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Abstract

For the 1 + 1 dimensional Lax pair with a symplectic symmetry and cyclic
symmetries, it is shown that there is a natural finite-dimensional Hamiltonian
system related to it by presenting a unified Lax matrix. The Liouville
integrability of the derived finite-dimensional Hamiltonian systems is proved
in a unified way. Any solution of these Hamiltonian systems gives a solution
of the original PDE. As an application, the two-dimensional hyperbolic C(V
Toda equation is considered and the finite-dimensional integrable Hamiltonian
system related to it is obtained from the general results.

Mathematics Subject Classification: 37K10, 70H06, 35Q51

1. Introduction

There are many integrable nonlinear PDEs in 1 + 1 dimensions which have important
applications in physics, mechanics, geometry and so on [3,24]. For quite a few of them,
the related finite-dimensional Liouville integrable Hamiltonian systems have been obtained.
By this nonlinearization method [4, 5], the nonlinear PDE is changed to a system of nonlinear
ODEs which are Liouville integrable Hamiltonian systems. Any solution of this system of
nonlinear ODEs gives a solution of the original nonlinear PDE. This considerably simplifies the
original problem. It is an effective way to obtain interesting exact solutions, especially quasi-
periodic solutions of the nonlinear PDEs [6, 7, 19, 21-23]. Soliton solutions can be obtained in
this way by a limiting process [26]. Some integrable systems in higher dimensions have also
been reduced to finite-dimensional Liouville integrable Hamiltonian systems [7, 8, 10, 31, 32].

Usually these finite-dimensional Hamiltonian systems have Lax matrices so that the
Liouville integrability can be guaranteed [11, 12,20,27,28]. Most results are obtained for
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specific nonlinear PDEs and specific hierarchies with less symmetries, and the integrability of
the derived finite-dimensional Hamiltonian systems is proved case by case.

In this paper, we consider a quite general Lax pair with a symplectic symmetry and cyclic
symmetries. The Lax matrix is presented so that the nonlinear constraint of the lowest order
is generated naturally from it. The Hamiltonian function for the ODEs derived from the
nonlinear constraint is expressed in terms of the Lax matrix. The Liouville integrability of
this Hamiltonian system is proved by obtaining the r matrix and finding enough functionally
independent conserved integrals. This system contains some known examples such as the
MKAdV equation and the nonlinear Schrodinger equation. It also contains any n x n AKNS
system with u(n) symmetry, where the symplectic structure is naturally derived from the
complex structure, and the binary nonlinearization method [11] is recovered.

As an application, the general results are used for the two-dimensional C{" hyperbolic
Toda equation [14]. The two-dimensional affine Toda equations are all integrable
[1,6,13,14,16-18,25] and are important in the integrable massive deformation of conformal
field theory [2,9,33]. Among these equations, the two-dimensional C{" hyperbolic Toda
equation has a natural symplectic structure. The finite-dimensional Hamiltonian systems
related to it are constructed explicitly in this paper. These Hamiltonian systems are simpler
than (with space of lower dimension) that presented in [29] where binary nonlinear constraint
was constructed. The result for the x-part of the Lax pair is derived from the general result of
this paper, while that for the ¢-part which has the ™! term is obtained independently.

The paper is organized as follows. In section 2, some notations and the Lax pair with a
symplectic symmetry and cyclic symmetries are presented. In section 3, the Lax matrix and
nonlinear constraint are obtained for this general system. The Hamiltonian function is also
presented. The r matrix is obtained in section 4, which gives the involution of conserved
integrals. The independence of the conserved integrals which are enough for Liouville
integrability is proved in section 5. In section 6, the specific results, most of which are known,
for the 2 x 2 real AKNS system, the MKdV equation, the nonlinear Schrodinger equation, the
u(n) AKNS system and the n wave equation are derived from the general conclusions. Finally,
in section 7, the results for the two-dimensional C{" Toda equation are derived.

In order to illustrate the main idea of this paper, here we review the well-known results
for the nonlinearization of the x-part of the 2 x 2 real AKNS system [5].

The x-part of the 2 x 2 real AKNS system is

1 0 0 u
®X=U(A)d>=k<0 _1><I>+(v O>CI>. )
Take Aq, ..., A, to be r distinct real numbers. Let &, = (d)w) be a solution of (1) with
20
A = A,. Then a finite-dimensional Lax matrix can be constructed as
1 0 - 1 _¢10¢20 ¢% )
L)) = + g . 2
( ) (O _1) aZ:; A— )Lg ( _¢§a ¢10’¢20 ( )

It satisfies the Lax equation
L)y =[U®R), L] 3

if and only if (u, v) satisfies the constraints

=30, v=-Yal *
o=1 o=1
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Under the constraints (4), the Lax equation (1) becomes

r r
¢l<7.x = }‘-04710 + Z¢]2i¢207 ¢2a,x = _)\-a¢2a - Z¢§i¢10’ (5)
i=1 i=1
which is a system of nonlinear ODEs for ¢, (j =1,2; 0 =1,2,...7).

This system of ODEs is a Hamiltonian system with the standard Poisson bracket

{f? g} - Z <a¢10 3¢2¢7 8¢20 a¢la> , (6)

o=1

and the Hamiltonian function
r 1 r r
H* = )\.,‘ Q2+ = 2« 2-. 7
; P11 2§¢1,;¢2J )

The involutive conserved integrals can be constructed from L(A). Expand

o0
2k __ (2k) 4 —j
r L) =2) EP, ®)
=0
then {E}z) | j = 1,...,r} are in involution and are functionally independent in a dense open

subset of R*". In particular,

.
E}Z) =-2 Z¢1i¢2i,
i=1

: F : 2 ©)
EY) =2 hituitni — Y b1 Y b3 + (Z ¢1i¢2i> ;
i=1 i=1 =1 i=1
and H* can be expressed by them as
1 1
H' = —§E§2> + g(E}z))z. (10)

This means that Ej(.z) are conserved integrals of the Hamiltonian system (5) determined by H*.
Hence (5) is an integrable Hamiltonian system in Liouville sense.

The above results are equivalent to those in the pioneering work [5]. A lot of work has
been done for various equations after that. In this paper, we will give the corresponding results
for a quite general Lax pair with a symplectic symmetry and cyclic symmetries which covers
a lot of concrete equations with extra symmetries. The proofs will be given in a unified way.

2. Notations and the Lax pair with symmetries

Let W be a 2n x 2n invertible antisymmetric real matrix which gives a symplectic structure
on R”".
Let
G={AeGL2n,C)|ATWA =W}, (11)
which is isomorphic to Sp(n, C), the complex symplectic algebra. The inner automorphism
group of G is G/{£I}. Let p : G — G/{=%I} be the natural projection. Let
g={Xegl2nC)| X" =-WxW} (12)
be the Lie algebra of G.

_ Let Gy be a finite subgroup of G such that each of its element A satisfies AA = =+I. Here
A is the complex conjugation (without transpose) of A.
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Lemma 1. p(Gy) is a finite Abelian subgroup of G/{xI}. Therefore, for any A, B € G,
either BA = AB or BA = —AB holds.

