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Abstract

For the two-dimensional Toda equations corresponding to the Kac—Moody
algebras C 1(1) and Dl(f)l, the Darboux transformations with a special choice
of spectral parameters are constructed so that the degree of these Darboux
transformations is half of that for usual Darboux transformations and the
derived solutions become simpler. These Darboux transformations for a Lax
pair are constructed from real solutions of itself or a slightly different Lax
pair corresponding to the same Toda equation, depending on the parity of /.
Exact solutions of these Toda equations are presented by simplifying the results
derived from the Darboux transformations.

1. Introduction

It is known that the two-dimensional Toda equations are integrable and have many applications
in physics and differential geometry [1-12]. It is also known that for any Kac—Moody algebra
g, there is a two-dimensional affine Toda equation

Wk xr = €XP (Z ck;w,) — Ui eXp (Z co,-wi) k=1,...,n)), (1)
i=1 i=1

where C = (c¢jj)oi, j<n 18 the generalized Cartan matrix of g, v = (v, vy, o)l is a
non-zero vector such that Cv = 0 [13, 14].
Forg=C ;1), the equation is

Wy = eZwl—wz _ e—2w| ,
W) = Wi T W e T2 (=2 ... ] —1), 2)
wl,xt — 62w172w1_| _ efzwl ,
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or
Ui = e — e,
Ujy =€ -t —etm™ (2 j<I—1), 3)
Up o = eti—ui-1 _ e—2u1

ifwesetw; = —(u+---+uj))(j=1,...,0).

For g = D,(fi the equation is

2wi—wy e~ Wi

wl,xt =¢ )
W) = @2Wj~Wjm1—Wjsl _ o= Wi (G=2,...,1=-2), @
Wi = eZw/,]—w/,z—Zw/ _ e—wl’
Wy = %eZwl—w,,] _ %e—uu ,
or
Uiy = e —e2m,
Ujxr = eli—Uj-1 — lj+1—Uj (2 < ] < [ — 1)’ (5)
U = e”[*”l—l — e*“l
ifwesetw; =@ +---+u;))(j=1,...., =D and w;, = —%(u1+-~-+u,).

Equations (3) and (5) have similar Lax pairs, in which the matrices are both of even order.
Moreover, their Lax pairs have a reality symmetry, a cyclic symmetry and a unitary symmetry
simultaneously.

For g = Al(l) , (1) is the periodic Toda equation. The Darboux transformation (in
differential form) and binary Darboux transformation (in integral form) were presented

[4, 15]. A lot of work has been done since then. For g = A(ﬁ), C Z(l) and Dl(f;, the binary

Darboux transformation (in integral form) was given by [16] systematically. For g = A%),
the order of the matrices in the Lax pair is odd. The usual Darboux transformation in matrix
form was given by [17] for the case where all the spectral parameters are complex as well as
the case where one spectral parameter is real. The Darboux transformation is simpler when
one spectral parameter is real. For g = C ,(]) and Dl(f)l , the order of the matrices in the Lax pair
is even (=2n). The Darboux transformation of degree 2n was presented in [18] for the case
where all the spectral parameters and the solutions of the Lax pair are complex.

In the present paper, we construct the Darboux transformations of degree n for two-
dimensional C ;1)(11 =1[) and Dl(f)l (n = 1+1) Toda equations. These Darboux transformations
depend on a real solution of a Lax pair with a special choice of spectral parameters. When n
is odd, the Darboux transformation depends on a real solution of the same Lax pair. However,
when 7 is even, it depends on a real solution of a slightly different Lax pair for the same Toda
equation. The Darboux transformation constructed in this paper is simpler than that in [18]. It
has degree n and depends on a real solution of the Lax pair, while the Darboux transformation
in [18] has degree 2n and depends on a complex solution of the Lax pair.

