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In 1+2 dimensions, some Darboux operators have been constructed
before. In this paper, all the nondegenerate Darboux operators of first
order are given for quite general Lax pairs without reduction. They take
the form which is already known, The Darboux operators or Darboux ma-
trices in 1+1 dimensions are discussed as special cases.

1. Introduction

Darboux transformation method is an effective method to get expli-
cit solutions of some nonlinear partial differential equations, For 1+1
dimensional problems, Darboux matrix has been known quite clearly (eg.
[5,10]). In 1+2 dimensions, the spectral parameter in 1+1 dimensions is
usually replaced by a derivative with respect to one variable. Thus the
fundamental Darboux transformations are given by differential operators
(Darboux operators(DOs)) rather than polynomials of the spectral para-
meter in 1+1 dimensions.

Let g;z be the set of all NxN complex matrices, £2 is a simply
connected domain in R® with coordinates X,Y,t. Denote 3= 9/3x,

D () ummo Ay 29 Ay € c™(a,my), rz0}.

All the functions are assumed to be infinitely differentiable,
Now we counsider an equation (or a system of equations)

mnx.%.ﬁ.c.:x.:<.cﬂ.cxx....v =0 m

of unknows u = AcA.....Cmv in 2 which admits a Lax pair

.M & y = U( Nv@ (2)
= VP,
Here m ) .
A u(? v = CAX-V:.WZ.:CX-....W ) = u.mo CBIQ. Aun.v:.wnﬁvrfnn...v 2 J
~ n (3)
V(a) = .<AX-<-#-C~CN:..~ 2) = .uM.lw.v <5luﬁx.%~d-ﬁucun....ku.
Uy, <umn8 (Q,my) if u is given.
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(2) is a Lax pair of (1) implies that (1) is equivalent to

U(a) - v (3) + [U(2),v(3)] =0 ()

which is the integrability condition of (2). Here we assume (2) is inte-
grable in the sense that (2) is locally solvable for any initial data
defined at x=x_.[12]

The Backlund transformation in the form of differential equations
or integro-differential equations (eg.[3,6,7,8] ) as well as the inverse
scattering transformation (eg.[1,2,4] ) for a lot of equations or systems
contained in (2) have already been known. As for Darboux transformation,
the DO for the equations possessing scalar Lax pair as KP equation has
also been known (eg,[11] ). For general unreduced Lax pair (2), [12]
showed that any nondegenerate matrix solution H of (2) generated a DO
ulm H™ 4 The DO for Davey-Stewartson equation was obtained in this way.

In this paper, we shall show that these are all the possible DOs
in the form 2-S(x,y,t). Also, by reducing to 1+1 dimensions, we shall
give the corresponding conclusions for 1+1 dimensional problems.

2. Darboux operators for 1+2 dimensional Lax pairs

For equation (1) with Lax pair (2), a differential operator
G(x,y,t,2) €O () is called a DO if there exists U

u such that for
any solution ¢ of (2), ® = G(2)9 satisfies

~

?

¢, =029
*.mdui:m (5)

where U(?2) = Cﬁxn<.ﬁ.m~ﬂx....~w v~ v(a3) = <AN.<~&-m.ﬁxn....w ).
Obviously, U(2), «Ao ) satisfy

)

*mfwvnmmv oﬁuvc:v,fovksv
V(2)G(2) G(2)V(2) + G (2)
Ug(2) - V,(2) + [T(2),%(2)] = o. (7)

(6)

Therefore, we obtain a new solution U of (1) by the action of the DO.
This section is devoted to the equation (4) without reduction, i.e.
the entries of U,, < are Haamvm:ams.n unknowns. Then G(x,y,t, 2 vm-muzﬁb.v
is a DO if and only HH. there exist cAw ), ﬁuv € 9 zﬁb. ) such that
(6) holds.
A nondegenerate DO of first order is a DO G(x,y,t,? ) = R(x,y,t)
*(® -S(x,y,t)) with R nondegenerate. Since a matrix R is a trivial DO
if we do not consider reduction, we can always choose R=I.,

Nondegenerate DOs of first order can be constructed explicitly as
follows.
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Theorem 1. @ -S(x,y,t) is a DO of (2) if and only if mumxml‘_ for

some MxN nondegenerate matrix solution H of (2).