Proof. For any A, B € Gy, AB~! € Gy. Hence A"'BAB~! = +AB-'AB~! = 4], which

implies BA = +AB. The lemma is proved. ]
Suppose 21, ..., Qy € Gy so that p(2,) (a = 1, ..., N) are generators of p(Gy) and
suppose the order of p(2,) € p(Gy) is m,. Then, 2, satisfy
Qlwe,=w, Q, =+, Qe = +]. (13)
Let ¥ = {(aq,...,an) |as € Z(a =1,...,N)}, ¥y = {& = («1,...,ay) € 2|0 <
oy < mg(a = 1,...,N)}, then we can write Q* = Qf'-.-Qf', etc. for multi-index
o = (1,...,ay) € X. Denote my to be the exponent of p(Gy), which is the minimal
common multiple of my, ..., my.
Letw: Gy — S' = {z € C||z| = 1} be a group homomorphism such that w(+1) = 1.
Foranya =1,..., N, denote w, = w(£2,), then '« = 1.
For any fixed integer k, denote
Dy={Xeg|X=X, QXQ ! = w(Q)*X for any Q € G}, (14)

then [D;, D] C Djw. Moreover, if X € Dy, then X/~ € Dp;_y) for any positive integer
Jj. Let D =Y ;2 D, which is a real Lie subalgebra of g.
Denote Gy ® S' = {cg|c € S', g € Gy}. For given integer /4, denote

O, ={0eGy®S'16=0,2060)=1,0" =woew!,
and QOQ ™! = w(Q)"0 for any Q € Go). (15)

Here & : Go ® S' — S!is defined as &(cg) = w(g) forany g € Go and ¢ € S'. It is
well-defined since w(+1) = 1. Moreover, O, = ®,, if A’ = h mod m.

®; may be empty. However, ® is always non-empty since / € ®¢. For i # 0, ©, is
also useful for some nonlinear PDEs. (See the example of the nonlinear Schrodinger equation
in section 6.3.)

Lemma 2.

(i) 6> = £1 for any 6 € O,

(ii) ©y # @ only if 2h = 0 mod my,.
(iii) AB = BA and AB € ©, hold for any A € ®¢, B € ©y,.
(iv) 0X = X0 and 6 X € Dy hold for any 0 € ©), and X € Dy.

Proof. Suppose # = cg where g € G and ¢ € S!, then by (11) and (15), W = g" Wg =
(WgW—YWg = Wg?, which implies g> = I and then 6% = ¢>I. Moreover, #2 = 62 and
c € S' implies ¢> = £1. Hence (i) is true.

Following (i), (ii) holds since o (2)*'6% = Q02Q~! = 62 for any Q € G,.

Suppose A € Oy, B € ©,then BAB~! = &(B)’A = A implies AB = BA. Then it can
be checked that AB € ©, by definition (15). This proves (iii).

Suppose § = cg € ®, where g € Gy and ¢ € S'. Since w(g) = 1, we have
0X0~! = gXg~' = X,ie. 6X = X0 for any X € D;. Then 0WX)" = X797 =
(WXW HWew—) = —W@X)W~!. Moreover, 20XQ™' = w(Q)" 60X holds for

any 2 € Gy. This proves (iv). The lemma is proved. ]
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For fixed integers p and h, let

Fpon=3F() = Zefs__,«tj_l s is a positive integer, 6 € Oy, fi—; € R,
/=1 (16)

and f;_; # 0 holds only when jisevenand 2+ j = p+1modmg ¢.

Here the necessity of j being even when f;_; # 0 guarantees that K ileD j—1 When
K e D].
Note that F,y » = F,; if p’ = pmodmo and b’ = h mod my.

Lemma 3.

(i) p — h must be odd if m is even and F, j, # {0}.

(ii) [Fi,0, Fp,nl = 0 holds for any integers p and h.
(iii) If f € F, 1, then f(K) € D, when K € D;.
Proof. Suppose f(t) = Y 5_6f;—jt/~" € Fpuand f # 0. (i) holds since p — h =
j — 1modmg and j — 1 is odd when f;_; # 0. (ii) follows from (iii) of lemma 2. Now
suppose fs_; # 0, then j is even and K/~! € D;_; since K € Dj. (iv) of lemma 2 implies
GfS_jKj’l € Dy+j—1 = D, by the definition of F, ;. This proves (iii). The lemma is proved.
]

Lemma 4. Suppose f € Fi0, 8 € Fp.n, then their composition g o f € Fp .
Proof. Let
N t
f@ =Y 0ifit, g(r) =) Ohg 47" (17)
j=1 k=1

where 0; € O, 6, € O, fi_; # O only if jis even and j = 2modmy, and g, # 0 only if
kiseven and k = p+ 1 — hmod my. Then

4 s k—1
g(f(m) = Z 08—k ( Z 0, fx_jfjl>

k=1 j=1
t ) )

= Z Z . Z 0205 fo i fomj, gD, (18)

k=1 ji=1 Jk—1=1
A term in the above summation is non-zero only if &, ji, ..., jr—j are all even, ji, ..., ji—1 =
2modmg and k = p+ 1 — hmodmg. Then, (j; — 1)+ -+ (jr—1 — 1) + 1 is even and
(Gi—D+---+ (i1 — 1D +1=p+1— hmodmy. Moreover, (iii) of lemma 2 implies that
6,0; "' € ©,. Hence g(f (1)) € Fp. O

The space F, , will be used in constructing nonlinear constraint in the next section.
In this paper, we will consider the linear system

&, =U(x,1)d (19)

where

P
Ux, 1) = Z U, ()rr= (20)
j=0
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withU; € D,_; (j =0,1,..., p). Equivalently, U (x, A) satisfies

Uy =U®R), UMNT = —-WUM)W!,
QUMW = Ulw,) @=1,...,N).

Here the first equation in (21) means that the coefficients of A in U (1) are real. The second
equation and the third equation mean that U (A) satisfies a symplectic symmetry and cyclic
symmetries, respectively.

The linear system (19) with symmetries (21) consists of many Lax pairsin 1+1 dimensions.
We will consider this general system in the following sections 3, 4 and 5. The general results
to this linear system can be used for some specific integrable systems which will be shown in
sections 6 and 7.

21

3. Lax matrix and nonlinear constraint

Let A, ..., A, be non-zero real numbers such that )»? are distinct. Foro = 1,...,r, let
o, = (D16, .- -, d)g,u,)T be a real column solution of the linear system
(Da,x = U(-xa )"a)q)tr- (22)
We will construct a finite-dimensional Lax matrix first. For given K € Dy, let
QD <I>T(Q°‘)T
L(A K+ 23
=KX Y T 23
aeXyo=1

where « is a real constant. This construction has already been used in [27,29] and is similar
to those used in constructing Darboux transformations [15, 18, 30].

