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Abstract

A Lax system in three variables is presented, two equations of which form
the Lax pair of the stationary Davey—Stewartson II equation. With certain
nonlinear constraints, the full integrability condition of this Lax system contains
the hyperbolic Nizhnik—Novikov—Veselov equation and its standard Lax pair.
The Darboux transformation for the Davey—Stewartson II equation is used to
solve the hyperbolic Nizhnik—Novikov—Veselov equation, and global multi-
soliton solutions are obtained. It is proved that the n x n soliton solution
derived by the Darboux transformation of order n approaches zero uniformly
and exponentially at spatial infinity and is asymptotic to n? solitons at temporal
infinity.

1. Introduction

The Nizhnik—Novikov—Veselov (NNV) equation [19, 20, 22] is an important (2+1)-
dimensional integrable equation which is a natural generalization of the KdV equation to
(2+1) dimensions. It is useful in both mechanics and differential geometry [14, 15]. The NNV
equation has been solved by various methods such as inverse scattering [3], the bilinear method
[21], bilinear Bécklund transformation [11], binary Darboux transformation [17] and so on
[2, 9, 10, 12, 16, 18]. However, one cannot construct the usual Darboux transformation
(without integration) because the principal part of the first equation of its Lax pair is a two-
dimensional wave operator or Laplace operator.

Starting from the idea of nonlinearization [5], many high dimensional integrable systems
were reduced to lower dimensional ones so that interesting solutions such as soliton solutions
and quasi-periodic solutions can be obtained from lower dimensional systems. Especially,
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the KP equation [6, 13], the DSI equation and the (2 + 1)-dimensional N-wave equation [24]
were related to some (1+1)-dimensional AKNS systems. Following this idea, in this paper,
we present a Lax system of three variables, two equations of which form the Lax pair of
the stationary Davey—Stewartson II (DSII) equation. With nonlinear constraints between the
solution of the stationary DSII equation and the solution of its Lax pair, the full integrability
condition of this Lax system contains the hyperbolic NNV equation and its standard Lax pair.

The DSII equation has a Darboux transformation without integration. With the relations
given by the nonlinear constraints, the Darboux transformation for the DSII equation is used
to solve the hyperbolic NNV equation. This Darboux transformation without integration is
more suitable for symbolic calculation than the known binary Darboux transformation.

It is well known that the DSI equation has solutions approaching zero exponentially at
spatial infinity [4], but the DSII equation does not, although it has solutions approaching zero
rationally [1, 7]. However, we obtain a soliton solution « of the hyperbolic NNV equation from
that of the stationary DSII equation so that u approaches zero exponentially at spatial infinity.
These soliton solutions are different from the known one derived by the binary Darboux
transformation or bilinear method, and the behavior of the solutions is more complicated.

In section 2, after reviewing the hyperbolic NNV equation and the stationary DSII equation
together with their standard Lax pairs, a new Lax system is presented in which an extra
equation is added to the standard Lax pair of the stationary DSII equation. With the nonlinear
constraints, the integrability condition of this Lax system includes both the hyperbolic NNV
equation and its standard Lax pair. The Darboux transformation for the new Lax system
is given in section 3 and the general expression of multi-soliton solutions is presented in
section 4. In section 5, the explicit expressions and behavior of single-soliton solutions are
discussed. In section 6, it is proved that the solution derived by the Darboux transformation
of order n approaches zero uniformly and exponentially at spatial infinity. In section 7, it is
proved that each solution derived by the Darboux transformation of order # is asymptotic to n>
solitons at temporal infinity. Hence, we call this solution as an n x n soliton solution. Finally,
some linear algebraic lemmas are presented in appendix A.

2. Hyperbolic Nizhnik—Novikov—Veselov equation and Davey—Stewartson II equation

The hyperbolic NNV equation is

Uy = Ugge + Upyy + 3(0)e + 3(1w),, Uy = Ug, We = Uy, e8)
which has a Lax pair

ff'? + uf =0, f, = fggg + f'?’l'l + 3Uf§ + 3wf,7. )

By taking the new coordinates x = § — n and y = & + n, the hyperbolic NNV
equation (1) becomes

U = 2Uyyy + 06Uy, + 3V +w))y, + 3 — w)),,

(dy — 3x)v = (dy + 3y)u, (dy + 9x)w = (9, — Oy)u,
and the Lax pair (2) becomes
fyy = fax +uf =0, Jr =2 fyyy + Otxxy + 30+ w) fy +3(v —w) fi. “4)

On the other hand, the DSII equation is

—ife = fix — fyy — (g — &) [, @y —id)g = (0 — i) (11D, (5)
which has a Lax pair

v, =iJW, + Py,

VU, =2iJW,, +2PV, + OV,

3)

(6)
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where
J=<(1) _01) P=<_}F f), Q=(_fxg_ify f*g%). Q)
If (f, g) is independent of 7, (5) becomes the stationary DSII equation:
fox — fyy —i(g —8) f =0, 9y —idy)g = (0 — i9,) (| f17). )
Taking W(x, y, 7) = ®(x, y) e2*’7 in (6), we get the Lax pair for (8) as
O, =iJD, + PO, 2002D = 2iJ Dy + 2P D, + Q. 9)

The first equation of (4) and the first equation of (8) are similar, and the second equation
of (4) is of order 3. Hence, we introduce an extra equation to the Lax pair (9) so that the whole
system becomes

O, =M@O)DP=iJD, + PP,
20320 = L(3)D = 2iJ Dy + 2P D, + 0D, (10)
D, =N(@O)DP =161JD,, + I6PD,, + RO, + SD,
where J, P and Q are given by (7):
k4 ( 3g+ilfP 4fi— 2ify>
—4f.=2if, 3g—ilfi*)’ (
S=2< _3gx+2_if_fx+ffy__ff_y _ 6fxx_2ifxy __l(g_g_)f"'_2|f|2f>
—6f = 2ifry +i(g =) F =21f1*f 38 —2if fxt ffy—T 1y ’
and L(9), M(d) and N (0) refer to differential operators with respect to x whose coefficients

are 2 x 2 matrices, 0 = 0y.
The integrability conditions of (10) include the following equations:

11)

Syy = fax tuf =0, St =2 3y +6fixy +3(0+w) fy +3(v —w) fx, (12)
3y —id,)g = (3 —idy) (| £,

1 - = .= . =
Egt = —28xx +2ffxxy +2ffxxy +4if froxx 4] frxx

L _ o _ (13)
+ z(fx - ify)fxy + z(fx - ify)fxy + 2(1fx + 2fy)fxx + 2(1fx + ny)fxx
+QIFP =i — NPy + GilFI* + (g — @)U f1D)x — 21 f 25 + 6iggy,
where
u=i(g—g). v=2|f"+(g+8), w=2[f"—(g+8. (14

Note that (12) is exactly the same as the original Lax pair (4) of the hyperbolic NNV
equation. By direct calculation, we know that (u, v, w) satisfies the hyperbolic NNV
equation (3) provided that f and g satisfy (12)—(14). Therefore, explicit solutions of the
hyperbolic NNV equation can be obtained from those of (12)—(14).

Clearly, the solutions of (12)—(14) are only part of those of the hyperbolic NNV equation.
However, they include some interesting ones which will be shown in the rest of this paper.

3. Darboux transformation

The binary Darboux transformation for the hyperbolic NNV equation is well known [17].
Integrations are needed in constructing explicit solutions. However, for the DSII equation, the
usual Darboux transformation without integration is known. This Darboux transformation is
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simpler than the binary Darboux transformation for the hyperbolic NNV equation, and can be
easily used to the stationary DSII equation so that explicit solutions of the hyperbolic NNV
equation can be constructed.

Note that the coefficients of L(d), M(d) and N (9) satisfy

iJ/,P,QO,R,Se X, (15)
where

Y ={Aisa2 x 2matrix| KAK ™' = A} = {(_al_? 2) )a,b € C} ) (16)
K = (1 _l). That is, L(9), M (d) and N (9) satisfy
KL(O)K™'= L), KM@K = M(@®), KN@®K™'=N(@). (17)
Hence, if ® = (i) is a solution of (10) with A = X, then K® = (;") is a solution of (10) with
A = Fik.

The Darboux transformation of an arbitrary order is constructed as follows [8, 23].

Suppose that

G@®) =03"+G(x,y, )" '+ +Gplx, v, 1) (18)

is a Darboux operator for (10), i.e. there exist L'(3), M’(d) and N’(9) which have the same form
as L(d), M(9) and N (9) with f and g replaced by certain f" and g’, such that & = G(9)d
satisfies

AP = L'(3)d, Cb/y = M'(0)d, @) = N'(0)d'. (19)
If so, then G (9) satisfies

L'(3)G(d) = G(3)L(d),

M'(3)G(3) = G(@)M(d) + G,(d), (20)

N'(0)G(3) = G(I)N(0) + G,(9d).

Since L(d), M(d) and N () satisfy relations (17), and L'(3), M’(3), N'(d) satisfy the similar
relations

KL ()K" =L ), KM' ()K" = M'(d), KN'@K™'=N'(), (21)
we want that G(9) satisfies KG(3)K ' = G(3). Write
(a4 b

Denote L'(d) = 2iJ3% + 2P’d + Q’; then the first equation of (20) leads to
(iJ*+2P' 9+ Q)@ +G" "+ +G,)
=@"+G10" '+ +G,)QRiJI*+2P3 + Q), (23)
in which the coefficients of 3"*! and 9" give
P =P —ilJ,Gy],

Q' = Q —2i[J, Gy] —2[P,G]1+2i[J, GG +2nP, —4JG .. &9
Hence, after the action of Darboux transformation,

= f=2ib,

g =g —diarx —2(fby — fby) — 4ilby|*,

u =u+8|b|* —4i(fby — fby) +4(ay +ay);, (25)

V' =v+8|bi|* —4i(fby — fb1) — di(a; — @)y,
w = w+81bi 2 — 4i(Fby — fby) +4i(ar — ar)s.
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Now take 7 distinct complex numbers Aq, ..., A, with A; = p; +1iv; (u;’s and v; ’s are
real). Let @; = (J’) be a column solution of (10) with = 4; then ®,,; = K, = () is
a solution of (10) with A = %iX j(j =1,...,n). The Darboux transformation is determined
by the system of linear algebraic equations:

G(@)P; =0 (G=1,...,2n) (26)
if it has a unique solution [23].
Denote
& N ai b
E=:|, =], a=|:|, b=|:]|: @D
%_n nn an bn

then (26) becomes

a\ (¢
r(5) == (). o

A B
T <_§ A) , (29)

A=@"'8 - ), B=@""n - 1. (30)

where

Equation (26) has a unique solution if and only if det T # 0.

4. Expression of soliton solutions
For a zero seed solutionu = v =w = f = g = 0, (10) becomes

&, =212J D, o, =iJd,, D, = 161J Dy (3D
with ® = (&, n)”. Hence, take

%_j _ K](l)(epjl)+1aj(l) +efpj-])7id/(-]))7 nj = K](Z)( pjz’ﬂo() +e7pj-2)7ig'/(_2)), (32)
where
pj(l) = (A iX +idjy + 161)\§t) +,oj((1)) =WUjx —v;y+ 16(1)]3 3,u] )t +/Oj(})),

2 2 2

(. ) — e(lk iX+Ajy— 16A3t) +,oj(0) =—V;jx+pu;y— 16(;1,3 —3u; j)t + ,OJ(O),

(33)

(l) (1)

= Im(A; x+1)»jy+161)\3t)+00 =vjx+,ujy+l6(uj —3u; ])t+010,
3
J

(2) @

(
Im(lk iX+Xjy—161; t) +0}O =ujx+v;y+ 16(\)‘ - 3,ujv_,~)t +05,

where «{" and K](~ are non-zero constants, and ,0(%)), ,oﬁ)), o((l,) and U]%) are real constants.

By solving a;’s and b;’s from (28), the Darboux transformation (25) gives the multi-soliton

solution
f = —2iby, g = —4iay . —4ilb %, u = 8|bi|* +4(a; +ap)., )
v =8|bi|* — di(a; — @)y, w = 8b;|* +4i(a; — ar)s.

