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Abstract. The auto-Bicklund property of the Darboux matrices for AKNS systems is proved. A quite
general form of the theorem of permutability is obtained in a universal way.

1. Introduction

The Darboux matrix method has been proved to be very useful in the construction of
Biacklund transformations for soliton equations [1-6]. As is known, the Backlund

transformation is a method of constructing new solutions of partial differential

equations from known solutions. In the generalized sense, a Bicklund transformation

changes a solution of an equation to a solution of another equation. (For example, the
Bicklund transformation between sine-Laplace and sinh-Laplace equations changes

the solutions of these two equations with each other.) However. in the original sense

and in many cases, the Backlund transformations do change a solution of an equation

to another solution of the same equation. These Backlund transformations are called

auto-Bicklund transformations. In [7], an elegant method of constructing Darboux

matrices for general AKNS systems was presented. However. the proof of the auto-

Backlund property in [7] has some ambiguous points. In the present Letter, we give a

complete proof of that property. In Section 2, we give a clear description of the system

of equations which are the integrability conditions of the AKNS system. In Section 3,

we rewrite the construction of Darboux matrices with complementary comments. In

particular, the existence of such matnces is investigated. Section 4 is devoted to the

proof of the auto-Bicklund property by the method used in [6]. In Section 5, we present

a more general permutability theorem which has universal characters. This treatment

is valid for the hierarchies of KdV equations, MKdV equations, and nonlinear

Schrodinger equations as particular cases.

2. The System of Partial Differential Equations
We consider the general AKNS system
o.=Mop, ¢ =No. 2.1
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Here
A = < ’ plx, t)) . Ve (A(x, L /) B(x, t, /) ) .
q(x.1y -4 C(x,1.2) —A(x,t, 4)
/ is a complex parameter, p, g 27¢ two smooth functions, and 4. B, C are polynomiais
of the parameter 4

4= Y alxnimk,
k=0
B=Y bJlx.mk, 2.0

k=0

m

C= Y clx,nim*.

k=0
We use the subscripts x and ¢ zs the notations of derivatives with respect to x and 1.
and 2il the functions appearics a this Letter are assumed to be sufficiently smooth.
The integrable conditions cf Equations (2.1) are

4,.=pC-4B. B, =:.+24B - 2pd. C.=gq,-2.C+2q4. 25
From (2.2) and (2.3). we get

a5..=0, by =co=10. bj+|=Paj‘1?bj..u

Go1=4qa, -3¢, a_, . =pg. —gb_ (0K j<m-1)

and
p.=2pa, +b, ., @=-29a,+C, . (2.3

We shall give a simple proof of the fact that a,b,c;(j=12,..., m) are polynomials
of p. g and their x derivatives. Hence, (2.5) is a system of partial differential equations
of pandg. '

Let P = {¢' ¢ is a polynomial of p, ¢, Prs Qs Prxs Qux - -+ whose coefficients are
independent of x}, P, = {¢, ¢=P}. By the notation f = g we mean that f, ge P and
f-g<P,.

LEMMA 2.1. For0<k<m. a, b, c,€P.

Proof. We shall prove this lemma by induction. It is clear for k = 0. Suppose that
istruefork <1 - 1,ie.,a.b,.c,e Pork<l-1(1 <!/<m),thenby (2.4), b, ¢,
If 1<j<!- 1, from (2.4) and the hypothesis of induction, we have

bicy oy ;= by
= 1 1
=b,(qa,_; - C_jx) c;(pa,_; + 3bi-5.%)
1
= -a a_;~ i(bjci- ot Cjbl-j.x)

1
= a/al-j.x + i(bj.xcl-_ + Cj.xbl—j)
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= (pa + %bj.,\')cl -y (qaj - %C/.'\')bl—j

=b_ic;-c b, (2:6)

Hence,
bic,—c\by=bic, —c;by = =(bic, - ¢,b).

ie, bic, - c;b;=0. Thus, pc, - gb, = 0, since b, = a,p, ¢, = ayq. Therefore, by (2.4),
we have a,¢€ P. O

Now we can define {a?[p.q]}. [62(p, q]}, {c2(p.q]} as follows, al = 1. and the
others are defined inductively by integrating (2.4) with tks conditions a2{0,0] = 0
(1 < k< m). These {a?!. {b7 . {c} are uniquely defined poi:nomials of p. g and their
x-derivatives. Moreover. for any p, q. 6200, q]) = 0.c2[p, 0] = 1.a2[p,0] = a2(0.4) = 0
(1<k<m)