Before the proof, we have some preparations.

For any M€ C™ (., my), let M; be defined inductively by

3 M, .+ M.M (§20). &)

Mz =1
J+1 JsX J

=
[}

Let

m U__.M. 9)

00 = 2 Uy gy -

Then, for any ¥ satisfying ¥,=MY¥, we have

U(a)P =um¥. (10)
Lemma, 2 -S is a DO of (2) if and only if S satisfies
s, + [8,U(3)] = (U(s)), (1)
(% v - e

Proof. First suppose 2 -S is a DO of (2). Choose a fundamental
solution matrix ¥ of 6xnm%. then (6) implies

s,¥ = (3-5)UE) ¥ = (U, P - [s,06)]E,

which leads to (11).
Conversely, suppose S is a solution of (11). Let

J 24
H(2) - & T, (12)
j=0
where ...,_.u..m are defined inductively by
ﬁwo =% 03 (13)
= . - c " C

cu.i c.u.i + cu. mc + mo -k w

Then,
jad oo
D(?) = m< - (3-8)U(d) +U(3)(2-s)ecCc  (n, 32?

However, for the fundamental solution matrix ¥ of 6xuw%. (11) gives
D(? )¥ =0, This means D(d )=O as a matrix. QED.

Proof of Theorem 1. Suppose H is an NxN nondegenerate matrix solu-
tion of (2), S = :xm\_. Then (2) leads to (11) immediately.

Conversely, suppose G(2 ) = @ -S(x,y,t) is a DO of (2), we need to
find a solution H of (2) such that mu:xm.x_. or equivalently, we need to
so6lve

= SH
o U(?2)H (14)
v(2)H.

oo}
]
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Again, this is equivalent to

fa ol
]

SH
U(S)H (15)
V(sS)H

I T
[

by (10). Therefore, we only need to verify the integrability condition

of (15).
Let % be a fundamental solution matrix of %xnm%. From Amv.

(b, - U(a)¥), = (5¥), -20(2)¥ = (¥ - U(2)¥),
thus,

(Vy(3) + v(2)u(e )) ¥ = (vV(a)¥), - V(2 )(¥y - u(2)¥)

= (V(S)¥)y - V(S) (¥, - U(s)¥) = V(s), ¥ + V(S)U(s) ¥

We have a similar equation by changing U and V. These lead to
u(s)y = V(s)y + [U(s),v(s)] = 0 (16)

by the integrability condition (4), since det¥# O.
The lemma implies that other two integrability conditions mx% = mvan.

H H hold. Therefore, (15) has an MxN nondegenerate matrix solution.

xt =

QED.
This theorem implies that any nondegenerate DO of first order can

be determined only by an NxN matrix solution of the Lax pair. Thus, we

obtain infinite number of solutions of (4) in the usually way.[5]

3. Application to 1+1 dimensional problems

We consider the equation (or the system of equations)
Fx,t,u,u,uy,uy50..) = O “7)

defined in £ (a simply connected domain in [R* ) which possesses the
Lax pair

Ad=U(2)$
M?n v(2)é. (18)
Here
m
U(a) = UG ., 2) = VRCR AR EL
um_ ) (19)
V(a) = Vix,tu,u,...,3) = .Mo <:|u.?..n.c,fn....vmu
Q" ’

U, is nondegenerate.
Also, we assume that (18) is integrable, in the sense that for any
rEC , (x,,t))en and drecer g €My, there exists a local solu-
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tion ¢ of (18) such that wum;xo}ovn&w_ (3=0,1,...,m=1). The integra-
bility condition (necessary) of (18) is

U (3) + [U(2),v(2)] = o. (20)

The simple examples of (20) are KdV equation and Boussinesq equation,
the DO for the latter is given in [9] .

For an unreduced equation (20), the entries of cu.<.u. are independent
c:wzoswm. .wwm: G(x,t,9) € P zAb.v is a DO of (18) if and only if there
exist U(2),V(2) €d y(n) such that for any solution ¢ of (18),

¢ =G(3 )¢ satisfies
Ad=0(2)¢
mmﬁ V(2)8, (21)
The nondegenerate DO of first order G(x,t,® ) =9 -S(x,t) is given
as follows, using the conclusions in 1+2 dimensions.