Hereafter, we omit the primes on f, g, u, v, w for those obtained by the action of Darboux
transformation.
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Let K, = (1 ~!). Denote

n

¢ = ( fn> L Ra= @ 970k (35)
for j > k; then
T =(R,_1..0 K,,Rn_l.”()). (36)
Let
. "¢ 8”“4“ 8'1_2{ R,_3..0 Knl_?nfl...o 0 0
= <3n+l§' 8"{ 8”“; 0 0 R, 7.0 Kanfl...o ) 37)

Theorem 1. When detT # 0, the multi-soliton solution u of the hyperbolic NNV equation
given by (34) can be written as

R
Y= 8 edetH' (38)
(det T)?

Proof. Solved from (28) by the Cramer rule,
ay=—(detT)""0"¢ Ry2.0 KuRu-1.0l, (39)
by =—(detT) ' |Ry_1.0 0"¢ KyRy 5.0l (40)

ay+a; =—(detT) (10" Ry2.0 KuRu_1.0l+18"¢ Ru2.0 KuRu_1.0)
= —(detT)"'(|0"¢ Ry2.0 KiRu_1.0|+|Ri1.0 K,0"Z KR, 2.0

= —(detT) '(detT), = —tr(T~'T), 41)
ay, +ay, = —to(T ' Tp) +tr(T71T0)?). (42)
Denote T = (Oﬁzka). Leth = (%) be the solution of Th = —3"*'¢ where @ = (@, ..., a7

andb = (by, ..., b,)T; then

a +a = _tr —a —a 7,1,2 Z E 0 tr —a 7,1,1 [7 ~O 2
b b b 0 -a -a I, b 0 -—a T,

=al+al+a,+ad —ay —a — 2|by |~ (43)
According to (34),
U= 8Re(a12 +a; — az). (44)

Letd = —(det T)*(a} +d) — a»); then, by the Cramer rule,
d=—19"C Ruy_2.0 KuRuy_1.0 |?+detT|0™'c Ry_2.0 KyRu_i.0 |

+detT|0"¢ 8"“{ R,_3.9 Kan—l»--O . 45)
Using the Laplace expansion of det 1, d = det I1. Hence,
Red Redet IT
u=-8 =-8 ) (46)
(det T)? (det T)?
The theorem is proved. ]

Remark 1. According to lemma 2 of appendix A, det7 > 0 holds everywhere. However,

detT > 0 may not hold everywhere when the parameters p;f)) and a;g) take some special

6
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values, as will be shown in the following section for a single soliton solution. On the other
hand, det 7 > 0 holds everywhere in a generic case, which will be shown here.

The Darboux operator G(d) of order n can be constructed by composing n Darboux
operators of order 1 as follows. For given Ay, ..., A, and &y, ..., ®, as above, let H; =
(@), Dpyj)(j=1,...,n). Ifdet H| # 0,then A1(3) = B—ngle_l is a Darboux operator of
order 1. Ittransforms (u, v, w, f, g) to @D, v® O, f(l), g(l)) and transforms H; to H;l) =
A(O)H; = Hj, — H H'H;(j =2,3,...,n). Again, if det Hy" % 0, then Ay(3) = 9 —
Hz(’lx) (Hz(l)y1 is a Darboux operator of order 1 for the Lax pair with @D, oD ), f(l), g(l)).
It transforms (@, v, w®, fFO ¢y to U@ v® w?, f@ ¢@) and transforms H;l) to
H(z) = A (8)H(l) H(l) Hz(yl;(Hz(l))_lH_;l)(j = 3,4, ...,n). Continuing this process,
we get H;k)(k =1,....,n—=1;j=k+1,...,n)and A;@)(j = 1,...,n). According to
Zhou [23],

G(3) = An(0)A;—1(9) -+ A1(9),
det T = det (H" ") det (H"}?) - - - det (Hy") det(H,).

Hence, det T # 0 if all det H' ™" % 0.

(=0 U=
§; =1l
=D G=n
n;j E

47

Suppose that Hj(j_l):( ) thendetH(] b |$(] 1)| +| U= 1)| = 0if and

only if é;j Y = 0and n;j Y = 0hold simultaneously. For fixed j, this gives a system of four
real equations:

Re&/ ™" =0, &~V =0, Ren¥™" =0, Imn~" =0 (48)

for three real variables x,y and ¢. It has no solution unless the parameters p(k) and
(k) o (G =1,...,n;k =1, 2) take special values. This shows thatdet 7" > 0 holds everywhere

for generic p o ) and o 0) Therefore, the multi-soliton solution « is global for generic p ) and

(k)
GjO .

5. Single soliton solution

By taking n = 1, the single soliton solution can be obtained as
16A
u = F’ (49)
where

B = (K(l))zc osh (2 (l)) ( (2)) cosh (2,0(2)) ( fl))zcos (201(1)) + (Kl(z))zcos (201(2)),
A =—(u} =) ()" cosh (20") cos (20 ") — 2041, (V)" sinh (20" sin (20"

— (D) ") ) sinh (20{") sin (2017) + (1] — ) () cosh (20{7)

X COS (201( )) + 21 vl( ) sinh (2,0(2)) sin (20(2)) + (,ul + vl)(/cfl))z(lcla))2

< sinh (20 sin (20") + (13 — ) ()" — (")), (50)

The solution is singular if B = 0, ie. |§]*> + |n|> = 0. This is equivalent to
pfl) = ,01(2) =0, 20‘](1) = jm+m/2, 201(2) = km + /2 for certain integers j and k. In
contrast, the solution is global if and only if |&|> + |n;|* # 0 everywhere, i.e. the parameters
satisfy

wi(ply) — o +kw +7/2) +vi (0l +aly) — jm —m/2) #0. (51)

7
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40
20
0

64 e
66 ™~ 66
X 68 y

Figure 1. Single soliton solution u: A; = 2+0.5i, K{l) =1, Kl(z) =12, p}(l)) =0, p<2) 1, cr(l) =
Ul(? =0,t=1.