In section 2, the Lax pair for the two-dimensional C 1(]) and Dl(f)l Toda equations and
its symmetries are discussed. In order to construct Darboux transformations later, two
similar but slightly different Lax pairs in (14) (with plus and minus signs) are introduced. In
section 3, the Darboux transformation of degree n with special choice of the spectral parameters
is constructed so that the Darboux transformation keeps all the reality symmetry, cyclic
symmetry and unitary symmetry. Hence the Darboux transformations give the solutions of
the corresponding affine Toda equations. To avoid computing the inverse of the matrix (28) of
order n?, the expressions of the solutions are simplified in section 4 so that the final expressions
only contain the inverse of a matrix of order n.

2



Inverse Problems 24 (2008) 045016 7Z-X Zhou

2. Two-dimensional Cl(l), Dﬁ)l Toda equations and their Lax pairs

Let us fix some notations used throughout the paper. Let

im 2 im
0 = exp o w =0 =exp - (6)

® = diag(1,071, ..., 0721,

7
Q= 0% =diag(l, 0, ..., 0~ ). @

Then 6" =1, " = —1.
Let J+ = ((J1)ij)2nx2n Where
AT 1 if i=j—1mod2n,
U0 otherwise, (8)

(Jo)ij = 0771

Note that (J;);; = O unless j —i — 1 = 0 mod 2n; hence 6/7'~! = £1if (J,);; # 0.
Written explicitly, they are

0 1

1
+1 0

2nx2n

(m)

Let m be an integer which takes only 0 or 1. Let K{" = ((K where

)ij)2n><2n

(K(’")) R if i+ j=mmod2n,
+ Jij 7o otherwise, (10)

(m) 2n+m—i—j
(K?m )1] =6 n+m—i ](K-f-m)),]
Written explicitly,

I 0

KO = : K = . : (11)
(1) +1 1 2nx2n
2nx2n
It was pointed out in [18] that the Toda equations corresponding to the other integer m are
the same as that corresponding tom = Q0 orm = 1.
We have the following relations among ®, 2, K i") and Jy:

OKO = —0> K", O K" = —9"2K{Me,
QKQ ="K, QK" =" 2Kk, (12
007 =0T, QIO = wl., KM (k™) =T (13)
Now we consider the Lax pair
O, = Us(x, 1, )® = (AJx + P(x, 1)),
(14)

O, =Vi(x,t, )P =110, (x,1)P.
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Throughout the paper, we will write (14%) for the Lax pair (14) with ‘+” and ‘—’ signs. In
(14), P(x,t) and Q4 (x, t) are 2n x 2n matrices of the form

0 +
i o q2n
P2
P = . , O+ = 1 . (15)
Pan gum-1 0
Pls---» Pw»q1, -, qon are real functions, which are related to the solutions of the two-

dimensional Toda equations as follows [18, 19]. (There is a mistake of notations in [18, 19].
The names C 1(1) and Dl(fi there should be interchanged.)

Case sz): n=I[,m=1

pi = —pusi—i =u;, (1<i<I),
g =qyu i =¢e"7" (1<i<l=1), (16)
g = 67214,7 gy = eZul .
CaseDl(f)l: n=Il+1,m=0
Pi = —pun—i=ui, (A<i<ID), pu=pu2=0,
gi = quy—i = (1<i<l—1), (17)

up
)

qr =qi1 =€ Qo141 = G2 = €.

In both cases, p; + pj =0ifi + j = m mod 2n, and g; = q; if i + j = m — 1 mod 2n.
The matrices J1, P and Q4 satisfy the symmetries

Ji=Jy, P=P, O+ =0y, (18)
QL = wly, QrPQ ' =P, Q0. Q' =00y, (19)
K1 (k) =0l KP(RE) T =P,

m m)\—1
KoL (kS = 0. (20)

Moreover, we have
007" =0/, OPO ! =P, 00.07'=07"0-. (21)
Written in terms of Uy and V., the symmetries (18)—(20) become
Us(x,1,2) = Us(x,1,2), Vi(x,1,2) = Va(x, 1, 1), (22)
QUL(x,t, Q" = Us(x, 1, wA), QVi(x,t, Q™ = Vilx, t, wh), (23)

m m)\ —1 -
K UL(x, 1, )(KY) T = —(Us(x, 1, —2))%,

(m) (m)y—1 7 24)
KYVi(x, 6, )(KLY) " = =(Va(x, 1, =2,
and (21) becomes
OUL(x,t, )07 = Ux(x,t,0M), OVi(x, 1,00 ! = Ve(x, t,01). (25)