Theorem 2. 2 -S(x,t) is a DO of (18) if and only if S = _.Wmn\_ where
H is an NxN nondegenerate matrix solution of

mz>u U(? )H
He = V(2)H,

and A is a constant matrix.
Proof. Suppose ?-S(x,t) is a DO of (18). Let

(22)

4a(2) = (2-s)u(a) - U(2)(2-s).

For any solution ¢ of (18), A(23 )¢ =0 by (21). This implies
AT U= b, 0 (0,-0 uZ (U Desu-O.s)ul P + M(2 )E =0
oo x 17%"0 ‘“U17%0,x/*°%0™ 0>/ Yo =
by (18), where M(3) is independent of A , and the order is less than m.
From the integrability of (18),
Uy =0 + co.x + Hco.mu .

Now it is easy to check that the order of A4(? ) is less than m. Hence
4 (2)=0 since it annihilates any solution ¢ of (18). Thus

0= (2-8)u(a) - U(2)(3-5)
{5, = (a-s3(2) - 7(2)(2-5). (23)
(The second one is obtained from (21) directly.)
Now consider the equation
w.m. y = U)¥
Yy = V)Y (24)

for (x,t)e n , yeR . From (23), @ -S is a DO of (24). According to
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Theorem 1, there exists a solution K(x,y,t) of (24) such that muxxxna.
Let A = x:;x%. then we can check that A is indeed a constant matrix
by (11) and (16). Hence

NAX-V:dv = ZAN-dvmunHUA\/ %v

where H satisfies (22) and S = mxmna.

Conversely, if H is a solution of (22), S = :x::;. then it is easy
to see that S satisfies (23), or equivalently @ -S is a DO of (18). QED.

If N=1, H must be a solution of the Lax pair (18). This gives the
DO for Gelfand-Dikij system.

For the Lax pair

U(y,t,A) 9
<Av-+¢ A Vﬁ

(25)

n

{3y

¢

where U,V are two polynomials of A, we can get the similar conclusions
as Theorem 2, which are the partial results in [13].

Acknowledgement

This paper is supported by the Chinese Fund of Natural Sciences and
the Chinese Fund of Doctor Program. The author would like to express his
gratitude to Prof. Gu Chaohao and Prof., Hu Hesheng for encouragement
and many helpful suggestions. He also would like to thank Prof, Tu Gui-
zhang for helpful suggestions,

References

(1] Ablowitz M.J., Bar Yaacov D. and Fokas A.S., Stud. Appl. Math. 69
(1983), 135.

[2]) Beals R, and Coifman R.R., Proc., Sym. Pure Math. 43 (1985), 45.

[3] Boiti M., Konopelchenko B,G. and Pempinelli F,, Inverse Problem 1
(1985), 33.

[4] Fokas A.S. and Ablowitz M.J., J. Math., Phys. 25 (1984), 2494,

[5] Gu C.H., On the Darboux Form of Bicklund Transformations, Proc.
Nankai Symposium on Intrgrable Systems (1987), to be published.

[6] Hirota R. and Satsuma J., J. Phys. Soc. Japan 45 (1978), 1741,

[7] Konopelchenko B.G. and Dubrovsky V.G., Physica 16D (1985), 79.

[8] Levi D., Pilloni L, and Santini P.M., Phys. Lett. A31 (1981), 419.

[9] Li Y.S, and Gu X.S., Ann, Diff. Eqs. 2 (1986), 419.

[10] Sattinger D.H. and Zurkowski V.D., Physica 26D (1%7), 225.

HAAQ Tian C., Generalized KP equation and Miura Transformation, pre-
print (1386).

[12] Zhou Z.X., Lett. Math. Phys. 16 (1988), 9.

ﬁéuu Zhou Z.X., General Form of Nondegenerate Darboux Matrices of First
Order for 1+1 Dimensional Unreduced Lax Pairs, preprint (1989).

28



	B_Dt2re0.tif
	B_Dt2re2.tif
	B_Dt2re4.tif
	B_Dt2re6.tif

