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Abstract. The Darboux transformations in 1 + 2-dimensional space are constructed, with a discussion of
their composition and permutability. The auto-Bicklund property of the Darboux transformation for the
N x N system and KP hierarchy is also proved.

1. Introduction

The Darboux matrix method is a convenient form of Biacklund transformations (BTs).
In the 1 + 1-dimensional case, the Darboux matrices for AKNS system and its N x N
generalizations have already been constructed. Besides, these Darboux transformations
(DTs) are auto-BT (i.e. they change a solution of an equation to a solution of the same
equation) [1-4, 7].

In the 1 + 2-dimensional case, there are still a lot of equations which have Lax pairs
and BTs [5, 7, 8]. Tian [6] gave an expression of BT for the KP equation as (4.4). In
[8], the BTs (in the form of integro-differential equations) for the 1 + 2-dimensional
N x N Zakharov-Shabat—-AKNS and Zakharov-Shabat—-Gelfand-Dikij systems
were constructed.

In the present Letter, we consider the DTs for general 1 + 2-dimensional systems. A
differential operator which has a similar form as that given in [3] and plays the role of
the Darboux matrix is constructed. As in the 1 + 1-dimensional case, this method can
be used successively by using a purely algebraic algorithm which is universal for the
whole hierarchies.

In Section 2, the integrability of a system of linear PDEs is discussed briefly and a
general form of DT is given. The composition and permutability property of DT are
discussed. Sections 3 and 4 are devoted to two special cases: the N X N system and
KP hierarchy. The auto-Bicklund property for these equations is also shown.

2. Integrable Equations and Darboux Transformation

We use the following notations: M, is the set of all » X r-matrix-valued smooth functions
of (x, y, ?).

d 0 . ..
D, = { Y, A, — |4, eM,, nis a nonnegative mteger} .
k=0 Ox*
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Thus, M, is a subset of D,. D always denotes §/0x.
In this part, we consider the following PDEs

py=M¢, ¢=N¢. @1

Here M, Ne D,. ¢ M, is called a solution of (2.1) if ¢ satisfies (2.1), and det¢ 5 0.

We say that (2.1) is integrable if, for any (x,, o, ¢,) and any smooth function ¢,(x)
defined near x,, there exists a unique solution ¢ of (2.1) in some neighbourhood of
(X0, Yo, to) such that ¢(x, y,, 25) = Po(x).

Let
M=% M, D/, N=3Y N, ,D’. 2.2)
j=0 Jj=0
If (2.1) is integrable,
M,¢p-N,¢+[M,N]p=0, 2.3)

which is equivalent to

m+n

Y 0D ¢p=0. 2.4)
k=0
Here Q, is the coefficient of D*in M, - N, + [M, N1].

LEMMA 1. If (2.1) is integrable, then Q, = 0, for all k.
Proof. If not, we get a nontrivial ODE (with respect to x) of ¢ given by (2.4). This
is a contradiction to the solvability of (2.1) for any initial data.

Remark. The condition in the definition of integrability can be weakened. Instead of the
existence of the solution in a whole neighbourhood W, we can require that the solution
only exists in one of the subsets

Wolt,n)l(y-0)ez0,(-1)n=0}, &n=+1.

If we define the integrability like that, all the conclusions in this Letter still hold.
Now suppose (2.1) is integrable. Let H be a solution of (2.1). Let

S=D-HH 2.5)
(which means SH = 0). Then we have

LEMMA 2. There exist M’ , N’ € D, such that for any solution ¢ of (2.1), ¢’ = S ¢ satisfies
o =M, ¢ =N¢. (2.6)
Proof. Let

N = Z N, _;D. (2.7)
Jj=0
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N’ are given inductively by
No =N,
N s
i=0
Then
N'S—-SN-S,eM,.
Moreover
NS-SN-S,)H=—-(SH),=0.
Hence

N'S=SN+S,,

which is equivalent to
(S¢),=N'S¢.

This is the second equation of (2.6). The first one is the same.

s+1 = Ns+l +Ns,x - HxH—lN: + Z C:—_J:TN;DS_{(HXH_I)'

11

(2.10)

@2.11)

d

Next we consider the higher-order DT. Let H,. ..., H, be solutions of (2.1). Let K be

the block matrix K = (K;)), K, =D'"'H,,i,j=1,2,...,r.