Lemma 5. L(}) satisfies

L) =L, (24)
(LONT = =WL)W, (25)
QLR = w.L(w,h), a=1,2,...,N. (26)

Proof. meg to (13), suppose Q, = saQ with &, = £1. (24) holds since Q@ = ¢*Q~¢,
% = w % and &2 = 1.
With WT = —W, (25) follows from

o T o\T
Lo — KT KZZWQ D, L (Q%)

aeXyo=1 wa)tg
=-WKW™' =W Y Z 2% CDT(QQ)T w!
aeXy o=l1 - wa)\'g
=-WLMW . (27)

To prove (26), we have
QYO @T(Q“)T

L(wg)) = K +« Z Z ST

a€Xy o=1

Qo ol (@)TQIwQ,
=K+w;'xQ ) § )\( )/\ Q!
_th o

aeXyo=1

=w,'QLMKQ". (28)
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Here we have shifted ¢, to «t, + 1 at the second equality in (28). The last equality follows from
QKQ ' = w,K and QT W, = W. The lemma is proved. O

By lemma 5, L(X) € D for any . € R. Moreover, if L(}X) is expanded as L(A) =
Z?.;O )\_ij with L() = K, then Lj (S ,lej'

Corollary 1. Suppose f € F,, (p = 1), then f(L())) satisfies

FLA)) = F(LM), (29)
FLO)" = -WFLOHW, (30)
Qaf(L(A))Q;1 = a)gf(L(a)aA)), a=1,2,...,N. 31D

Proof. Suppose f(t) = Y'_, 0f,—;jv/~' where § € ), f,_; € R, then we can check that

f(LA)) = Zj.:l Ofs—; (L(1))/~! satisfies (29)—(31) by lemma 5 and the definition of ®; and

Fp.n- This proves the corollary. ]
For a Laurent series N(A) = Z'}z_oo N/, define
n —1
NG =Y N, N-= Y N (32)
j=0 j=—o0

Write M (X)) = f(L(A)) and expand it as
MGy =Y M (33)
j=0

with My = f(K). Corollary 1 implies that M; € D,_; if f € F, .

Theorem 1. Suppose f € F,, (p = 1), then L()) satisfies

L) =[UM), L] (34)
under the constraint U (A) = U (L) where
U = (A f(LGY)),. (35)

Moreover, U()\) = Zfzo ﬁjkp_j satisfies l7j €D,_;.

Proof. Using (13), (21) and (23),

(Q D, DL(Q)T W), = [U(0h), QD ®L(QY) W]. (36)
Hence
V4
— L), +[UM), LWl ==Y [K,277U;]
j=0
r V4 i o .
e N OV TRy gre, 0l @) W) (37)

aesyo=1 j=0 A — %o
is a polynomial of A. On the other hand, since [ f (L(X)), L(1)] = 0, we have
(= LOY+1T ), L)), = [ (7 F L), L(A)]+

= - rwon) . Lo] =o. (38)
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Hence, L(A), = [U(A), L(M)] holds identically. Moreover, corollary 1 implies that U ;€
D,_;. The theorem is proved. U

Therefore, L satisfies the Lax equation (34) if U (M) satisfies the constraint U(A) =
(W2 FLO),.

With the above constraint, (22) becomes a system of nonlinear ODEs
Do = (A f(L(A))), Do (39)
Theorem 2. Suppose f € Fp, (p = 1), then (39) is a Hamiltonian system with the

Hamiltonian function

H = Res M’F(L(x))) (40)

S —
2kmy - -mpy

where F is a matrix-valued polynomial satisfying F'(t) = f(t) and F(0) = 0.

Proof. Expand the Lax matrix L(A) as

o0
LO) =) A7L; 1)
j=0
where
Lo =K, L=« Z Z(w“)\a)f’IQ“CDJCI)g(Q“)TW (j=1. (42)
aeXyo=1

Using the expression f(t) = Y_;_, 0f;—;t'"!, we have F(r) = Y ;_, 10f,7'.
Denote W = W1, then

2n 2n +00

demy - my Y ij% =3 Y S Res (ML), @) !
k=1 7

aeXya,bk=1 p=I1
Wi (@) (RN Wiy + () (@] (2T W),))

2n 400

=KD D D Res (A”*"(f(L(A)))ah(waxa)ﬂfl

aeXya,b=1 pu=1

(@@ () ja + (W (@] (R W),))

=%y +XOO:Res (AP*“(wO‘x(,)M*I(Q*‘* f(L(/\))SZ“CI:»(,)j>. 43)

aeXy u=1

Here we have used (13) and (30). Expand

fLO) = Z M1 (44)

v=0
asin (33), then M; € D,_;, and

2n +00 +00

2y -my Y ij;)% =2 33 Res (A"’“’”(w“)»(,)“’l(SZ’“MUQ“CI)(,)j>
k=1

aeXy u=1 v=0

)4
=2 Z Z(w“AJ)P*“(Q*“MVQ%U)j

aeXy v=0
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P
= 2cmy--omy YA (M, D)
v=0

= 2em, -~-mN((A”f(L(A)))+ A:Mcpo)j. (45)

Therefore, the Hamiltonian equations given by the Hamiltonian function (40) are just (39).
The theorem is proved. g

In many concrete integrable systems, say, the nonlinear Schrodinger equation in real
form, the condition U,_; € D,_; N (ker adK )t is needed where L refers to the orthogonal
compliment with respect to the Killing form (., -) of g. However, usually M; € D,_; N
(ker adK)* is not guaranteed when D,—1 Nker adK # {0}. This problem can be solved with
the help of the following theorem 3. Before that, we need an algebraic lemma.

Lemma 6. Let

1 U1 M% - M%n 1
1 Mn Mz - ,LLZ" 1
M = n n | 46)
0 1 2 - @n—1Duj 2 (
0 1 2u, -+ @2n-— 1)/‘3"72
then
M = (_1)n(n71)/2 1_[ (i — Mj)4- 7
1< j<k<n
Proof. Denote f(x) = (1, x,x2,..., x> HT,
. d/ dk d
MIP ) = de (K{(x)’ P, S, T, . é(un)). (48)

Then MOV () = M, MOP () = 0, MIP () = 0 and M%) (x) = 0 for any k > 1
Moreover, we have
2

MOV = MOPP@), M

- MOV (@) = MO @) + MED (),
dx (49)

d3
FM(O‘”()C) = M@ x) +2MTP ().
X

This implies %Mw’“(uz) = 0fork = 0,1,2,3. Since M©®D(x) is a polynomial of x,
M must be of the form (u, — ,u1)4F1 (1, ..., uy) where Fj is a polynomial. Owing to
the symmetry, M = H1<j<k<n (e — /,Lj)4F2(/,L1, ..., Uy) Where F, is another polynomial.
However, regarded as a polynomial of 11, M is of degree 4n —4. Hence F, must be a constant.
Comparing the coefficient of [ [}_, " *, we obtain F» = (—1)"""~1/2, The lemma is proved.

