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Abstract
For the two-dimensional Toda equations corresponding to the Kac–Moody
algebras C

(1)
l and D

(2)
l+1, the Darboux transformations with a special choice

of spectral parameters are constructed so that the degree of these Darboux
transformations is half of that for usual Darboux transformations and the
derived solutions become simpler. These Darboux transformations for a Lax
pair are constructed from real solutions of itself or a slightly different Lax
pair corresponding to the same Toda equation, depending on the parity of l.
Exact solutions of these Toda equations are presented by simplifying the results
derived from the Darboux transformations.

1. Introduction

It is known that the two-dimensional Toda equations are integrable and have many applications
in physics and differential geometry [1–12]. It is also known that for any Kac–Moody algebra
g, there is a two-dimensional affine Toda equation

wk,xt = exp

(
n∑

i=1

ckiwi

)
− vk exp

(
n∑

i=1

c0iwi

)
(k = 1, . . . , n), (1)

where C = (cij )0�i,j�n is the generalized Cartan matrix of g, v = (v0, v1, . . . , vn)
T is a

non-zero vector such that Cv = 0 [13, 14].
For g = C

(1)
l , the equation is

w1,xt = e2w1−w2 − e−2w1 ,

wj,xt = e2wj −wj−1−wj+1 − e−2w1 (j = 2, . . . , l − 1),

wl,xt = e2wl−2wl−1 − e−2w1 ,

(2)
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or
u1,xt = e2u1 − eu2−u1 ,

uj,xt = euj −uj−1 − euj+1−uj (2 � j � l − 1),

ul,xt = eul−ul−1 − e−2ul

(3)

if we set wj = −(u1 + · · · + uj )(j = 1, . . . , l).
For g = D

(2)
l+1, the equation is

w1,xt = e2w1−w2 − e−w1 ,

wj,xt = e2wj −wj−1−wj+1 − e−w1 (j = 2, . . . , l − 2),

wl−1,xt = e2wl−1−wl−2−2wl − e−w1 ,

wl,xt = 1
2 e2wl−wl−1 − 1

2 e−w1 ,

(4)

or
u1,xt = eu1 − eu2−u1 ,

uj,xt = euj −uj−1 − euj+1−uj (2 � j � l − 1),

ul,xt = eul−ul−1 − e−ul

(5)

if we set wj = −(u1 + · · · + uj )(j = 1, . . . , l − 1) and wl = − 1
2 (u1 + · · · + ul).

Equations (3) and (5) have similar Lax pairs, in which the matrices are both of even order.
Moreover, their Lax pairs have a reality symmetry, a cyclic symmetry and a unitary symmetry
simultaneously.

For g = A
(1)
l , (1) is the periodic Toda equation. The Darboux transformation (in

differential form) and binary Darboux transformation (in integral form) were presented
[4, 15]. A lot of work has been done since then. For g = A

(2)
2l , C

(1)
l and D

(2)
l+1, the binary

Darboux transformation (in integral form) was given by [16] systematically. For g = A
(2)
2l ,

the order of the matrices in the Lax pair is odd. The usual Darboux transformation in matrix
form was given by [17] for the case where all the spectral parameters are complex as well as
the case where one spectral parameter is real. The Darboux transformation is simpler when
one spectral parameter is real. For g = C

(1)
l and D

(2)
l+1, the order of the matrices in the Lax pair

is even (=2n). The Darboux transformation of degree 2n was presented in [18] for the case
where all the spectral parameters and the solutions of the Lax pair are complex.

In the present paper, we construct the Darboux transformations of degree n for two-
dimensional C

(1)
l (n = l) and D

(2)
l+1(n = l + 1) Toda equations. These Darboux transformations

depend on a real solution of a Lax pair with a special choice of spectral parameters. When n
is odd, the Darboux transformation depends on a real solution of the same Lax pair. However,
when n is even, it depends on a real solution of a slightly different Lax pair for the same Toda
equation. The Darboux transformation constructed in this paper is simpler than that in [18]. It
has degree n and depends on a real solution of the Lax pair, while the Darboux transformation
in [18] has degree 2n and depends on a complex solution of the Lax pair.