4
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The relations (22)—(24) mean that U, and V. satisfy areality symmetry, a cyclic symmetry
of order 2n and a unltary symmetry with respect to the indefinite metric given by the real
symmetric matrix K"

The integrability conditions of (14) are

O+ x =[P, Q4] P +[Js, Q£]1=0. (26)
Written in terms of p;’s and ¢;’s, (26) becomes
gix = (Pi+1 — Pi)qis Pit=¢qi-1—qi (=1,---,2n), (27)
with pons1 = p1, g0 = qon-
These are the evolution equations which will be discussed in this paper. Written in terms of
the solutions of the two-dimensional Toda equations according to (16) and (17), the equations

in (27) become (3) and (5) respectively. As mentioned before, the Lax pair satisfying the
symmetries (22)—(24) only contains these two cases.

Remark 1. (J;, P, Q) and (J_, P, Q_) lead to the same nonlinear evolution equations (27),
but lead to two different Lax pairs in (14). These two Lax pairs will be used simultaneously
in constructing Darboux matrices of degree # in this paper.

3. Darboux transformation

When unitary symmetry is considered, the general construction of Darboux transformation is
as follows [20, 21]. Let Ay, ..., Aj be M complex numbers such that A, —Xj(j =1,....,.M)
are distinct. Let H; be a 2n x r solution of rank » (1 < r < 2n — 1) to the Lax pair (14+£) with
A=xrG=1,...,M). Let
H*K{"H;
= +—=— (28)
)\,‘ + )‘-j

be M x M matrices (i, j =1,2,..., M), I" = (I';j)1<i,j<m- Denote r-! = (f‘,-j)lg,-,ng
where I';;’s are M x M matrices. Let

M M B * g (m)
} HT, H*K
Gt =[[o+io | 1= == (29)
s=1 ij=1 J

then G(x, ¢, A) is a polynomial of A of degree M with 2n x 2n matrix coefficients. Write

G, t,0) =Y (=1/G;(x, 03"~ Go(x. 1) = I, (30)
Jj=0
and define
Us(x,1,2) = G(x, £, WUL(x, 1, DG, 1, ) + G (x, 1, )G (x, 1, )7,
Vilx,t,0) = G(x, t, )Vi(x,t, VGG, t, ) '+ G, (x, 1, )G (x,t,A)".

Then for any solution & of (14+), ® = G satisfies dJX = Uitb <I>, = ViCD G is called
a Darboux matrix and the transformation (Uy, Vi, ®) — (Ui, Vi, CD) is called a Darboux
transformation.

Owing to this construction of Darboux transformation with unitary symmetry, we have
the following two lemmas by direct computation [18].

€1y

Lemmal. Uy = AJs+ P, Ve = A" Q. where P = P +[Js, Gy], 0+ = G 0+Gy,.
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Lemma 2.

M
GG, t, =R KEG(x, 1, 2) = [ [0 + M) 0y — DKL, (32)

s=1

When U, and V4 have extra symmetries other than the unitary symmetry, the spectral
parameter A;’s and the solutions H;’s of the Lax pairs in constructing Darboux matrices should
be chosen suitably so that the derived Uy and V. keep those symmetries. To do so, we need
the following lemma.

Lemma 3. Suppose 1 € C\{0}.

(i) If ®(x, t) is a solution of (14=%) for . = , then ®(x, t) is a solution of (14x) for A = ji;
(ii) If ®(x, 1) is a solution of (14x) for A = u, then OP(x, t) is a solution of (14F) for
A=0u.
(iii) If ©(x,t) is a solution of (14xL) for A
A= owu.
(iv) If ®(x, 1) is a solution of (14=%) for A = u, then Q" ® is a solution of (14=%) for » = —i.
(v) If ®(x,1t) is a solution of (14xt) for . = u, then ¥ = K(im)Q”QJ is a solution of the
adjoint Lax pair

W, =—-Us(w)' ¥, W, == V()W (33)
Therefore, (®T K" Q"®), = 0, (T K{"Q"®) = 0.