O

Theorem 3. Suppose K < D, is diagonalizable, f € F,, (p = 1). Expand M(LA) =
f(L(A)) as in (33) where L()\) is given by (23). Then there exists a polynomial ¢ such
that MN(A) CMO)) = My + A~ My + oA"Y with M, € D,-1 N (ker adK)* and
M1 — M1 € 'Dp,1 Nker adK.
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Proof. Let K = T AT ! where A is a complex diagonal matrix and T is a complex invertible

matrix. Letmy = mqif mgisevenandmg = 2mgifmgis odd. Let 1, .. ., u; be all the distinct
eigenvalues of A", By lemma 6, there is a unique complex solution ¢ i (j=0,1,...,2l-1)
of the linear system
201 201
oGl =00 o ) kaahT=1 (=100, (50)
k=0 k=0
Then
201 211
> okt =0, g Y kg KM = 1. (51)
k=0 k=0

Since K is real and ¢; are unique, {; must be real.
Let¢(z) =1 — Zilz_ol g“kr"’%“, then ¢ € Fj g since g is always even, and ¢(K) = K.
For any H € ker adK,
20-1
(H, M — M) == g(H, M"™*)

k=0
20—1 kmo
=—Y §k<H, KRt 13 KleKk’"°j> +o()
k=0 j=0
20-1
== Y (H, g K" 407 (kitg + DG K™ M) +0(47")
k=0
= —A . 1 + 0 - .
AHH, M) + o0 (52)

Comparing the coefﬁci’gnts of A71, we ha\E: (H, ]l711) = 0. Since ¢ € Fj, lemma 4 and
corollary 1 imply that My € D,_;. Hence M| € D,_; N (ker adK)*.

On the other hand,
201 kit
[K,M — M] = — > |:K, Kot 71y KfMlKk’%—f} +o(l7h
k=0 j=0
201
= =271 LGk M ]+ 0 = 07, (53)
k=0
Comparing the coefficients of A~!, we obtain M, — M 1 € D, Nker adK. The theorem is
proved. O

Owing to lemma 4 and theorem 3, we can always want U; € D,_; N (ker adK )t if
necessary, by replacing f with f o {. However, when ¢ is complicated, the Hamiltonian
function need not be calculated from theorem 2. Instead, it is simpler to integrate it from the
Hamiltonian equations directly. In this case, theorem 2 is still important because it shows that
the Hamiltonian function is expressed by the Lax matrix, which is essential in the proof of
Liouville integrability.

4. r» matrix

In R¥" with coordinates ¢ic (j=1,...,2n;0 =1,...,r), define the symplectic form

2n r
0> Wikdgjo A deio (54)

jk=10=1
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Then, for any two smooth functions f and g, their Poisson bracket is
{f.8}= (55)
kzl Zl a¢jd 8¢k(r
Js o
with W = W~
Theorem 4. For any A, u € C,
{Lap(A), Lea(u)} = [r1(&, 1), L) & Lapea + [r2(h, ), I @ L(1)]abed (56)
holds where the Poisson bracket is given by (55) and
A, abcd = —< Q7 a QY ch — Q_VW_] ac wQr )
(r1Ohs 1)) abed ZM_M (Q7)aa (e — ( Jac(WR ) gy
Y€X)
cw
(20 abed = Y e (7 Vet (@)t = (7 W (W)
n— VA
y€Xo
= —(ri (1, A))edab- (57)
Here
2n
[A’ B]abcd = Z (Aapc'ququ - Bupchpqu) (58)
P.q=1
for any two (2n)* x (2n)? matrices A and B.
Proof. Written in components,
r 2n
K(Q )af¢fa¢ga(gz )thhb
La A) = a y
D=k DY Y £
aeXyo=1 f,g,h=1
BLaA Qi o () W, QY ard 1o ()0 W,
Hu®) »(A) _ Z Z <K( )aj P (a Mhf hb+l<( ar P Ex M hb>, 60)
Do oAy — w%\y A — 0%\
aLc Qﬁ o Qﬂ r r Qﬂ c o Qﬂ r Wr
8d(u> ZZ(K( ek (,3 dgWra >q¢q(ﬂ Y 6D
¢ka B0 g.r=1 —w )"a m—w )‘0
The Poisson bracket is
r 2n
~ O0Lap(A) OLca(p)
Aavea = (L) Lea()} = Y > Wip—=" -
pumr iy 00js  IPis
r 2n o
2 w WP QroPyo  »
:Z Z Z K()»—a)“k - — whA )a)"‘ —a)ﬂ)\ij
o=1a,B€% j.k, fhqr=1 o MK o s
(R (R Wiy + (2 (@1 Wi )
(@@ Wi + (@) (@) Wra )
1 1 1
2
= Dapede 62
I e e |

o=1a,ex)
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where
Dapeaas = (QPW 0o (W Q¥ D, @L( Q) W)y + (%) 0d (W Q¥ D, @L(27)T),
— () (Q P DL W)y — (WQ )t (¥ D @ (2P) ). (63)
Here we have used (13).
Lety = f—a, I = Q@ ®L(QN)TW, then (M) = —wnOW-!, mf =
QIOQ7.

Written in terms of I1(),
Dapcaap = —(Q7 W) ae(WQUTTE )iy + (2770 (' TI)
— (Q)aMPQ7 ) gg + (WQ gy MO QT W, (64)
On the other hand, written in terms of 1'[2’) ,

Dapedas = —( Q77 W) ae(WQVTIY ) + (77 )aa (T Q)

— () ep (VT ag + (WQY ) (T QY W) . (65)
Hence
2n P
Babed = ) ) ———
yezy =1 M T @V A

: ( — QW e (WQV (L) = K))ap + (7 )aa (R (L) — K))ep

— () (L) = K)QT)aa + (WQY) ap (L(A) — K)Q_YW_')M>
2n

KkwY
2 o

yex, =1
: ( — QW0 W (L(1) = K))pa + (R )aa (L (1) — K)Q )t
—(Q)ep (7 (L) — K))aa + (WQ) 4y (L) — K)QY W_l)ca)~ (66)

In Agpea, the terms with K j; are

K
Y (@7 WD W Koy = (27 aa @ K)oy
Y€Zo

()KL )aa = W) ap (K7W )

kwY - _ -
+y§0m((9 W e WR Kt = (7 Do (KR e
Q@)@ K)aa = W) ap (KW c) =0, (67

in which we have used the relations in (13) and the fact K € D;. Hence

2n
ESDD ﬁ( — QW e (W) arLip() + (7 )0 (et Lin(h)

yexo I=1
— Ly (Q7)1a(R)ep + La ()")(Q_VW_I)Z('(WQV)LH?)

2n y
£33 %( — (@ W)W Lia () + () (@ )eo Lia (1)

yes I=1
— Lo ()(77)aqg (2" )1p + Ly ()(Q77 W_l)az(WQy)db), (68)

which is the result of the theorem. O
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From theorem 4, it is easy to derive

Theorem 5. Suppose 6, and 6, are constant 2n x 2n matrices such that [6;, L(L)] = 0
(j = 1,2), then {tr(0,L(M)%), tr(©L(w)")} = 0 holds for any positive integers k and I, and
complex numbers ) and .