50
0
-50
=100 L
Figure 2. Single soliton solution u: A; = 1.1 + 0.9i, Kl(l> = l,Kfz) =12,p =0, p(z) =
Lo\ =od =0,1=1.

We always suppose that (51) is satisfied, which is equivalent to det 7" # 0.
When u? # vi, the solution u approaches zero exponentially at spatial infinity, and the

peaks appear when neither ,of Y nor pfz) is large. Hence, the center of the soliton locates near
(1) @

=0and p;” =0, i.e.
(1) 2) ?2)
H1p1p V1P V1,0 T H1p
x = 64pvit — M, y = 16(;1,% + vlz)t M. (52)
M1 —V Ky — Vi

The solutions are shown in figures 1 and 2 for different parameters. The figure of the solution

contains several peaks rather than asingle peak, and the shape depends on the angle arctan
2

2[1. v
between the straight lines ,0l = 0and p,” = 0. Nevertheless, we still call it a single soliton
solution because it is generated from the zero solution by the Darboux transformation of order
1, and the peaks in the solution never separate.

Note that although u is localized, v and w are not.

If vi = u; # 0, the solution is invariant when (x, y) is changed to (x + —, y+ 2m)
for any integer m. Hence, the solution is periodic. Moreover, ,0(1) + pfz) pf(l)) + ,of(z]) The

8
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32)( 34 364 2 Y

Figure 3. Periodic solution u: A1 = 1 +1i, Kfl)

0,t=1.

(2) () (2) (1) 2)
=Lk =12,p5 =0,pg =100 =0p5 =

peaks appear when neither p](l) nor ,01(2) is large. Hence, the peaks lie near the straight line
n_ @
X —y — 32uft + AP = 0. The solution is shown in figure 3.
Similarly, the solution is also periodic if vi = —pu; # 0.

6. Localization of multi-soliton solutions

In this section, we will prove that the multi-soliton solutions approach zero uniformly and
exponentially at spatial infinity. In order to get global solutions, we always suppose that
det T # 0 everywhere, which is true for generic parameters p;](‘)) and cr]%) G=1,....,n;k=
1,2).

Note that the solution of (28) is invariant if both &; and n; (for fixed j) are multiplied by
a common function. Let

& if 1§ = Injl
w; = . , 53
i {n, it 1€ < In;] ©3)
T = diag(wy, ..., wp, D1y .y D). (54)

Let T = T~'T; then the norm of each entry of T cannot exceed 1. Although T is not

continuous, |det T'| is continuous.

D> 2)>

Letx =rcosf and y = r sin6. Since p; s and p;’s in (33) depend on x and y linearly,

we can write, fork =1, 2,
p\(rcost, rsing, 1) =& 0o @) + B, (55)

where 8;-]() @) = £1(j = 1,...,n) so that a;k) (0) > 0. Here, the variable ¢ is omitted in
a2(0), B and £ (0).

Clearly, aﬁ.k) ’s are continuous functions. Also note that sj.k) () is not well defined when
a0) = 0.
Theorem 2. Suppose that Ay, ..., A, are distinct non-zero complex numbers such that

Xj # Fid for all j,l = 1,...,n. u is the multi-soliton solution given by (38). Then
for fixed t, there are positive constants ry, x and C such that

lu(r cos @, rsinf, 1) < Ce %" (56)

9
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forr > roand all €® € S'. Hence, u(r cos®, rsin0,t) — 0 uniformly and exponentially as
r — +00.

Proof. The proof is divided into four steps.

Step 1. Obtain the asymptotic behavior of &;’s and 7;’s.
Let A; = u; +iv; where ;s and v;’s are real; then u; # Fv; forall j =1, ..., n.
LetZ® = (e € S!|tanf = g} fore = £1, Z = ZHDUZED ., Ife? € Z©®, thenby (33),
2 2
a’(0) = a?(O) = J5lu; —ev;l > 0,67(0) = 57" (6) and &} (0) (1; — ev;) cos 6 > 0
forall j = 1,....n. If e” € SN\Z, then o{"(6) = |u;cos6 — v;sinf]. P (®) =
|—v; cos 6 + p; sin 0| with o} (0) # o (0).
For § € (0, /4), define
Q" = {e|there exists ¢ € Z© such that |0 — 6y| < 8} (s = £1),

0) i i0 (57)
Q" =1{e"||0 — 6| > §/2 forall e € Z}.
Then Qf;rl) U Qg_l) U Qéo) = S', and there exists § € (0, 7/4) and @ > 0 such that
a0 > o, a?0) > o, eP @) =eel’@) if & eqf,
©) ) g ©) (58)
|Olj (9)—aj @) >ow if e¥ e Q.
Recall that
g = K;l)(es(/.])(é))»jxﬂay)(O)Ajy+16i6‘(fl)(9)k;t + efs(f”(G)k,»xfia;l)(O)Ajy—16is(f”(0)k?t)
_ Kjgl)eaj.‘>(e)r+a;"(e)ﬁ}”ﬁaj"(9)0}”(0,”(1 " 672a}1)(0)r72£;1)(0)ﬁ;1)72155.1)(0)(7/(.1)(9,0)7
59
nj = K](z) (eiejz’(e))\,ij?)(0))\,y—165}2’(0)A3,.z +e—isf’(@)m—gf)(9),\j);+1ss}2)(0)x§t) (59)
—x ](_2) eaj?) Or+e0) B +ie 0) 7 0.1) (1 " efzaj?) Or—2:7 )87 -2ie 0)0 (G,r)).
Let
Yi0,r) = (KJ(.I))’IKJ(?) @@=V @)r+e? OB " )8 +ie P 0)01 0.r)—ie} ©)0]" O.1) (60)
When r — 400, the following limits hold uniformly.
Fore¥ e Qf with o (0) > o (6),
—1qk 1 k —1qk .2 k
£710%; — (27 0)n;)" 710" — (i ©)2;) Y0, 1) — 0. 61)
For e e Qf with o/ (0) <« (6),
—1qk 1 k —1 —1 . @2 k
n; 9% — (e570)r,) Y017 >0, n; o — (1)) (62)
Fore¥ e Qf with o (0) > o (),
—1qk (1 k —1qk
£710%; — (7 0)1)) £79%n; — 0. (63)
For e € Qf with o (0) <« (6),
—1qk —1qk .2 k
n; 9°§; — 0, n; 8nj—>(18j (9))»,-) . (64)