WU, then Q®(x,t) is a solution of (14=L) for

Proof. (i), (ii) and (iii) follow from (22), (25) and (23) respectively. (iv) follows from (22)
and (23). (v) follows from (22) and (24). The lemma is proved. J

Now take M = n and r = n in the general construction of Darboux matrix shown above.
According to the parity of n, the spectral parameters and the solutions of the Lax pair in
constructing the Darboux transformation are chosen in different ways.

When # is odd, let & € R\{0}, H be a 2n x n real solution of the Lax pair (14+£) for
A = w such that His of rank n and H” K :(é”)Q" H = 0 holds at a certain point. Then according
to (v) of lemma 3, HT K{""Q"H = 0 holds everywhere. Take A=Y, Hy = Q¥ 2H.
Then 4, —)_L_,-(j =1, ..., n) are distinct, and HjTKj(E'").Q”Hj = 0 holds for each j.

When n is even, let £ € R\{0}, H be a 2n x n real solution of the Lax pair
(14F) for A = u such that H is of rank n and HTK;W')Q”H = 0 holds everywhere.
Take A; = Ow*2u, H; = OQ¥2H. Then A;,—A;(j = 1,...,n) are distinct, and
H jT Ky H; = 0 holds for each j. According to (ii) of lemma 3, H; is a solution of (14+)
for A =A;.

Aj’s and H;’s being chosen, the Darboux matrix G(x, ¢, A) is constructed from (29).

Remark 2. The choice of A;’s and H;’s above is based on the following facts.

According to lemma 3, if A is an eigenvalue, so are o "hand oAk = 1,2, ...,2n).
The corresponding solutions of the Lax pair are Q'Hand Q'H(k = 1,2, ...,2n).

Let X be the set of all the spectral parameters A ;’s in constructing Darboux transformation,
then & N (—X) = ¥ should hold. Otherwise, the Darboux transformation will not exist.
__ Whennisoddand p is real, 0?1y = o* =i, so the set {o* 'k = 1,2, ..., 2n} and
{wF=pulk = 1,2, ..., 2n} are the same. Hence ¥ C {o* 'ulk = 1,2,...,2n}. However,
since —w" My = o'y and T N (=) = 0, 0" 'u € T implies 0" ¥y ¢ . Hence
we choose & = {w*2ulk = 1,...,n} so that ¥ N (=) = @ holds (see figure 1 for
n = 3). Moreover, according to another equivalent construction of Darboux transformation

6
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A, t <i/ A= p
A=o'p -3,

Figure 1.

A=o'p
=—;\.1

A= r
=-A‘3
A,=o’u= -L

Figure 2.
A-2 =90)2H _XZ
_ Xl Vp%}q =0u
i}
A=00'n o
-k, A,=00°p
Figure 3.

with unitary symmetry (see p 48 of [9]), Q"H = Q"H, the solution of the Lax pair for

A = —[i, should be orthogonal to H, the solution of the Lax pair for A = u, in the metric
defined by K™, i.e. HTK{Q"H = 0.
When 7 is even, if we still take A; = w*~2u, then A,y = —A; = —A;. This is

contradictory to ¥ N (—X) = . (see figure 2 for n = 4), which means that A; cannot be
real. In order to derive the Darboux transformation from a real solution of a Lax pair, we need
the solution of (14F) in considering the Darboux transformation for the Lax pair (14+£) (see
figure 3 for n = 4). Then the choice of A;’s and H;’s is similar to the case when n is odd.

In figures 1-3, the solid dots represent the set X and the small circles represent the set
—3.

In order to prove that Uy and V. satisfy the reality symmetry and the cyclic symmetry,
we need the following lemma. The motivation follows from another equivalent construction
of Darboux transformation [22, 23].
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Lemma 4. Suppose (I';j(x, t))nxn defined by (28) is non-degenerate at (x, t). Suppose

n—1
A, t,2) =) Apj(x. M
j=0

is a 2n x 2n matrix which is a polynomial of A of degree < n — 1 such that

A(x,t,)»k)szo, A(x,t,—Xk)Q”I:IkzO, (k=1,,l1)

Then A(x,t, 1) =0.