Proof. According to theorem 4,

1 2n
Fr@LOY, w@:LG)) = > (OL ), L)) AL Wby Li)ea)
a,b,c,d=1
2n
= > (OLWT), ELw™),
a,b,cd,j=1
(Dased LY jo = LY 1) pped + 2Dabeg L0 ja = LWy (P2
=0 (69)
by the relations
2n
Do (OBLW ), LGy = (BLLWY) (70)
b=1
etc. The theorem is proved. 0

According to theorems 2 and 5, {H, tr(0L(1)*)} = 0 holds for any positive integer k,
complex number A and matrix € with [6, L(A)] = 0.

5. Independence of conserved integrals

According to (25), tr(@ L(A)*~') = 0 forany K € Dy, € O, and positive integers k and h.
It is only necessary to consider tr(6 L (X)) for even k to generate the conserved integrals.
For given 6 € ®,, expand

wr@L)*) =Y s @ (71)
j=0

By (26), s%V(0) = wi ™" s (0) foralla = 1,...,N. Hence s (@) = 0 unless
Jj = 2k + hmod my.
To consider the non-zero sj(-Zk) 0) let

I @
E1(9k) ©) = ﬂsmo(p—l)+2k+h(9)' (72)

Theorem 6. Suppose K € D, is diagonalizable. Suppose also that there exist 6y € O,
(k =1,...,n) such that [0}, 6] = O for all j, k, and 9]-K2j_l (j = 1,...,n) are linearly
independent. Then E;,k) @) (k=1,....,n;p =1,...,r) are functionally independent in a
dense open subset of R

Proof. According to (iv) of lemma 2, [0;, K] = 0 for all j since §; € ©;, and K € D;.
Moreover, 9]2 = %/ implies that 6; are diagonalizable. Hence there exists a 2n x 2n complex

invertible matrix 7 such that K© = TKT~! and 9]('0) = T6;T~" are all complex diagonal

matrices. Let & = (§1)1<j<n.1<k<2n Where & is the (k, k) entry of 9;0)(K(0))21'_1. Since
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0;K*~' (j = 1,...,n) are linearly independent, rank(E) = n. Without loss of generality,
suppose that the first n columns of E are linearly independent.
Let
S = {W e R* " |all the entries of TW are non-zero}, (73)

then S is a dense subset of R*"*",
Now we compute the Jacobian matrix of El(yk) (6x) with respect to ¢;,. By the definition
of L(}),

T o T
%tr(@kL(K)Zk)— Etr <0k(K+K ZZQ s CD(,()‘fi) ) )

aeXy o=1

1 " - Q @, q>T(sza)T
T <9kK +2kicB K Y Z e )+ (74)

aeXyo=1

where *- - represents the terms of ¢, whose degrees are higher than 2. Hence

E[()k) (Gk) — K tr( Z Z(waka)’nO(p71)+2k+hk710kK2k71Qa(bo CDZ(QQ)T W) +

aeXyo=1
.
=kmy-omy Yy AP QTG K D, 4 (75)
o=1
since ™% =1, K € Dy, 6; € O, and (13) holds.
Denote ¥ = (¢jo)i<j<omicosr- Fork =1,...n, j =1,...,2n, p = 1,...,r,
o=1,...,r,
IEL (0r)
—aip = 2kcmy - - - my AP (g KRNy g (76)
jo
Here we have used the fact that W6, K*~! is symmetric. Then
2n
E( )( Ok)
Z( l)/l — 2Km1 L mN)\-?O(p_l)+2k+llk_l(ekKZk_l\Ij)ja +o.., (77)
0’
Let
M(S) ()‘mO(p D2kt 1(0 KZk llp)](r)nwdnv (1 g s g r) (78)
where the row indices are k = 1,...,n and p = 1,...,s, and the column indices are
j=1.....2nando = 1,...,s. Write M® as the block matrix M® = (M{))1<k<ni<j<on
where
}L%k+hk—1 (‘-Il(k))j] L )\'?k+hk—l (\Ij(k))js
km0+2k+hk*1 (\p(k)) " . )\‘mg+2k+hk71(\p(k)) .
(s) 1 J s Js
Mkj : : (79)
)\rlng(s—l)+2k+hk—l (\I,(k))jl . )h;ng(sfl)+2k+hk71 (\Il(k))js
are s x s matrices, and Y% = 6, K>~ Let
1
o® —Alo 1
N© — . , o® — —Am ] ’

o®)
nsxns
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then
X2k+hk I(LIJ(")) 2k+hk l(qj(k)) e )Lgk+hk_l(qj(k))_js

Dot 2kshs 1
(()‘iyno - )‘TO))L(; o2t (\p(k))jb) O—1yx1
1<a,b<s—1

(Y)M(S) — (81)

and M® is transformed to N® M under elementary transformations. Take another
elementary transformation for A/ ) M) by changing the first, (s + 1)th, (2s + I)th, ...,

((n — 1)s + 1)th rows to the bottom and changing the sth, 2sth, - - -, 2nsth column to the
right. Then M® is changed to
MeD 0
2
(" 5) ®
where M©~1 = (M(Y )1<k<n,1<j<2n,
AT — Amo
MO0 = me .
A = A (83)
B. — <A2k+hk—l(q/(k)). ) .
g s IS ) 1<kgn1<i<on
Then
2n
Z le(Bs)k] — )"zk-"hk_l(THkKZk_]“IJ)js — A.?k+hk_l(9]§0)(K(0))2k_lT\Ij)js. (84)
That is
(BT )i = ™ 7 (T W)y (85)
Hence
2j4h=1
BT = 05" 810 nxn Ejinsan (TY) 158 1)anxan (86)

is of rank n provided that W € S.
Hence rank(B;) = n if ¥ € S. From (82), we have

rank(M®) = rank(ME™D) +n (87)

if W e S, which implies rank(M ")) = nr if U € S.
From (77), for given W, € S, there exists gy > 0 such that

2n (k) (9/()
rank Z(W 1),, a¢ =nr (88)
O- n, r —
ISSmE, r=e
holds for all ¢ with |¢| < g¢. Equivalently, rank(%;fk)) PP nr holds for
’ 1<j<mi<o<r ¥ X0
all ¢ with |¢| < gp. Because of the real analyticity, the above equality holds in a dense subset
of R*"*", The theorem is proved. g

Summarizing the results in theorems 2, 5 and 6, we have the final theorem on the
integrability.

Theorem 7. Suppose K € D, is diagonalizable, f € F,; (p = 1). Suppose also that there
exist O € Oy, (k =1, ,n) such that [0, 6] =0 for all j, k, and 0; K1 (G=1,...,n)
are linearly independent. Then the system (39) is an integrable Hamiltonian system in the
Liowville sense with the Hamiltonian function given by (40).
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With stronger conditions on K, we have

Corollary 2. Suppose K € D, is diagonalizable and K? has at least n distinct eigenvalues.
Suppose also that f € Fp, (p = 1). Then the system (39) is an integrable Hamiltonian
system in the Liouville sense with the Hamiltonian function given by (40).

