬁyﬂvvma>mvomﬂymu Unv~H>NVO~A>vaNA>—vDNAyHi.

- -1 -1

aP (A)Q, (A A, cP, (2,10, (A1,
-1 -1

[bP, (A0, (A )2 dP,(1,)Q, (2,2,

QvNA>NVONA>Nv |nv~AwNvogA>N~

[ 6P, (A0, (A)) &P (A0, (A))

Thus, from (13), we obtain a new solution for which >#.m~ do not
commute each other. Moreover, if swAsv. swamv approach zero
rapidly as n 5> » and £ > », then derivatives of

Mo_(man,  $5 (€)a€

-0 —00
tend to zero as m and £>». The nonlinear solution approaches the

original one as t-oo. In this sense, we see that the Backlund
transformation may not create or kill solutions for the principal

chiral fields, while, as is well-known, the Backlund
transformations do create or kill solitons for KdV, MKdV, NLS
equations, etc.

3 U(N) principal chiral field

In this section, we consider U(N) principal chiral field, i.e. g

takes value in U(N), while A,B satisfy >+ = n>.m+ = -B. Here +
denotes complex conjugate transpose.

The Darboux matrix S is constructed as in Section 2, with two
additional requirements.

(i} A. can be either A. or A_, where A  is a complex number

i 0 0’ 0
which is not real.
(ii) At some point Aso.mov. rﬁ.....:z are linearly independent,
+ _
.h =0 if A, A, (i.e. A, = A.).
and A:H:uv_asomou if i # j (i.e i yuv
We know from (8) that (hih.) =(h.h ).=0 if A.=X_, and hence -
iy 1 g i

rwzuuo o<mﬂ<:7mﬁm.q::m.nwmwwzmmﬂmsamvm:amsanm *:w_ywnwov m:a
*:w_wwuwov implies the linear independence of all Azwv. Therefore,
-1

H is nondegenerate everywhere, and a« = -HA"'H is globally
defined.
From
alh hl = -2 'h At ) (23)
1'"""°"°N 1 1"7°7""N N
we have



Back lund transformations for chiral fields

hite® « aon, = -(x]1 ywuvswsg = -0y mmﬂvzwsu (24)
which implies
o« va=-00t e xh (25)
since A:wv is a basis of wz. Hence
a'a = AsAymﬂ + MM_VHlaua
= neogh ¢« X h-ahatyt (26)
= _>o_-N_
and
(1 + (1) = 112271120 (27)
Considering the transformation (13), we have
AL = -AL B = -B, (28)
since
RM = 19:. Rm = |Qm (29)

by (25). Therefore, the Darboux matrix given above keeps the
reduction.
The transformation on g is

g, = (I + wghA-1)7} (30)

We take a right multiplier >A>|~u|~ such that g, takes value in
U(N) by (27).

Moreover, if we consider SU(N) principal chiral field, the
construction of the Darboux matrix is the same, because the
transformation (13) keeps trace zero.

4 O0(2N) principal chiral field
For O(2N) model, A,B are real matrices with >H = |>;ma = -B. The
Darboux matrix is dealt with in a similar way as in Section 3.
However, the matrix a should be real.

-1

Given >o = (u + vi) (v 2 0), let

Backlund transformations for chiral fields

J = (31)
-vl ul

where I is N x N identity matrix. Then, choose a nondegenerate

real matrix R such that mqm has the form

[5 4]

for some N x N matrix W.

Let a = -RIR"L, then
T _ . T-1T.T. -1
POGO = R J R RJR
2 2, T-1[W -1 2 2
= (4~ +v7) R ﬁ z~ R ™= (u~ +v v~mz (32)

Hence % is a multiple of an orthogonal matrix, which is certainly

diagonizable. 1.1
We can write ay = -KA "K ° where
>H o]
A =
0 >Nz
with >~ = >o or >o. and K = _Wﬂ.....xmz_ nondegenerate. Inserting

this expression of % into (32), we have

wW? + VN KA (33)

~>.».-_>_muxwx.uoHw,uuﬁ....mzv (34)
i 0 i

which implies kik =0 if AR

1)
Let spﬂwm.s.mu be the solution of

h. = X_Ah,
in i
_ _4y1
rmm = >»AN>w 1) wvm (35)
:Haso.mov = k;
+ .
and H = Hwn.....rwz_. the :wru =0 if >w * >g. and det H # 0. From
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1,-1

Section 3, we only need to prove that o = -HA"'H takes real
values.
Write a« = F + Gi, where F,G are real-matrix-valued functions.
1,1 .
Let 2 = {(n,§)eR 1G(n,£)=0}, then A:o.moumm. Near a point
A:_.mHHmN. F, F+2 are nondegenerate since « has no real
eigenvalues. Here 2 is the abbreviation of the matrix N~Nz.

Considering (12), we have

F F-G_ G = [F,A]
n
F G+G F = [G,A]
n o
(36)
F_(F+2)-G_.G = [B,F]
13 £
F_G+G_.(F+2) = (B,G]
€0*C¢ _
Eliminating 15. ﬂm. we have
asﬂﬂ+on-wow = Ga-FAF 16
0 o (37)
G.(F+2+G(F+2) 'G) = (F+2)B(F+2) G-GB

3

G=0 is clearly a solution of this group of equations. Morcover,

since the coefficient matrices F + Oﬂxgn. F + 2 + G(F + N_u_o are
nondegenerate near H:H.muw. the uniqueness of (37) implies G=0

near A:H.muv. which means Z is open. Hence G = 0 everywhere and «
has real value.
The Darboux transformation on A,B is given by (13), and

_ _ -1
g = (I + algli H\yo_

is an O(2N) principal chiral field.
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