Step 2. There exist ryp > 0 and ¢y > 0 such that det T > co when r > ry.
When e € Z) (e = £1), ! () = &’ (0) for j = 1, ..., n. Equation (59) implies

) )
;6. 1)] e[ e

—_ 65
5,00 (63)

- yil)= ————
vi(©) |K;1)‘ea_§')<9)ﬂ}"

10
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asr — +oo. By (61),

-2
~ B A@,r) B@O,r)
detT(0,r) = l_[ ly; (@)] ‘—B(G,r) A@.r) +o(1), (66)
ly; @)>1
where A(6, r) and B(8, r) are n x n matrices, whose entries are

k

Aj®,r) = (5 ©)2;)",
Jjk ( j ]) (67)

. k . k
Bj(®.r) = (ie\” ©)2;) Y;(0.r) = (iee}" ©)2;) ¥, (0. 1),
and o(1) refers to the terms which tend to zero as r — +o00. Let
A= (PO, ..., e O)1),
' = diag(Y10,r), ..., Y, (0,r)).

(68)

By lemma 3 of appendix A, there exist 7; > 0 and c¢; > 0 such that det T > ¢ fore € Z®
and r > ry.
When e € Qf\Z(e = £1) with 0 < 0 — 6y < § (6 € Z©), £7(0) = &' (0).

Suppose that aﬁ”(@) > aﬁz)(Q) forj=1,...,mand aﬁl)(é) < a}z)(e) forj=m+1,...,n.
By (61) and (62),
A(0) B©,r) A(0) B@©,r)
~ | C@O,r) D(9) _ D(®) —C@®,r)
detT(©0,r) = _BO.r)  A®) +o(l) = _B@O.1) A(0) +o0(1), (69)
—-D®) C@O,r) c@,r) D)

where A(6) and B(0, r) are m x n matrices, and C (6, r) and D(0) are (n — m) X n matrices,
whose entries are given by

Ap®) = (@) . Bu@.r) = (ies"©)2,))Y;0.1) (i=1.....m),

- . N = N _
Dj(0) = (—ie ' @);)". —C 0. 1) = (s O)%;) (-¥;0.1)7")
(j=m+1,...,n), (70)
and o(1) refers to the terms which tend to zero uniformly as r — +o0.
Let
A= (O, e O s =182 O st - - -, —18P (O)R,), an
F = dlag(Yl(Q’ r)7 ey K?l(e’ r)v _Ym+1(9’ r)_lv ceey _Yn(gv r)_l)'

By lemma 3 of appendix A, there exist r, > 0 and ¢, > O such that detT > ¢, for
e’ e Q" UQI\Z with0 <6 — 6y <Sandr > r.

Similarly, when e € Q™" UQ{ "\ Z with —8 < 8 —6y < 0 (6 € Z), there existr3 > 0
and c¢3 > 0 such that det T > cz forr > r3.

When e € Q. suppose that ! (9) > a”(0) for j = 1,....m and & (0) < &{” (0)
for j =m+1,...,n; then, by (63) and (64),

A®) 0 A@) 0 2
. ~ |l o D®)| _|D®) 0 | ||A®)
rErPOO detT(0,r) = 0 AT o A@©O)| HD(G) 72)

—D(®) 0 0 D(9)

11
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holds uniformly, where A(6) is an m x n matrix and D(0) is an (n — m) X n matrix, whose
entries are given by

k .
Ap(0) = (7 O)1;)", G=1,...,m),
= . = \k .
Dj(0) = (—ie 0)2;) (j=m+1,...,n).
Using the condition A; # =i, and the property of the Vandermonde determinant, we know

(73)

that there exist r4 > 0 and ¢4 > 0 such that det T > cq foralle? e Q( ) and r > rs.
Let ro = max(r1, 2, 13, 1), Co = min(cy, ¢2, ¢3, c4); then for any e € S, detT > ¢
when r > ry.

Step 3. Denote = (T T)il IT; then lim, _, .o, Redet Il = 0 for any fixed el e St

When e € Z®, considering (61), (62) and 8;2)(9) = 88;1)(9), let A = diag(A;, A»)
with

Ay = diag(e{" @)1, ..., eV (O)), o
A, = diag(—ieel" (@)A1, ..., —ieeV (O)1,),
= _ =_1-\T
c= (1. L=, —E ) (75)
——

n

then A, = icA;, and 11 — (]_[‘},](9)|>1 |)/j(9)|)741'1A — 0 as r — +oo where y;(0)’s
are defined by (65) and IT# is defined by (A. 27). According to lemma 4 of appendix A,
Redet [T* = 0, which leads to lim,_, .., Redet I1 = 0.

When el € $'\Z, suppose that " (0) > a?(0) for j = 1,...,manda" (0) < &{” (0)
for j=m+1,...,n. By (63) and (64),
_ k _ . k
&0 — (7 ©@2;)°8) > 0. &7 (3% — (ie]”©)2;) nj) > 0
(G=1,...,m),
N 2 k —1(qk -2 k (76)
n; (8" — (77(0)2;) &;) — 0, n; ' (8% n; — (ie7”(0)r;) n;) — 0
(j=m+1,...,n)
asr — +oosince§‘j_lnj — Ofor j = 1,...,mandn;1§j —O0forj=m+1,...,n.
Let A = diag(A, Ay) with
Ay = diag(e{" @)1, ..., €Oy €51, O A - -, €2 (OIN), -
A, = diag(—iel” (0)%1, ...,—18,(”1)(9))\,”,— e O msts -, —ieP O)),
c=(1,...,1,0,...,0,0,---,0,—1,...,=DT; (78)
P e e i g
m n—m m n—m

then A, = iAj, and IT — TI* as r — +00 where T4 is defined by (A.27). According to
lemma 4 in appendix A, we have lim,_ntOO Redet IT = Redet ITA = 0.
Till now, we have proved that det 7 has a uniform positive lower bound for all 6, and

lim, s 400 l?jﬁf;‘;} = 0 for any fixed 6.