Proof. Take §; = --- = 6, = I in theorem 7. Since K2 has at least n distinct non-zero
eigenvalues, K, K3, - -, K?"~! are linearly independent. The result follows from theorem 7.
|

6. Some examples

In this section, we will recover some known results for certain important integrable equations
from the general results in this paper. Hereafter, we always write

T = 2bjebio- (89)

o=1

6.1. 2 x 2 real AKNS system

The 2 x 2 real AKNS system has already been discussed in the introduction. The
corresponding n = 1, N = 0, W = ((1) _Ol), K = ((1) _Ol), k = —1. Moreover,
Dy = {(Ccl —ba> ‘a,b,c € R}, Do Nker adK = {(a —a) ‘a € R}, Op = {2}

There is no cyclic symmetry here (N = 0).
Noting that Dy N ker adK # {0}, we take f*(7) = —%(7,'3 —31) € F30 = Fipasin
(0) 0) -

theorem 3. The nonlinear constraint u = Ty, V= —T,, I8 obtained from theorem 1. Under
this constraint, the Lax pair (1) becomes
Dy = AfT (L)) sla=r, Do, (90

which is the same as (5).
According to theorem 2 and corollary 2, the system (90) is an integrable Hamiltonian
system with Hamiltonian function

H = g rRes MLOY' = 6L = i3 + 3l on

which is the same as (7).

6.2. MKdV equation

The MKdV equation
u; + 6u2ux +Uuy, =0 (92)

has the Lax pair

1 0 0 u
AT CAn T
1 0 0 u
— 433 42
B, = 4 (O _1>‘D 4. (_u 0)<p

u?>  u, 0 Uy +2u°
—2A (Mx —uz) o — <—Mxx P 0 > d. (93)
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Nown:l,N:l,ml:2,a)1:—l,W:<(1) _01),91=W,K=((1) _01).

Then Dy = {(‘C) —OC)‘C e R}, D, = {(g _ba>‘a,b c R}, Dy N ker adK = {0},
O = {£hx2}, © =0.

Take k = —1. Let ®, (¢ =1, ..., r) be column solutions of (93) with A = X,. By (23),
the Lax matrix is

1 0 e 0 7 4 720
L(}\.) — <O _1>+Z)\’ 2k 1( @ @ 1,1 0 2,2

=0 Ty T T
00 (2k+1) (2k+1) (2k+1)
2 i e ) >
Take

[0 =1 € F, f1(@) =22 =31) € F30 = Fio, 95)
then f*(K) = K, f'(K) = —4K. According to theorem 1, the nonlinear constraint is

u=n® 70, (96)
Then

uy = 2(r)") — ), e = 41} + 33) + 8ur)s. (97)
Under the constraint (96), the Lax pair (93) becomes

Qo = A (LA))+la=1, Pors Py = O F (LO)shzs, Po. (98)

Remark 1. f*(t) = —%(r3 —31) € Fi1,0 = F3,0 which is proportional to f*(z) will give the
same equation as f(t) = 1.

According to theorem 2, the systems in (98) are Hamiltonian systems with Hamiltonian
functions

1 1 1
H* = — 2 trRes AL(L)? = 75 Res AL — 6L =7} + Z(nff’,) + 502,

1
H' = -2 trRes LMW = 6L = —4rn) — 20} + 1) () + 7375
1
1 1 0 0 1 0 0
+ () =N = 20} + 1)) — Z(”‘(") +ma . (99)

These are involutive Hamiltonian systems which are integrable. The solutions of the
corresponding Hamiltonian equations satisfy the MKdV equation. Therefore, we have
recovered some known results [27] from our general results.

6.3. Nonlinear Schrodinger equation
The nonlinear Schrodinger equation, written in real form, is

Uy = Ugy +2? + 030,

100
—U = Uy + 22 + vHu. (100)
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Denote [ = (1 1) and J = <1 _1) which play the role of 1 and i = +/—1, respectively.

The Lax pair in real form is

1 ul +vJ
CDX_’\( —I)q>+<—u1+v.] >CD’

J —vl +ulJ
__ _"32 _
o, = 2A( _J><I> 2A(—v1—u] ><I>

W +v))J  —vd +u,J
_<vx1+ux.l —W?+v2)J (101)
Nown=2,N=2,m =2, my=2, w1 =—1, 0w, =1,
0O 0 -1 0
0 0 0 1 iJ I
Q=W= . 0 o ol 92=< iJ)’ K=< _1). (102)
0O -1 0 O
Then
bl +cJ
{( bl +cJ _aJ>a,b,ceR},
bl +cJ
_{ bI—c] —aI)a’b’CeR}’
(103)

DomkeradK=:<aJ ) aeR},
—alJ

J
= {*la}, O = { + ( J) }

Take k = —1. Let &, (60 = 1,...,r) be column solutions of (101) with A = A,. The
Lax matrix is

00 2k 2k 2k
S e e e
-1 q22k)1 + q32k)J ql(Zk)J

k=0
(2k+1) (2k+1) (2k+1)
+Z)"_2k -2 —q * 1 q> * I+q3 " J (104)
e q(2k+1)1 (2k+1)J ql(2k+1)1
where
q(2k) =2 1(2‘{() +7 (2k)) q(Zk) — (2k) 7_[2(221() +n3(23k) T[ff)’
q3(2k) _ 2(7_[(21() (2k)) q(2k+1) _ 2( (2k+1) (2k+1>) (105)
q2(2k+1) _ n1(21k+1) 7T2(22k+1) 7_[3(23k+1) + ﬁf”)’ q(2k+1) _ 2(7T(2k+1) (2k+1))
Denote 0 = (‘] J) € 01, and let
x 1 5 t 1 5 3

ff(r)= —5(1 —31) € Fi, fi(r)= —19(31 — 10t +157) € Fo 4, (106)

then f*(K) = K, f'(K) = —20K.

Remark 2. If we take f*(tr) = 7, then f*(K) = K, but L, has a non-zero projection in
Do Nker adK # {0}. To solve this problem, we use theorem 3 to obtain {(7) = —%(‘L’3 —31),
which gives f*(x) in (106).
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Remark 3. f*(r) = £(37° — 1073+ 157) = —16f'(7) plays the same role as f*(t) in (106)
does.

According to theorem 1, the nonlinear constraint is
0 0 0 0 0 0
u=m—ms+mr -, v =201 — ). (107)
Then

(1) (D) (1) 0) 0) 0)
U, = 2(711’1 — Ty, — 33 +n4’4) — 4v(n1’4 + 7123),

1 1 0 0
vy = 40y + ) +du(r) + 133,

(108)
Under the constraint (107), the Lax pair becomes

Qo x = AL+ lr=, Pos Dos = W fILA)+ i, Po. (109)
According to theorem 2, these are Hamiltonian systems with Hamiltonian functions

‘L 1 4 2
H* = atrRes (/\(L(X) —6L(A) ))

— _% tr Res (k(L(A)6 — 5LVt + lSL(A)z))

_ (1) (0) 0))2 0) (0) ) (0))2
=T 3 Tt (771,2 - 773,4) + Z(”l,l T T, T3 T 774,4) ) (110)

=
I

1 i Res A29(L(A)6 —SLOYY + 15L(A)2)

64
=2 +72) + 20 + 7N — 20 + 7 — 7)
— 20— m () = m — R+
+r () —m +mS - w) - ).