Thus, the general expressions for q,, b, ¢, are

.
alp.q) = ) a._,[0.0]a)(p.q].

j=0

.
blp.ql = Y a,_;[0.0]6)(p.q]. (2.7

i=0
k
alp.ql = Zo a,_,;[0.0]cP(p. q] .
=
They are uniquely determined by a,[0. 0]. Here, in general, a.[0, 0] are functions of r.
Thus, we obtain the general expressions for Equations (2.31 and related coefficients
a,, by, ¢,. In particular, (2.5) is a system of partial differential equations whose
coefficients may depend on r.

EXAMPLE. For m = 2, the equations are
P = 5o(D) 3P, = P7@) + 5,(Np. + 25,(1)p (2.8)
4, = —5o() 34, - Pg?) + 5,(q, - 25,(0)q .

As is well known, if p. g are suitably related. from (2.5) we can get an equation of
one unknown function. For instance, if ¢ = -p, 5, =5, = 0. s. = 2/, from (2.8) we get
the nonlinear Schrédinger equation

ip,+ P +2iPP=0.

3. The Construction of Darboux Matrices

The Darboux matrices for Bicklund transformations of the AKNS system have been
constructed in [7]. We rewrite the method of construction and prove that the method
is available.



182 A GU CHAOHAO AND ZHOU ZIXIANG

Suppose that (p, q) is a known solution to the partial differential equations (2.5) and
)- bl ..

o(:) = (au( ) al-({)) (3.1)
a (1) ay(2)

is a solution to the linear system (2.1) with det ¢ 0. We call ¢(4) a representation of

the solution (p, q).
A Darboux matrix is a 2 x 2 matrix of the form

) 1 0 =1 (o ,8»).
’) = Al A 2 3.2
) (o 1) “,Z:o(-,, 5) 3.2)

J

which satisfies
2
(i) dets(d) = n (4-2) (3.3)
j=1

where 7, are 2/ distinct complex numbers such that det¢(4)# 0 (i=1,2,...,2/),
(i1) the two columns of the matrix

_ (3,00 (R
) = 52 ) = 11 12 .
1(4) = s(Dg(4) (52,(;.) an(;.)) o

have a linear relation with constant coefficients g, :v; at £ = 4,:
M, +vad,=0 (x=012;i=12,...,2]). 3.5)

For simplicity we assume p, # 0 and denote v,/u, by b,. Equation (3.5) becomes

1-1
Y (piy + TB)M = -lp,,

,=0 (3.6)

-1

Z (pin + tiéj)j'{ = _;'ilri .

j=0
Here

pi=apn(4) + ba,(4), v =ay(4)+ bay(l). -(3.7)
Let

o = L_ ax (1) + bay,(4) (3.8)

Cop an(d) +ban(h)
Since det ¢(4,) # 0, 7, p, cannot identically equal zero. Moreover, g; satisfies the Riccati
equation

0, =4~ 2o, - po}. (3.9)

Equation (3.6) is a system of 4/ linear equations with 4/ unknowns x,, 8, 7, 9,. If the
system admits a unique solution in some region Q in the (¢, x)-plane, we say that it is
regular in Q.
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In particular, for the case / = 1, we have

1 ((az-a,),i+lza, - /40, A=Ay ) 10)

S = .
(42 = 1)y 0, (03 - 6,)A + 4,0, - 4,0,

G2 — 0,
Since 4, # 4,, we have o, # o, whenever g, # 0. Hence, for generic points in the ::. x)
plane S is defined regularly.

THEOREM 3.1. For given constants ,, 75, ..., 2y, by, by, ..., b,, such that
deto(A)#0, L#4 (G, j=1,2....,2Li#]).
the Darboux matrix exists for generic points in the (1, x) plane.