THEOREM 1. ForagivenH,, ..., H, withdetK # 0, (1) There uniquely exists an operator

S (depending on H,, ..., H,)

SH,,...,H)=Y o,

ceEM , o,=1
i r 0

such that SH; = 0, forj=1,2,...,r

@ If
B H, . H, ]
DH; e DH,
det #0,
Dr—th Dr_zHi,-]
then ) B
S(H,,...,H,)

= S(S(H,,, ..., H, )H)S(H,,....H, )

Lt P P

Here (iy, ..., i) is a permutation of (1,...,r).

(2.12)

(2.13)
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(3) There exist M', N’ € D, such that for any solution ¢ of (2.1)
(S¢),=M'S¢, (S¢),=N'S¢.

Proof. (1) The existence and uniqueness of S is equivalent to the solvability of

r—1
Y o,_,D'H,= -D"H,, (2.14)

i=0

which is det K # 0.
(2) Without loss of generality, assume (i, ..., i) = (1,..., 7).
Let K, _, be the block matrix (D'~ 'H}), <, ;<,_ ;-

r—1
SH,y,....,H,_))=Y 1,_,_;D" (1n=1),
f

then (2.14) is
(t,_yy-eesty)=—-(D""'Hy,...,D""'H,_ K !,. (2.15)
Hence
det(S(H,, ..., H,_)H,)
=det(D""'H,- (D"~ 'H,,...,D""'H,_ K \(H,,...,D""*H,)7)
= detK/detK,_, #0. (2.16)

Here the symbol T means to change the row to column without replacing H,, ..., H, _,
by their transposes. Thus, S(S(H,, ..., H,_)H,) is well-defined.
Clearly,
S(S(H,,...,H,_,)H,)SH,,...,H,_)H,=0.
But

SH,,....,H,_)H;=0, forl<j<r-1.

Hence, (2.13) holds by the first part of the theorem.
(3) Since detK # 0, we can find (i;, .. ., i,) such that

Hi| A Hik
DH, -+ DH,
det =0,
_Dk_lHtl Dk_lHik_

for 1 < k < r. Hence, by (2), S is the composition of first-order DTs. The existence of
M', N' follows from Lemma 2. O

By the construction of S, we know S(H,, ..., H,) is symmetric for H; and H,. Hence,
we have the following permutability property.
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COROLLARY. Suppose H,, H, are two solutions of (2.1),
et [ H H, ] #0.
DH, DH,
Then

S(S(HI)H2)S(H1) = S(S(Hz)Hl)S(Hz) .

3. N x N System

Let

M=AD+U, N-= i V,_,D’. 3.1)
Then (2.1) becomes =

9= Ap.+ Up, - Z V, ,D'o. (3.2)

Here V, = B, A = diag(a,, ..., ay), B = diag(b,, . .., by). a;, b, are constants, q, # a;,
b;#b; (i # j). U is an N x N off-diagonal matrix. ¥V, = (g,.j).
In this case

Qn—s=Utésn_ +[A +1]+AV +

+UV, - Y CroV D~ U, (3.3)

k=0

If (3.2) is integrable,

Qn—5=0 (S=O’ 1"“’")’ (3-4)
ie.
0 = {v,.j,y—a,g,j,x— X Uavigt 2 Y CiC “roa D e (3.5)
s+1 a,—a; s ki =0 k#j
5
Vit, y = @iVis x = Z U Vges — Z Z G lsvsz ‘U (3.6)
kAt =0 ki
U, =V y = AUy = Z Ui+ Z Y vaD™ . 3.7)
=0 k=j!

We now consider the nonlinear PDEs (3.6)-(3.7), with unknowns
u; (G, j=1,...,N,i#j) and g,.,.(s= l,...,myi=1,...,N).

In these equations, vy (i # j) are given by (3.5).
The following theorem shows the auto-Bicklund property for Equations (3.6)—-(3.7).
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THEOREM 2. Let u,;, v;, be solutions of (3.6)—(3.7). H is a solution of (3.2). Then
U=U+[4,HH '] (3.8)