According to theorem 7 with 8, = I and 8, = 6, these Hamiltonian systems are integrable
in the Liouville sense. The solutions of the corresponding Hamiltonian equations satisfy the
nonlinear Schrodinger equation. This recovers the results in [27].

6.4. u(n) AKNS system

Denote [ and J as in the above subsection. The x part of the u(n) AKNS system is the linear
system

®, =K +P)D. (111)
Here K = (a;Jéj1)i<jk<ns aj (j = 1,...,n) are real numbers such that ay, ..., a, are
distinct. P = (ujk1+vij)1<j,k<n with ujj = vjj = 0, Ugj = —Ujk, Vkj = Vji
(J,k=1,...,n).

Here we have written the u(n) AKNS system in real form, which is equivalent to usual
complex form.

Now mp; = 2, N = 1, w) = 1, Ql =W= (_J(sjk)lgj,kgw Then

Dy(=Dy) = {(ajkl +bjpd)igjrgn laji, bjx € R,
ayj = —ajr, by =bjr (j,k=1,. ..,n)},

Do Nker adK = {(cjjsjk)lgj,kgn lc;eR(j=1,. n)]
Oo = {£lnx2n}-

Let f* = ¢ where ¢ is given by theorem 3, then f*(K) = K.

(112)
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Take x = —1. Let &, (0 = 1,...,r) be column solutions of (111) with A = A,. By
(23), the Lax matrix is L(A) = (L jx(A))1<,k<n With

0 —a;
L) = <a- 01) Sk
J

N
+ Z 1 (¢2_j—1,a¢2k,a — P2 oPru-10 —P2j-1,00P2%-1,0 — ¢2j,¢r¢2k.n) .

i D2j-1,0D2%-1,0 + P2j0Pohc  P2j-1.0P240 — P2j.oPoU—1,0
(113)
By theorems 1 and 3, the nonlinear constraint is
_ O ) (0 0) .
Ujk =T 12k — T2j2k—1> Vik =Ty ey T 0 (J FK). (114)

Under this constraint, the Lax pair becomes a system of ODEs
Dy x = AL +r=2, Po- (115)

Itis too complicated to derive the Hamiltonian functions from theorem 2 directly. However,
it can be easily integrated from (115) to obtain the Hamiltonian functions since the action of ¢
is simply to remove the ker ad K component from P. The result is that (115) is a Hamiltonian
system with the Hamiltonian function

1 n
x _ (1) (1)
H = 5 § :aj(ﬂijl,ijl +72)00;)
j=1
§ 2, 1 § : 2 116
"" (”2,2k 1 ”2, 1.2) +‘ (772, 1,2k— 1+7T2,21<) (116)
k: k=1
]/#kl !/#

Remark 4. This processis just the binary nonlinearization [11] for the u (n) AKNS system [12].
In fact, for any Lax pair with unitary symmetry, the complex structure induces a natural
symplectic structure. Therefore, for any finite-dimensional Hamiltonian systems derived by
the nonlinearization method from the u (n) AKNS system, their conserved integrals, » matrices
and the Liouville integrability are derived naturally from the results of this paper, although the
Lax matrix and the Hamiltonian functions may be derived more simply by direct computation.

Remark 5. The nonlinear Schrodinger equation is also included in the u(2) AKNS system.
Hence the nonlinear constraint given here is also applicable to the nonlinear Schrodinger
equation [28]. However, it is different from that in section 6.2 because the symplectic structure
here is derived directly from the complex structure, while that in section 6.2 is the standard
one in s/(2, C') which is isomorphic to sp(1, C).

6.5. n-wave equation

The n-wave equation is the integrability condition of the Lax pair

o, = (AK + P)D, ®, =K'+ Q). (117)
Here K = (a;Jéji)1<ji<n, K' = (bjJ8j1)1<jk<n> aj, bj (j = 1,..., n) are real numbers
such thatay, ..., a, are distinct. P = (u il +vjpJ)1<jugn Withujj = vj; =0, ug; = —uji,

. . . _ (bj—h
wj = vjx (j,k = 1,...,n). Moreover, Q = (a —ak(quI +vjk.l)> i’ Then

[K, Q] = [K’, P]. Clearly the n wave equation is a special equation in the u(n) AKNS
system. Hence we only need to consider the ¢-part of the Lax pair.
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For the n wave equation, N, my, w;, Q21 = W, Dy, O, the Lax matrix L(}) and the
nonlinear constraint (114) are the same as those in the last subsection for the u(n) AKNS
system.

Since det((\/—_laj)k’l)lgj,kgn # 0, the linear system

n—1
Z(aJ-J)"’k’l(ozkI+,BkJ)=ij (G=1,...,n) (118)
k=0
has a unique real solution oij, 8; (j =1,...,n). Let
fi = (@I + B;D)8ap)1<abns f@ =Y fiv™ (119)
j=1

N

then f(K) = K'. Let f' = f o ¢ where ¢ is given by theorem 3, then f/(K) = K'.
Under the constraint (114), the Lax pair (117) becomes two systems of ODEs
D5 = S (LA))+l1=2, Pos D, = (Af'(L(A))+]r=n, Do (120)
Expand L()) = ¢(L(})) as
L=K+)"'P+o(™h),

k=1
L= K"+ Y KIPK I 10, (121)
j=0
With the identity
b —b n k=2
AT =) N (il + Bui ) ay JY (ay )2, (122)
Ap — v k=1 j=0
we have
ft(L)/w = f(L)/w
n k=2
= K\, + 27 D0 Nenid + Bui )@y D) Py (@ ) T2 4007 (123)
k=1 j=0
b, —b, ~
=K, +2'"E—P, +007h.
s a, — ay w +0(A77)
This gives the constraint on Q: Q w = Z*‘%z”ﬁ,w.
By integration, (120) becomes Hamiltonian systems with Hamiltonian functions
g ) (1)
H* = 5 Zaj(T[Zj—l,Zj—l +15;5;)
j=1
+li(n(0) — ) )2+1Xn:(n : (0) + 1y 05)?
4 2j,2k—1 2j—1,2k 4 ¢ 2j—-1,2k—1 2j.2k7 >
T i (124)

1 n
r_ ) )
H = 5 ZbJ(Hijl,Zj—l +75;5;)
j=1
n

I bi—be, © v, lxbi—be, o \2
+ § , (T3 k-1 — Taj—1.24) +Z § , ' (T3 ket + T 0) "
i — Ak ° aj; — ag

These are involutive Hamiltonian systems which are integrable in the Liouville sense.
Each solution of these Hamiltonian systems gives a solution of the n wave equation [12].
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7. Two-dimensional hyperbolic C'D Toda equation