Proof. (35) is equivalent to
(An, An—l, ceey AI)M = O

where M = (M) 1<i<n,1<j<2on With

Mi; =27 H;, My = (1)) 'Q"H;
fori, j =1,...,n. Each M;; is a 2n x n matrix.
Define the block matrix N' = (NV;;)1<i<on,1<j<n With
Nij = (=x) T HP KLY, Nosij =2 HT KEVQ
fori,j=1,...,n. Each \V; is an n x 2n matrix.

When 7 is odd, we have
n n
ZMkMkj — Z(_)‘_'i)_k-Fl)‘];ilFIi*K:(tm)Hi
k=1 k=1
1 — (=X /X )" _ L -
— 15-)\’ 'J//)_\“l) Hl*Kj(:m)H] — )\1(1 _ (_w2(1+j72))n)rij — 2)\'irij5
J 1
n n
D NaMuey = ) G/ HY KLV Hy = ndy H KY" Q' H; = 0
k=1 k=1

since " = —1, (A;/A)" = ©*"~) =1 and
n 1 —(Aj/a)" _0 oy
NG = A o
k=1 n, i=J.

Likewise, we have

n

> NawiaMyg =0, > NasiakMinsj = 20T
k=1 k=1
Hence
2AT 0
NM = ( 0 2Af‘>
where A = diag(Aq, ..., A,). Since detI" # 0, det M # 0 holds.
Now suppose 7 is even. Then

1= (=2,/2)"

- HK™H,
1+)uj/)\[ P I

ZMkMkj =

=1
=% (1 — (—®HM0y = X (1 — (")) = 24,1y,

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)
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> NiaMinsj = ndi HI KV QrH; = 0 (45)
k=1
ZNnH,kMkj =0, ZNn+i,kMk,n+j =21 Tj. (46)
k=1 k=1
We have also
2AT 0
/\//\/l—( 0 2A1_“)' 47)
Hence det M # 0 when detI" # 0.
Therefore, for both odd and even rn, (36) has a unique solution A, = --- = A; = 0. The
lemma is proved. ]

Now we prove that the Darboux transformation constructed above keeps the reality
symmetry and the cyclic symmetry.

Lemma 5. G(x, t, A) satisfies

G(x,t,2) = G(x,t, 7). (48)
QG(x, 1, Q™ = —G(x, 1, w)). (49)

Proof. For both odd and even n,

" _ " H T H*K{" H,
et ) Hy = [Jou+ %) | He= Y =] =0, (50)
s=1 Q=1 JT Ak

n

Gx,t, =R He = = [ [ = 20 Y HTwHy KLV Q" Hy

sk i=1
=—[]G - 20 Y HlwH K @ He = 0. (51)
sk i=1

Now suppose 7 is odd, then
G('xa t, )_\'k)Hk = G(x7 t, )‘-Z—k)HZ—k = 07
G(x,t, —)»k)QnHk =G(x,t, —)_»z_k)Q"I:Iz_k =0.

(52)

Let A(x,t,A) = G(x,t,1) —G(x,t, A), then A(x, £, A) is a matrix polynomial of X of degree
< n — 1. By lemma 4, (48) holds for odd n.
On the other hand,

G(x, 1, wh)QHy = G(x, 1, —Ane3)2-1) " Hina3)p—k = 0,
G(x,t, —a))_\k)QQ”I:Ik =G(x,t, )\(n+5)/27k)H(n+5)/27k =0.

Let A(x,t,X) = G(x,t, wA)Q2 + QG (x, t, L), then A(x, t, A) is a matrix polynomial of A of
degree < n — 1. Lemma 4 implies that (49) holds for odd 7.
When 7 is even, (48) follows from lemma 4 and

G(x,t, M) Hy = G(x, 1, —Agan2) 2" Hinjp = 0,
G(x,t, =2 )Q" Hy = G(x, 1, Agns2) Hinjo = 0,

(53)

(54)
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and (49) follows from Lemma 4 and
G(x,t, wh)SLH, = G(x, 1, —Ans2)2-1) " Hina2y j2—k = 0,

(55)
G(x,t, —wh)QQ" Hy = G(x, 1, Auasy2—) Hnsayjo—k = 0.