Proof. By using the constants (4, Z,. b,. b,), we construct the Darboux matrix - 3.8)
and denote it by §'"(4) = S(4, 4,, 21, b,. b,, ¢) and let

¢'(2) = SV (A)(2). 1)

Then, using the constants (/;, A,, by, b,) and the matrix ¢‘V(3), we construc: the

Darboux matrix (3.8) and denote it by S'2(%) = S(i. 43, 4y, by, by, ¢'V).
Consider the matrix

S 2) = SIS 12 12)
It is easy to see that $*- V() is of form (3.2) with / = 2. Moreover, the conditions $13)
and (3.4) are satisfied with constants (7,, 4,, 45, 4, b,, b,, b;, b,). Consequzzily,
S22V is nothing more than a Darboux matrix corresponding to the coefficients : /,,
Azs A3, 44. by, by, by, b,). Thus, we have proved the existence of the Darboux m:-rix
with / = 2. By using the same procedure we can obtain the Darboux matrix wit~ iny

given [ for generic points in the (f, x)-plane. 3

For the regular case, the conclusion of the above theorem is obvious and the Dar>oux
matrix exists uniquely. From the proof we see that the case of / = 1 is fundamental. For
the nonregular case we may choose the Darboux matrix which is constructed i- :he

above proof.

4. The Proof of the Auto-Biicklund Pre, ‘rty

Let S(/) be the Darboux matrix (3-2)and ¢ = §(4)¢(A). Equation (3.9) is vaké for
i=1,2,.... 21 By using these identities, it . ¢ proved by direct calculation [7: hat

¢|.(=(A pl,>¢|=M|¢l =.1)
@ 4
with

pPr=p-2B_,. Qh=q+ 2y =.2)
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Write

C’::‘-‘(Ar % )::=N1¢|- +.3)

C, -4,

Then

N, =8NS 4SS

- SNS-'+ T C(3) - 24(h)s - B(3)a?]Se S (4.4)

Here Sg,is the derivative :{ S with respect i g, and ¢, has been eliminated by the known
formula

6, = C(4,) - 24(s.'5, - B(4, c?. (4.5)

N, is a polyomial & 4 of degree m. This can be obtained by venfying
(SAS* + §,5%); . ;, = 0 :ogether with some calculations, where S* = (detS)S .
A,. B, and C; can be aTitten as

4,= Y awimt. By= Y bmte, Ci= ¥R (4.6)
k=1 k=0

Equations (2.4) and (2.3+ hold if we replace a;, b, ¢, by a;y, by, ¢;y and p, g by pi, q,-
Moreover, a,;. b, ¢;, 22 polynomials of p,, ¢, and its x-derivatives. The structure of
these polynomials is described in Section 2.
We are going to prov:
ajl[pl'ql] = a,(.-":-‘ll] ’ bjl[Pl- q:1= bj[l’l- a1, Ci (p.q,]= C,[Pl-‘ll] -
4.7)

If (4.7) is true, then ¢, q,) satisfies Equation (2.5), and (4.2) is an auto-Bickiund
transformation.

Owing to (4.2) and (£.4), we see that (4.7) consists of some equalities between p and
q. their x-derivatives a=d g;, provided that p, g, o, are related by (3.9) and that p and
q are solutions to (2.3 However, it is more convenient to prove (4.7) for arbitrary
functions p. ¢ and ¢, waich are related by (3.9) at any instant ¢, say ¢ = 0.

Now let p and g be =wo arbitrary functions of x and

p=p - tQ2pa,[:-q] + b [p.a)). (4.8)
G=q-1-2qa.7p.ql + cn Lp-9D)-

Moreover. let ¢(x) be = solution to the 2quation ¢, = M|[p, q]¢ with det ¢ # 0 Define
P(x.1) = p(x) - N[, q19(x) -

From the definition of g, § and N, it is easily seen that
M, .,-NJpil+[MN]=0. (4.9)

(t=9
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Hee M = M[p, ).
\Moreover. we have

é. = M(p.G)b=Mlp.qlé. & =Npdlo=Npald, 6., =01[p4]9)

(4.10)
2 =0. i : )
Define ¢.. S by (3.8) and (3.2) on the base of ¢ azd let
$=Sp, M, =SMS'+S8S. N =SNST'+Ssh (4.11)
W2 have
bro=Mb, b.=Vip,." (4.12)
M, -V, +[M,N]=0 (4.13)
t=0. Here
M, = ("‘ P ) (4.14)
4§, -4
with
bi=F-2B_\. di=d+2h. (4.15)