Step 4. lim,_, 1 1(1;6?%1;1 = 0 uniformly for all el € Slasr — +o00.

Note that 1(25 ‘332)21 is of form g ((g ;)) , where

m

my
F0,r) = Zea,(a)rm(e)) e(0.r) = Zeﬁj(e)HE,w) (79)

12
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are real-valued functions of (9,r) and «;(9), ﬂj ), y; (9) 8 (0) are complex- Valued
continuous functions of 6. Let d(6) = max;<j<m, Red;(0), b(G) = maxigj<m, Reﬁj ).

{; ((g :)) = 0 for any fixed 6, the real continuous function @(9) — b(@) <0

achieves its maximum —y < O on the compact set S'. We have known that detT has a
uniform positive lower bound as r > ry (7 is independent of 8), and so has

Since lim,_, 1o

my - - -
Z e(Bi(O)=b(O)r+5;(0) (80)
j=1
Hence,
my o (@ (0)=a(0)r+y;(0)
0,r Zj=l ©
f6.1) et <Ce™ (81)
26,r) S | e O-BO5 @)
as r > rog where C is a constant independent of §. The theorem is proved. ]

Remark 2. The solution f of the stationary DSII given by the Darboux transformation
mentioned in this paper does not tend to zero exponentially at spatial infinity, but the solution
u of the hyperbolic NNV equation does. This is possible because u is given by i(g — g) as in
(14), but not f, the solution of the stationary DSII equation.

7. Asymptotic behavior of the solutions as t — oo

In this section, the asymptotic behavior of the multi-soliton solutions as ¢t — oo will be
discussed. In order to do so, we consider the problem in a moving frame. Let x = x¢+6,¢ and
y = yo + 62t, where (01, 6,) is the velocity of the moving frame and (xo, yo) is the coordinate
in the moving frame with this velocity. Then,

piP (o + 018, yo+ 02t 1) =PVt + g1

<2> o1+ 2 (82)

,O( )(X() +01t, yo+6st,t) = 8

where e = £1(j =1,....nm1k=1,2) sothataj’” 0. Write A; = pu;+iv; (j = 1,...,n)
where 14;’s and v;’s are real then, according to (33),

eVal = ;0 —v;0, +16(v — 3u2v)),

(83)
85.2)05;.2) = —v;01 + ;6 — 16(,uj - S;Ljvf)
and
@ (M) (2) (2) 2
g o, —¢; (/Lj+1)j)(91—92+16( —4/Ljvj+v-)) 84)
“) o +8(2)a(2) (1 = v) (61 +62 — 16(] +4pjvj +v7)).
Theorem 3. Suppose that A; = pj +iv; # 0 (j = 1, ..., n) are distinct complex numbers
where ;’s and v;’s are real numbers, such that
Wi # Ev; forall j,
5+ A0 + V7 ]+ A+ vf forall j #1, (85)

Iy —4,u_,-uj+vj2.7éu12—4,ulvl+v12 forall j #1.
u is the multi-soliton solution given by (38). Then for bounded (xo, yo), lim,_, o u(xo+61t, yo+
0rt,t) = 0 except when

0, = 8(M12 + 4 +vf — u? +4pv; — ng)’

. (86)
0 = 8(uj + 4 + V] + 15 — A jv; +7), (,1=1,2,...,n).

13
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Therefore, ast — 00, u is asymptotic to at most n* solitons which move in the above velocities
(01, 02) respectively.

Proof. We will always suppose that (6, 6;) does not satisfy (86). Then, by (84), a(l) #0

whenever a; ) (2) . Moreover, we only consider the limit # — +00. The conclusion is the

same for t — oo.
The proof is divided into three steps.

Step 1. Obtain the asymptotic behavior of §;’s and 7;’s

Suppose that a(l) > aﬁz) for j = 1,...,m; a(l) < agz) for j =m+1,...,p and
oz;l)—ajz);éOfor] =p+1,...,n. Then,

£ (0% — (8(»1)?~')k€j) -0, 5_1(3k77j - (if('z)sz )k”/) G=1....m,
0 (0% — (e Vsn ) E) = 00 0 (@ — (#P0) ) >0 G=m+l..p)

% 0% — (¢2)'8) = 0. & (@00 = (i) ) > 0 G=p+ln)
(87)
as r — +o0o, where sy, ..., s, are any constants, since Sj_ln_,- — Ofor j =1,...,m and

nj_léj —O0forj=m+1,...,p.

(1) (2) :|:8(l) (2)
(l) (2) (l) (2)

must hold for any j # [ with p+1 < j, [ < n since both sides equal 1. Ife =¢¢",

then 8§2) @ = 88;1)06(1) and 81(2) @ — 88(1)0[1(1) hold simultaneously where e = 8;])8(2)

J
This contradicts condition (85). If 8(1) (2) = (1)81(2), then 8;2)a52) ssﬁl)a;n =0

and 8(2) (2) + 88(1)06(1) = 0 hold 51multaneously where ¢ = 851)852). This contradicts the

assumptlon that (01, 92) does not satisfy (86). Hence, only p = n or p = n — 1 is possible.