The lemma is proved. O
Finally, from lemma 2, lemma 5 and equality (31), we have

Theorem 1. Suppose pi, ..., p, and qu, ..., q,’s satisfy (27). Let u be a non-zero real

hy
number, H = be a 2n x n real solution of the Lax pair (14€) with . = p such
h2n
that H is of rank n and H' K™ Q"H = 0 holds. Here ¢ = % if n is odd and ¢ = F
if nis even Take X\; = wzf ZM,H = Q- 2H(] = 1,2,...,n) when n is odd, and
Aj = = O/ u, H; = @Qzl ’H _when n is even. Then after the action of Darboux matrix

G(x t,A) gtven by (29), Ui and Vi in (31) satisfy

oot ) = Us(r, 1, 0), Vete,1,0) = Valx, 1, 2),

QU (x, 1, Q" = Us(x, 1, 01), QVi(x, 1, Q" = Vix, 1, wh),
KU, 1, )(KE) ™ = —(Os(x, 1, —2)", (0
KMV, 1, 0(KE) ™ = =(Valx, 1, —2))".

Therefore, the Darboux transformation transforms a solution of a two-dimensional C Z(l) or

Dl(ﬁ Toda equation to a solution of the same equation.

4. Explicit expressions of the solutions

Theorem 1 has already presented the algebraic expressions of new solutions. However, these
expressions concern the inverse of the matrix I', which is of order n. Usually it is a difficult
task to compute it explicitly. In this section, the expressions of these solutions will be
simplified. Before that, we first prove the following lemma.

i
Lemma 6. Let n be a positive integer, ® = exp ( ) Let p be an integer, [ p] and {p} be the
quotient and the remainder of p divided by n respectively. Then, when n is odd,

n _
w 2sp

n
_ _1\irt.
2 g = O <L
s=1
and when n is even,
w@r
I+ o1 E(_l){pmp]- (53)

s=

Proof. We only prove the lemma for even n. The odd case is similar.
Let x € C such that |«| < 1, then

"= @s=p

§:1+Kwk1 §:§:<KV (om=n), (59)

s=1 s=1 [=0

10
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Note that

S 250-p) _ ™ if [—p=0modn,
Z @ B {0, otherwise, (60)

we only need to consider the terms with [ — p = O mod n. Let! = no + {p} where o is an
integer. Since p =n p] +{p}, ®" = —1, we have
n 7(23 Dp

> = e
pw

s=1

> Cene n(—k)ivl
=nY (—ko )" (—)P (- = = ey (—DrL, (61)
o=0
Let« — 1, we get (58). The lemma is proved. O

Now we consider the solutions of the Toda equations. According to lemma 1, the solution
Q. of the Toda equations is fully determined by G,. Therefore, it is crucial to simplify the
expression of G,.

According to (29),

n * g (m)
Gy =(=1)"G(x, 1,00 = (-D"[ [ A |1 Z Hil; Hj K
s=1 j=1
=p(l = R'T7LS). (62)
Here R and S are block matrices
H THFKSY
rR=|:| = s= : , (63)
Hy ho H KL
o =—u"if nis odd and p = —iu” if n is even.
Let
(& 1
G=1 1 |=|?: || oh (64)
(&x)n 1
(k =0,%1,£2,...) be n?> x n matrices with (&); = @ 2*&"DG@=Dp then?é,ﬁk = & for any
integer k. The columns of &, .. ., &, are linearly independent vectors in R" and satisfy
56 = {gln i)fthelrwis]e. pmodn: (65)

The expression of G, is given by the following two lemmas for odd and even n separately.

Lemma 7. When n is odd,
S

WG, =2 ir In (66)
n+

:l:on
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where

2n -1
(Z( (w™) hk) (i) (1< j<n),
fi= (67)

-1
(Z( D= (w™) " h ) @) e+r1<j<2m).