The two-dimensional hyperbolic C{" Toda equation is

_ J2u Ur—ug  AUp—Upy_q —2u,
Uy =" —e , Uy o =€ —e M,
1,xt o o n,xt ' (125)
Ujp =70 e 2 j<n—1).
It has a Lax pair
®, = 0K + P(x, 1)), ®, =170, 1)® (126)
where K = (5.j+1,k)l§j,k<2na P = (Pj(sjk)lgj,kgh with Pj = Ujx fOI'j = 1, ..., n and
Pj = —Untl—jx forj =n+1,...,2n, Q0 = (qkaj’kﬂ)]gj’kgzn with ¢z = e“+' 7" for
k=1,....n—1,¢q, = e~ 2n qr = etk fork =n+1,...,2n — 1, qo, = e,

Note that p; + pouri—j = 0, ¢; = g2u—; and q1g2 - - - g2, = 1. Here we use the convention

Gan+j = g €IC.
Written in components, (126) is

Gjx =APjr1+ Do, Gi=2""q;_1¢_1. (127)
(125) is equivalent to

0. =[P, 0], P +[K,Q0]1=0, (128)
or

Gk.x = (Pk+1 — P)Gks Pkt = Gk—1 — Gk, (129)

which are equivalent to the integrability condition of (126).
Now N = 1, m; = 2n, o = o = p> where p = exp(;’—;), W =

(=18} an1-t)1<jk<ons R = (07218 1) 1< k<on- Then

Dk - {(al])2n><2n |alj # 0 Only Whenj —i = kmod 2”

and SatleY (— 1) ikt A1 —k—i1—i = =001 < 2”)}

Dy Nker adK = {0},

Q¢ ={xtbhyxmlce R}, Or={0} *k=1,2,...,2n—1).
We have P € Dy, Q € D_;.

Take k = ﬁ, Let ®, (0 =1,...,r) be column solutions of (126) with A = X,. By (23),
the Lax matrix is

QU o, T (Q*)TW
L) = K+—ZZ ,\—w(ax) , (131)

(130)

a=1 o=1

whose entries are

( l)k 1)\,{] —k}
Ljy(A) =K k+Z PEYT

k2n 1—{j—k}

DioPrum+i—k.o> (132)

where {k} is the remainder of k divided by 2n. Here we have used the identity

2n—1

w P Zn}"{{fp})\?n—l—{p}
- , 133
O;O A — iy A2 — )2 (133)

(see lemma 2 in [29]).
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Theorem 8. Under the constraint

j—1
et = Tty [T (134)
k=1
where
2n .
yi=1-(-)/z" r=[[»" (135)
k=1

the Lax pair (126) of the two-dimensional hyperbolic CV Toda equation is changed to a system
of ODEs

2n
A 1
Biow = retjrio + (=D T, bios =25 [ [ Vit bim10 (136)
k=1
or equivalently,

1 31 _
O = GLOD o, ®or @ =27 (- w(LO)™) ™ LO ', (137)

These ODEs are Liouville integrable Hamiltonian systems with the Hamiltonian functions

2n 2n

1 > () 1 © >

H' = trRes (AL ()\)) =3B+ 5 PICIVAREBES
j=1 j=1

1 1 2n . (138)
H' = —n(E tr(L(O)Z”))Z" =] (1 _ (_l)j—lnj(,—_l;)h'
Jj=1
Proof. Take f*(t) = r. According to theorem 1, the nonlinear constraint is
pi= (DT (139)

We should mention that (134) is compatible with (139) under the relation p; = u; . In fact,
by the definition of y; and the constraint (139),

_ yj,x

=pjs1 — Pj- (140)
Vi
Hence I', = 0. (This can also be obtained from (151).) Then from (134),
17x ¥
0,x k,x
Ujy=—=— — — =p; (141)
! 2y Z Yk !

k=1

with the relation p; + po = 0.
Under the constraint (139), the first equation of the Lax pair (126) becomes

By = ALV il1mr, o = (Ao K + P) D, (142)
where ﬁ = ((—l)j_lﬂj(-f)l)_j)]gjykgzn.

According to theorem 2, this is a Hamiltonian system with Hamiltonian function

2n 2n
1 . 1
H' = ZuRes (AL20)) = Y (=17 B0+ 53 2 (%) (143)
=1 j=1
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The coefficient of the second equation of the Lax pair (126) is not a polynomial of A.
Hence we cannot use the above general method and should construct its nonlinear constraint
and Hamiltonian function directly. Similar to (36), we have

QY@ 0L (Q")TW), = [0, ", dT (") W]. (144)

WAy

Hence
1 1 A
LZ—X[Q,L]=—X[Q,K—K] (145)

where
1 r 2n-—1
c (. _ o -1l T a\T
K=(Kjp=-3 ) (@) ' "0, 0 (@)W,
, o=1 a=0 (146)
Kio= (DI 0 (@6 ®D)j - i8jum1 = (1= ¥)8j4-1.

o=1
[Q, K — K] = 0holds if and only if y;¢; = yj+1¢;+1. This is equivalent to

g =y;'T (147)

for a certain function I'. However, since q¢> - - - g2, = 1, we have

1
2n n
r= <]_[ yk> =T, (148)
k=1
and the nonlinear constraint becomes

5]] = ij_]’ (149)

which is equivalent to (134). Meanwhile, the second equation of the Lax pair (126) can be
written as the second equation of (136).
From (132), we have

(LO))jk =816 — Z(—l)j)»;1¢ja¢—j,a5j+1,k = Vb1 k- (150)
o=1
Hence
2n
tr(L(0))* = 2n ]_[ Vi (151)
k=1
and
2n
(LO> e = [ vdjas- (152)

I=1
1#j-1

With the constraint (134), the second equation of (136) can be written as the second
equation of (137).
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With H! in (138), we have

2n 2n

~ 9H' 1 . 1 L\ 2! a1y 9L(O0)ap
; Wik = 5k’;ﬁ(—lyaﬂk,l(%trL(0>2 )" (ror), S
1 2n r - 1 ) ﬁ—l . _
- zk;jzl Z‘:(—l)" 'S (5w LO) (L) 5!

: (_l)a (5ak¢—a,68a+l,b + ¢008—a,k8a+l.b)

2n r
% Z Z(_I)Hk—lA;I (% tr L(O)z;z)fl"_l

k=1 o0=1
(L@ ik + LOP 1tk Dotobjok

1
C(FrLor)”
=A_ - Dj-1.0-
4 S1_n Pitle
- (=i 7D

(153)

Hence H' is the Hamiltonian function of the second equation of (137).
According to theorems 5 and 6, the Hamiltonian systems given by both H* and H' are
Liouville integrable. The theorem is proved. |

Therefore, any solution of the integrable Hamiltonian systems with Hamiltonian functions
(138) gives a solution of the two-dimensional hyperbolic C{" Toda equation. The
corresponding symplectic structure is the natural one of C{". The Hamiltonian systems (138)
are simpler than (with space of lower dimension) those presented in [29] where the symplectic
structure is derived from the complex structure.
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