Now we prove that p can only take n — 1 or n. If p < n —2, then ¢

Step 2. There exist fop > 0 and ¢ > 0 such that det T > cfort > 1.
When p =n — 1,

16,60, 7)] e[
max(16, . L 1@ 0D " max (k[0 A D)
Denote
a! 1
Vj,....,N) = : : (89)
)‘;’_1 SR (I—j+1)xn
for j < I; then, for p = n — 1, (87) leads to
V(e .o, eDi) 0
0 V(isfilkm+1, A ieflz_)l)»n,l)
do T =y V(en,) én_liznV(is,(f))»nz vol)
0 V("1 ..., eD,)
—V (=il At - o, =i ) 0
—&, 'V (~ieP1n) V(%)

14
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V(é‘i]))\], . s(l)k ) 0
V(_igi(nzj—lxm"'l’ cet En )l)L ) 0
V(e “1p V(ie@®x
= ) SV ek oy o)
0 V(ey A, ..o, ePh)
0 V(i) Amats - o182 hn)
&7,V (~ieP L) V(eMX,)

ast — +00. Let

A = diag(e" a1, .o, eD =P et s =162 T1, eO0), on
I = diag(0,...,0,&, '), e = e,
then we get lim inf,_, .o det T > 0 by lemma 3 of appendix A.
Similarly, when p = n,
V(e ., eDi) 0
@ 5 . -
lim detT = V(=ienu et oo —iei70) . ’ )
t—+00 0 V(Si ))\1’ ,,.,8}5,[1))Lm)
0 V(i) domsts -, i8P0,)
. - . - 2
= |det V(Sil))ﬂ ) 8,(,,1))»”;, —18,(,1211)%“, ce, —18,(12))\”)| . (92)

Using the condition A; # =i}, we get liminf, detT > 0 since the Vandermonde
determinant is non-zero.

Step 3. Denote = (T T)_ll'l. If the velocity (6;,6,) does not satisfy (86), then

lim,_, 4, Redet m=o.
From (87), let A = diag(A, A;) with

A= diag(s(])k (I)Am, m+1Sm+1)»m+1, cee, 8;1).5‘[,)\.‘,,, SLIJBIA[,H, e, ,(,1))» )
Ay = diag(—lel S1ALs ey =125 A, —ie,(,filim+1, e —ief))—»p,
- isgl)\lﬁl, ...,—1822))\,,), (93)
;:(1,...,1,0,...,0,1,...,1,0,...,0,—1,...,—1,—ép—jlﬁ,,ﬂ,...,—é;‘ﬁn)T; (94)
m p—m n—p m p—m

then [T — y/TI* — Ofor p=n —1and [1 — [T* — O for p = n as 1 — +o0o where y;
is defined by (88) and IT* is defined by (A.27). A, = ieA; holds for ¢ = %1 if and only if
_55(1)8(2) for j = 1,...,pands(2) —5551) forj=p+1,...,n. Sinces; (j=1,..., p)

can be arbltrary, & can be taken as %1 arbitrarily, and p = n orn — 1, we have A, = igA; by

taking ¢ = (Ve for p =n — 1, and either ¢ = 1 ore = —1 for p = n.

According to lemma 4 of appendix A, Redet [T* = 0. Hence, lim, ., Redet O=0if
(61, 8>) does not satisfy (86). The theorem is proved. O
Remark 3. If (6, 6,) satisfies (86), then o} = '? /") = o/?, &? = &lV g = —¢["
for j £l with p+1 < ],l n. Hence, there is no common ¢ = %1 such that g; @ — 88(1)
holds for all i = p + 1, ..., n, which contradicts the condition A, = ieA; in lemma 4 of

15
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Figure 4. 3 x 3 soliton solution u: i = 2+0.5i, Ay = 2.5+0.4i, a3 = 3+ 031,k = 1.« =

=0.p5 =0.0l) =005 =0(j =1.2.3).1 = 1.

1
1.2, ,o;.o)

100

50

Figure 5. Local behavior of one soliton in the 3 x 3 soliton solution.

appendix A. In fact, the solution does not tend to zero in this case, which can be seen in the
following example.

As an example, a 3 x 3 soliton is shown in figure 4, in which there are nine solitons. The
local behavior of each soliton is still complicated, and one of them is shown in figure 5.
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Appendix A. Some linear algebraic lemmas
Lemma 1. Suppose that X and Y are 2n x r and 2n x (2n — r) matrices respectively; then,

X K,Y|=|Y K,X|, (A.1)
where K, = (? 701").
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Proof.
P - 0 I, _
KX KDK =&KX -V, )= KX. (A.2)
The lemma is obtained by taking the determinants on both sides. ([

Lemma 2. Suppose that T = (7AE f;) where A and B are n x n matrices; then detT > O.

Proof. By lemma 1, det T is real. First, suppose that both A and B are invertible; then,
detT = det Adet(A + BA™'B) = |det A|*det(I + A-"'BA™'B). (A.3)
Let N = A~'B. Suppose that A is an eigenvalue of NN,v € R is a vector in the
corresponding root space R, i.e. (NN — AI)"v = 0 for a certain positive integer m. Then,
(NN —ZD)"(N©) = N(NN — Al)"v = 0. (A4)

Hence, Nv € R;. If A is a non-real eigenvalue of NN of multiplicity k, the multiplicity of A
is also k.

Now suppose that A < 0 is an eigenvalue of NN, R, =Vi®---®V,,where V|, ...,V
are irreducible invariant subspaces. Suppose that V| = span{¢, (NN — AI)¢, ..., (NN —
AD™ ey with (NN — AID™ ¢ #£ 0and (NN — AI)"¢ = 0. Then ¢ ¢ Image(NN — AI),
and (NN —AI)"NZ = N(NN — x)"¢ =0, (NN —AI)""'Nt = N(NN — Al)"=1¢ #0
since det N # 0. We will prove that
(NN =ADC, ..., (NN =AD" ¢, Ne, (NN — A)NZ,...,(NN — A" 'NZ (A.5)

are linearly independent. Suppose that

D aj(NN =1 'c+ Y Bj(NN —AI) "IN =0, (A.6)
j=1 j=1
where oy, ..., &, and By, ..., B, are complex numbers. Acting (NN —AI)"~! on both sides
of (A.6), we get
(NN =AD" Y12+ BINZ) = 0. (A7)

Then,
(loa> = ABINNN = 2" "¢ = =@ py(NN = AD)"'NT = ABIP(NN — 2" ¢

= —fIN(NN = AD)"'¢ = B (NN =AD"~ "¢

= BINBI(NN =AD" 'NL — Al 2(NN — 21)" "¢

= BIPNN(NN —D)" "¢ = ABIP(NN =AD" ¢

= |BiIP(NN = A1) =0. (A.8)
Since A < 0 and (NN — AI)""'¢ # 0, we have «; = B; = 0. Continuing this process
by acting (NN — AI)"72,..., (NN — AI)" on both sides of (A.6) respectively, we get
o = - =ao, = B = = B, = 0. This proves the linear independence of
the vectors in (A.5). Let V| = span{NZ, (NN — }I)IVE,...,(NN — )LI)”“_UVZ}. If
N = (NN —AD)¢' € Ilmage(NN — Al), then ¢ = (NN — A)N~'¢" € Image(NN — Al),
which contradicts the choice of ¢. Hence, NZ ¢ Image(NN — AI). Moreover, V| is invariant
and irreducible under the action of NN — AI. Hence, it must be one of V; with {é Jj <l
which means tlmat lis even (I =2k)and Ry, = (W1 & W) D --- D (W, & W) where
Wi, oo, Wi, Wy, oo, W) i§ a permutation of (Vy, ..., Vo). Therefore, the multiplicity of
each negative eigenvalue of N N must be even.