Proof. From (28),

P& =&k m, I =& mas!_, (68)
where
(m)
N HTREQUH
a = — (69)
& (o
with of = o3__p, and o4 = o Write
hl wgm)
H=] |, KPH=| : |, (70)
h2n wgn")
where Ry, ..., hop, wim), . wg:‘) are 1 x n real matrices, then
hop— h
in) 2’-1 l w{” hzjil
: - , : = (71)
) hy :
(0) (1)
Wy, +h,, Wy, h
According to lemma 6,
n T - (m) 52 n 2n 2(j—k):
v N H KMQ¥H W =3 WS (™) h
2= = 2s - 2s k k
(1 +w*)u 1+w®)u
s=1 s=1 k=1
n 2n
i T
= 5 > ) (12)
k=1

which is a real matrix. ;
Now the ith column of R is &_;h! and the j th column of S, is u’léj_mﬂ (w;m)) .

(R*I'™ IS)U =pn ' & I~ %‘J m+1( ;m))
=u "' hiE} & % lj(w(m)) . (73)
Hence for 1 < i < n, the possibly non-zero components of R*I'~! S are
(R*T7'8) = nu ™' by H(w (m)) )
(RT7S)i i = ™ ey (D)
(RT ™ S)nais = np ™ iy (wi™)"
(RTS) i = npt ey (wi)

n+i

(74)

12
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However, we can prove that actually (R*T718);; =0fori =1,...,2n. In fact, according to
49), QG, = —G, . Written in components, it is (" ~/ — 1)(G,)ij =0. Hence (G,);; =0
unless i — j = n mod 2n. The only non-zero components of G, = —u" (I — R*I'"!) are

(Gn)[,n+[ = n,unilhiaz_l (w(m))T’ (Gn)n+i,i = nﬂnilhnﬂ'az_l (wi(m))T. (75)

—i n+i —i

The lemma is proved. O

Lemma 8. When n is even,

fi
_ Ja
n Gn =2 76
" + frnt (76)
:tf2n
where
2n -1
3 (D—n{kf}ﬂwwéf"’)%) o). a<i<m,
fi = . . (77)
Fh; (Z(—l){kj}+[kj](w]({m))Thk) (wﬁ.’f)n)T, n+1<j<2n).
k=1
Proof. From (28),
P& = &Pt T8 =& mBs i (78)
where
n HTK(m)QZj—lH A
— _gm-! F X —2%=1)(j—1) 79
" ; A+ @ )
with ﬁ;: = B3—k—m and B, = Bi. Write
]’l] wi'")
H=| : |, K"H=1] : |, (80)
h2n wgn")
where ki, ..., ha,, wfm), el wé’,’f) are 1 x n real matrices, then
N hau
ng) 2 1 w%l) 2
. h2nfl
= ‘ ; = . 81
hy :
0) (1)
w2n :Fth wZn hl
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According to lemma 6,

(m) 52
_gm- 12 HTK QT leZ(j—l)(s—l)
(1 +w25 D

no2n pU—h@s=1)

m— - (m) T
-0 l j+122(1+a)23 I)M ) hk

s=1 k=1
2n

- "”Z DTN ) Ty

= _g" lw—]+l

Vz—j, (82)
where y,_; is a real matrix with y = y3 4.
The ith column of R is ' ~'&_;h! and the jth column of Sis —0" 7 u=1&; 41 (w;m))T.

(RT7'S);; = —p = 0" = g5 T (w™)"
— 719171 i— j+lh 52 ,";:2 j:32 ]( (m))
=70 gy (wi) (83)

As in the proof of the last lemma, (G,);; = O unless i + j = n mod 2n. Hence the only
non-zero components of G, = iu"(I — R*T'~'S) are

n— — m)\T n— m
Ginsi = " iy (Wi (Gdneis = =" hi vy (™) (84)
This proves the lemma. |
Note that
(=Dir if nisodd,
(=DrHrl = . (85)
(—DtriHpl if niseven,
hence (67) and (77) can be written uniformly as
2n -1
hj <Z(_1)k1+[kj] (wlgm))Thk) (wﬁy:')l)T’ (1 < j g I’l),
fi=y - (36)
i (Z<—1>“*[k”(w£m))Th"> ™). 1< <20
k=1

where ¢ = £ if nis odd and ¢ = F if nis even.
Having the expression of G,, we can write the expression of O+ = G, QiGn_l. The
entries of Q4 are

G=Ig . G=1...m), 87)
fi

with fo, = fi and gaux = gk = 0, &1, ...).