~ _ _ =1y 5
D= Byt Y= L HHT D0
+Y X G, D T (HHTY, (3.9)
o j

are solutions of (3.6)—(3.7), where vy (i # j) are given by

1 ~
6[:’,’ = {gu alﬁlj Kk Z ulkvkj +
s+ a, - aj Kwi
+Y Y C,;':,‘ﬁ,.kDf-’ﬁkj}. (3.10)
1=0 k+j s
Moreover, for any solution ¢ of (3.2),
(S¢), = A(So) + US9, (3.11)
(9= Y V., ,D/(S$), (3.12)
ji=0

where S =D — H H™ !,
Proof. (3.8) and (3.11) are given by (2.8) and (2.6). Let
V=Y ¥V, ,D/, N =Y V,_ D (3.13)
j=0 Jj=0
in which I7j is given by (3.9), (3.10), and ¥, = B. N’ is given by Lemma 2.
Because of (2.6),
M; -N,+[M,N']1=0. (3.14)

Hence, (3.5) and (3.6) hold for (T, V).
We shall now prove 17 V. By definition, Vy = V(’, B. Suppose 17 V; for j <

Then, we have Bu= 1,, by (3.9) and (2.8), “U (z;éj) by (3 10) and
(3.14). Hence, N = N'. Formula (3.14) implies that (3.8) and (3.9) satisfy (3.6) and (3.7).
Equation (3.12) is just the second equation of (2.6). d

As for the reductive case, the DT given by Theorem 2 does not generally keep the
reduction, so we need more restrictions on S (or on H).
Now consider Davey—Stewartson system, i.e.

A=B=i[1 O], U=[O p], e=+1,
200 -1 e 0

V., =[ On=s w"-f]. (3.15)
n—j
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Suppose [«, B]7 is a solution of (3.2), then it is easy to see that [iep, ia]” is also a
solution.
Let

then the DT is

U=U+[4,HH '1=U+

(0L ) g

Ia|2_8|ﬂ|2 ﬁax_aﬂx 0
Clearly, U satisfies the reduction.

EXAMPLE. More specifically, let n = 2,

1% =(° 1’) V. =( % ""’y“’x/z) (3.17)
' egp O ’ 2 iep, + &p, /2 0,

where

i . i
al,y—'—z— 01,x=18<(|p|2)y+5(|p|2x)9
(3.18)

i . i
a2,y+5 a2,x= _18<(|p|2)y -E (Iplz)x)

If we let ¢ = 2¢[p|? + i(0; — 6,), then we have the Davey-Stewartson equation
ip, = Pyy = Prx/4 = 26 |p|*p + qp, (3.19)
yy + Gex/d = &(|P]%)sx -

In this case, we know (3.16) is still an auto-BT, only to prove that the diagonal terms
of 7, are zeros. This is easy to check in (3.9).

4. KP Hierarchy

The system is

by = bux tugp,

n 4.1)
= ¥ 0. D0 (=1).

If (4.1) is integrable, we have

s—1
— - -k
2vs+1,x = Us,y - vs,xx + Z C:—I:ka: u, (42)
k=0
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n—1
U =0, , = Uyt O BD" *u. 4.3)
k=0
We regard (4.2) and (4.3) as a group of differential equations of unknowns u and v,
(i=12,...,n).

THEOREM 3. Let u, v; (i = 1, ..., n) be solutions of (4.2)—(4.3), H be a solution of (4.1).
Then

#=u+2(H,/H),, 4.4)

L LR W E L CAT) (4.5)
are solutions of (4.2)-(4.3). Moreover, f; any solution ¢ of (4.1),

(S9), = (SP), + S0, (4.6)

(S¢), = éo b,_,D/(S¢). 4.7

The proof, which is similar to the proof of Theorem 2, is omitted.

If n = 3, we can study a differential equation (KP equation) rather than the system
of equations (4.2)-(4.3). By (4.2)

v = cl(y’ t), (48)
U = %u + %cl,y‘x + cz(y, t) )

where ¢,, ¢, are two arbitrary smooth functions of y, t. Equation (4.3) can be written
as

Uy = 5y + 6UIL), + FU,, + 5Cy X + €y, (Gu, + 5Xu) +
+3C yy + Collyy . 4.9)
Fir (4.9), the auto-Backlund property also holds, i.e.

COROLLARY. Let u be a solution of (4.9). H is a solution of (4.1). Then
it =u+2(H/H), is also a solution of (4.9). Moreover, for any solution ¢ of (4.1),
Equations (4.6) and (4.7) hold.

Proof. By Theorem 3, we only need to check that (i, v,, 1,) satisfies (4.8) as (, v;, v,)
with the same ¢,(, 1), ¢,(3, £). This is true by simple calculation. O
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