Equation (4.15) coincides with (4.2) atr = 0.
Since 4, , .o = O 641,06 = C(4;) - 24(;,)0, - B(;.)a2, by the definition of ¥,, we

kzow N, ,_o = N,.
Considering the algorithm for .V, ', _, = .V, we sez that the coefficients of A™ ~* are

st ajl[pl‘ql]v bji[Plv‘hlv le[pl' q,]). appearing ic (4.7), at ¢ = 0.
Now we prove (4.7) by induction.
For j =0, by[p,.:] = 0. co[ Py. ¢, ] = 0. Compare the coefficient of

Im-lin SN+ S, = ("' 5 )s
C, -4,
we get
ao, = ao[P1. 411 (=a,[0,0]).
Suppose (4.7) is true for j = k— 1. By (4.9) and (2.4),
b = balpinq],  ca=alpial, = aulpnal.

Let # =a,, - a,[p,,q,]. then for given i p. q, g;;. 7 is a constant.
What we must prove is that this constant is zero.
We need the following lemma.

LEMMA. Let F|[p,q,6] be a polnomial of p. q, their derivatives and o, If ‘
F(p, q, 6} = const. for any smooth functicns p, q and o; which are defined in an interval
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and related by (3.9), then, F[p, q. ¢] is a constant which is independent of p, g.and .
Proof. Let p'”, ¢’ be the derivatives of p and g of the highest order contained in #
We write
Flp.q0l=Fp.p,....p"qq,....9"".c).
From the hypothesis, we have
F’(,,p('b D4 Fp(,_ |)p(” + ...+ [-'Pp’ - ququ— H 4 Fq“““q(r- 04
+F,q + zra(q-na - pe)=0

Hence, F,, =0, i.e, F is mdependem of p'”. It is a contradiction. Hence, F = F(q,).
Since g, can take arbitrary values in different points, F must be a constant. The lemma
is proved. ‘ d

From this lemma, we see that % is a constant which is independent of p, g and g,.
Now we shall give a special set of p. g, g, to show that this constant is zero.
Let

p=q=0 g=e? (I<i<D, =0 (+1<1<2).

Then g, (1 < i < 2/) satisfy the condiuon (3. 9). By the definition of x, 7, _,. we know
%. G, -Oand 4_, = 0. Thus, by (+.4) and (4.2), 4, = 4[0,0] and ¢ = 0 Hence, # =0
b} Section 2. Therefore, we have proved

THEOREM 4.1. The transformation
{(P.@). 9} =~ (P 1) O}
defined by (4.2) and ¢, = S¢ is an auto-Backlund transformation.

REMARK. If ¢ is known, the Backlund transformation can be carried out purely
algebraically. Moreover, its algorithm is universal for the whole hierarchies of equations.
In particular, for / = 1, (4.2) becomes

a2 = A 0,6:(70 — 4
Py Spr2 Tl g oger BTN U= ha)
g, — 0, G, — 0,

5. Theorem of Permutability

The theorem of permutability can be proved very easily.
Let S(4, 4,, 4,, by, b,) be the Darboux matrix based on ¢,(%) and SP(A, 4;. 74,
b,. b,) be the Darboux matrix based on SM ¢, (7). We have

THEOREM 5.1 (Theorem of permutability)
S@(A, Ay, Ag, by, b)SM (4 244 Ay, by, b7)
= S(z)(ly ll, Az' bn bz)S(“(A’ 23, '14, bg' b4)



DARBOUX MATRICES OF BACKLUND TRANSFORMATIONS 187
= SOA, 4y, Ag. by b)SM (0. 4y, Ag, bl by)
= S4, 4y, 3y by b3)SM(4 Ay, Ay, by bY)
= SO(A, Ay Agy by by)S V(4 Ay, A3y by b3)
= SO, Ay, Ay, by, b3)SM (i 4y, Ag, b-. by).

Proof. For the regular case. all these S S!”’s are equal to the Darboux matrix which
is uniquely determined by the constants (4;, 4. 2. 44, by, by, by, bs). Hence, they are
equal to each other. For the nonregular case we can get the equalities by a limiting
process. O

REMARK. This theorem can be generalized to the more general case when the Darboux
matrices are of degree /,, I,. [, and I, with /; + I, 5 I, + I, and both sides have the same

set of parameters.
[t is noticed that the theorem of permutability for generalized KdV hierarchies, MKdV
hierarchies, and nonlinear Schrodinger hierarchies are special cases of this theorem.
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