Remark 3. Since g,_1—; = ¢; and g,_1—; = ¢, hold, f;f,—; is the same for all
j=0,%1,....

In summary, we have

14
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Theorem 2. Suppose ﬁi = Ay + P and \N/i = A’léi are derived from Darboux
transformation given by theorem 1. All the notations here are the same as in theorem 1.
Let

2n —1
h] (Z(_l)k_j+[k_j](w/(cm))Thk) (w;’ir)l)T, (1< ] <n).
fj - k=21n -1 (88)
k=1
where w]((m) ’s are given by (71) and (81) for odd and even n respectively. Then, after the

Darboux transformation,

i :Mqﬂn (=1,...,2n). (89)
fi

Corresponding to m = 1 and m = 0, the results in theorem 2 can be written more
explicitly in terms of ;s for the two-dimensional Cl(l) and Dl(ﬂ Toda equations.

Theorem 3. If (uy, ..., u;) is a solution of the two-dimensional C ,(1) Toda equation (3), then

. 1 .
fj = —Ui+1—j + 7 In f]

N 1S 2 fus—j

gives a new solution of the two-dimensional C l(l) Toda equation (3). Here

W= —uni—;+In (G=1....D (90)

2 -1
hj (Z(_l)k—ﬂ[k—j]h;“lkhk> h,TH,j, (1<j<D,
k=1
Ji= 21 -1 ©n
€h; (Z(—l)kj+[kﬂh§,+1khk) X I+1<j<2D.
k=1
If (uy, ..., u;) is a solution of the two-dimensional Dl(ﬂ Toda equation (5), then
ﬁj:—ul+17j+ln i :—u;+1fj+—lni G=1,..., 92)
2+2 Java—j

gives a new solution of the two-dimensional D,(fi Toda equation (5). Here

20+1 -1
hj (Z(_l)k_j+[k_j]hgl+2khk + (_1)j+18hgl+2h21+2> hﬁl,j
k=1
A<j<I+1),
fi= 2041 -1 ©3)
€h; (Z(_l)k_j+[k_j]h2Tl+2khk +(= 1)j8h2T1+2h2l+2> h3TI+37j
k=1

(I+2<j<2+2).

Proof. For the two-dimensional C 1(1)

fj fais1—j is the same for all j, i.e.

fifa = fafou-r == fifim, (94)

15
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hence
i )2 __ 95
<vf1f21 Srvi—j )

holds in (90). By using the relations (16) between g;’s and u;’s, the Darboux transformation
(89) becomes

~ fl ~ ~ f'+l
2uy = —2u; +In —, Ujpl —Uj =Uj—j41 — U + In = , (96)
2 ;i
and
~ fl+1 ~ ~ fl+j+1
—2u; =2u; +1In f s Ul—j+] —UI—j = Ujy) —U; T In o7
1 I+j

with j = 1,2,...,] — 1. By the recursion relations (96), (90) is derived by induction as
follows. First,

~ 1. fi
U = —u;+—In—. (98)
] T2
Assume
~ i
Uu; —Ul+1—j +—In—— (99)
Sforei—j
holds, then from (94), (96) and (99), we have
~ ~ fj+1 1 j2+1
Ujpp =Uj+Uj—jp1 —Uj—j +1n =—u_;j+-In——m—
AR a8 ! fi U2 f ey
2
: 1 )
=—u_j+-In—"1 =4 i +-In fit (100)
2 finfu-j 2 fu-j

Moreover, it can be checked directly that all the relations in (97) hold. This proves (90). (92)
for the two-dimensional Dl(ﬂ Toda equation is derived similarly, withn =/ + 1 and m = 0.
The theorem is proved. ]
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