17
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Thus, if the eigenvalues of NN are A1, . .., Ay, (multiple eigenvalues are listed repeatedly),
then
det T = |det A|* det(I + NN)
1/2
— |det A2 ]_[ |1+x,|2]_[(1+)\j)2 ]—[(1+,\j)>0. (A.9)
Rej#0 2;<0 2,20
If A or B is not invertible, it is a limit of invertible matrices, and the conclusion is also true.
The lemma is proved. ]
Lemma 3. Suppose that A = diag(Ay, ..., A,) Where Ay, ..., A, are distinct complex numbers
such that )_Lj # i) forall j,l =1,...,n, T =diag(yi, v2, ..., ¥n). Denote
L |
V= : : o E = diag((ie)”fl, (&), ..., 1), (A.10)
N Y R |
where ¢ = £1. Let
\% I'VE
T = <—f‘\7E" v ) (A.11)

then there is a positive number C depending on A only, such that detT > C.

Proof. Denote

ST =Y A A (A.12)
Ji<e<je
Jusees jkFEm
then
n N n
D EDIS = [T = 2. (A.13)
k=1 s=1
SFEm

Since the entries of V are Vj; = )J}*k, we have

. (];
(=177t

VY= =———. (A.14)
! nszl ()“k - )‘43)
s#k
Hence,
detT = det(V)det(V + TVEV~'TVE)
= |det(V)|*det( + TVEVT'TVEV™). (A.15)
Forj=1,...,n,letA; = e"/*§r; where § = 1 if¢ = 1 and § = iif ¢ = —1; then r;’s
are distinctand 7; =7, #Oforall j,[ =1,...,n:
o (=P " _iek; — Ay
(VEV Y =) (—iex)"! =
! ; 7 = Ow = A9) U e = A
s7k Sk
L F4+ s e B
= U [ o= = G0 M BT (A.16)
s=1 §

sa_ék
18
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where
A = (a;8), B = (b;dk), M = (M), (A.17)
aj = []F+r). be= [ —ro). My = GFi+r)™ (A18)
s=1 s=1
s#k

Since VEV-'VEV~! = I, we have AMB~! = (AMB~")~'. Hence,
detT = |det(V)|*det(l + TAMB™'TBM~'A™")
= |det(V)|*(det M)~ det(M + TMT) (A.19)

since I', A and B are diagonal matrices.
Suppose that Re(ry), ..., Re(r,) < 0, Re(rus1), ..., Re(r,) > Osince 7#; +7; # 0 forall

j. Write
1 M M
= ()= G )
Fj+n) e \Miz M2

_ 1+9;
M+FMF:<—_ W") :<N‘*‘ N”),
rj+rk nxn le N22

where M;; and Ny, M1, and Ny,, and M», and Ny are m xm, m x (n—m), and (n—m) X (n—m)
matrices respectively. Then M/, and Ny, are negative definite Hermitian matrices, and so are
M ljl and N ljl; M, and N, are positive definite Hermitian matrices.

(A.20)

Let
= diag(n, oo vm)s Do = diagmes -, 70); (A21)
then
det(—Nyy) = det(—M;; + I'{ (=M )I}) = det(—M,),
(A.22)
det(Nyp) = det(Mas + T3 M) > det(Myy).
Hence,
(=)™ det(M + TMT) = det(—Ny;) det(No + Ni“z(—Nll)’lle)
> |det Myy| - |det My,|. (A.23)
On the other hand,
(—1)" det M = det(—M,) det(M>, + Mfz(—Mll)_lMlz)
> |det My | - |det My, | > O; (A.24)
hence
detT > |det (2 19t Muil - 1det M| (A.25)
|det M|
The lemma is proved. ]

Lemma 4. Let A = diag(A 1, Ay) where A1 and A, are n x n diagonal matrices satisfying
Ay =igA| where e = £1. Let ¢ be a 2n dimensional column vector. For j > k, denote

RY = (NE N7z, AR, (A.26)
Let
A'¢ A"t A" ?¢ RA K,R% 0 0
HA = ( n Y . n—=3---0 nftp—1...0 B i (A27)
A™e AT ATE 0 0 RY,. o KuRy .
where K,, = ( ! _I“); then det T is purely imaginary.
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Proof. A, = igA is equivalent to AK, = —ieK,A. Denote d* = det A*. Multiplying row
jofd® by —A; and adding it torow 2n + j(j =1, ..., 2n), we get

A"t A"le APT? RA K,R: 0 0
n_|A ¢ ¢ mao KaRig ] A28)
0 0 0 _Rnfz.“l ngan...() Ré\,gu.o KnRé\,l...()
by using AK, = —ieK,A. Adding columns 2n +2,...,3n — 1 to columns 4, ..., n + 1,
multiplying columns 3n +1, ..., 4n — 1 by —i¢ and adding them to columns n+3, ...,2n+1,
we get
RA K,A"'¢ K,R? 0 0
dA — n---0 . ~ é- n—2---0 ~ , (A29)
ieK,A"¢ 0 RN, o KuR: | 4
By moving the columns,
R KR, 0 KATE 0
0 0 RA , o ieK,A"C KR ,
=ie|R2, KuR), o |"|RM,.o KaRD,l (A.30)
which is purely imaginary according to lemma 1. The lemma is proved. (]
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