In section 2, the Lax pair for the two-dimensional C
(1)
l and D

(2)
l+1 Toda equations and

its symmetries are discussed. In order to construct Darboux transformations later, two
similar but slightly different Lax pairs in (14) (with plus and minus signs) are introduced. In
section 3, the Darboux transformation of degree n with special choice of the spectral parameters
is constructed so that the Darboux transformation keeps all the reality symmetry, cyclic
symmetry and unitary symmetry. Hence the Darboux transformations give the solutions of
the corresponding affine Toda equations. To avoid computing the inverse of the matrix (28) of
order n2, the expressions of the solutions are simplified in section 4 so that the final expressions
only contain the inverse of a matrix of order n.
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2. Two-dimensional C(1)
l , D(2)

l+1 Toda equations and their Lax pairs

Let us fix some notations used throughout the paper. Let

θ = exp

(
iπ

2n

)
, ω = θ2 = exp

(
iπ

n

)
, (6)

� = diag(1, θ−1, . . . , θ−2n+1),

� = �2 = diag(1, ω−1, . . . , ω−2n+1).
(7)

Then θn = i, ωn = −1.
Let J± = ((J±)ij )2n×2n where

(J+)ij =
{

1 if i ≡ j − 1 mod 2n,

0 otherwise,

(J−)ij = θj−i−1(J+)ij .

(8)

Note that (J+)ij = 0 unless j − i − 1 ≡ 0 mod 2n; hence θj−i−1 = ±1 if (J+)ij �= 0.
Written explicitly, they are

J± =

⎛⎜⎜⎜⎜⎜⎝
0 1

1
. . .

1
±1 0

⎞⎟⎟⎟⎟⎟⎠
2n×2n

. (9)

Let m be an integer which takes only 0 or 1. Let K
(m)
± = ((

K
(m)
±

)
ij

)
2n×2n

where(
K(m)

+

)
ij

=
{

1 if i + j ≡ m mod 2n,

0 otherwise,

(K
(m)
− )ij = θ2n+m−i−j

(
K(m)

+

)
ij
.

(10)

Written explicitly,

K
(0)
± =

⎛⎜⎜⎜⎜⎝
1 0

1
. .

.

1
0 ±1

⎞⎟⎟⎟⎟⎠
2n×2n

, K
(1)
± =

⎛⎜⎜⎝
1

1
. .

.

1

⎞⎟⎟⎠
2n×2n

. (11)

It was pointed out in [18] that the Toda equations corresponding to the other integer m are
the same as that corresponding to m = 0 or m = 1.

We have the following relations among �, �, K
(m)
± and J±:

�K
(m)
± � = −θ2−mK

(m)
∓ , �∗K(m)

± = −θm−2K
(m)
∓ �,

(12)
�K

(m)
± � = ω2−mK

(m)
± , �∗K(m)

± = ωm−2K
(m)
± �,

�J±�−1 = θJ∓, �J±�−1 = ωJ±, K
(m)
± J±

(
K

(m)
±

)−1 = J T
± . (13)

Now we consider the Lax pair

�x = U±(x, t, λ)� = (λJ± + P(x, t))�,
(14)

�t = V±(x, t, λ)� = λ−1Q±(x, t)�.

3
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Throughout the paper, we will write (14±) for the Lax pair (14) with ‘+’ and ‘−’ signs. In
(14), P(x, t) and Q±(x, t) are 2n × 2n matrices of the form

P =

⎛⎜⎜⎜⎝
p1

p2

. . .

p2n

⎞⎟⎟⎟⎠ , Q± =

⎛⎜⎜⎜⎜⎜⎝
0 ±q2n

q1

q2

. . .

q2n−1 0

⎞⎟⎟⎟⎟⎟⎠ . (15)

p1, . . . , p2n, q1, . . . , q2n are real functions, which are related to the solutions of the two-
dimensional Toda equations as follows [18, 19]. (There is a mistake of notations in [18, 19].
The names C

(1)
l and D

(2)
l+1 there should be interchanged.)

Case C
(1)
l : n = l, m = 1

pi = −p2l+1−i = ui,x (1 � i � l),

qi = q2l−i = eui+1−ui (1 � i � l − 1),

ql = e−2ul , q2l = e2u1 .

(16)

Case D
(2)
l+1: n = l + 1,m = 0

pi = −p2l+2−i = ui,x (1 � i � l), pl+1 = p2l+2 = 0,

qi = q2l+1−i = eui+1−ui (1 � i � l − 1),

ql = ql+1 = e−ul , q2l+1 = q2l+2 = eu1 .

(17)

In both cases, pi + pj = 0 if i + j ≡ m mod 2n, and qi = qj if i + j ≡ m − 1 mod 2n.
The matrices J±, P and Q± satisfy the symmetries

J̄± = J±, P̄ = P, Q̄± = Q±, (18)

�J±�−1 = ωJ±, �P�−1 = P, �Q±�−1 = ω−1Q±, (19)

K
(m)
± J±

(
K

(m)
±

)−1 = J T
± , K

(m)
± P

(
K

(m)
±

)−1 = −P T ,

K
(m)
± Q±

(
K

(m)
±

)−1 = QT
±. (20)

Moreover, we have

�J±�−1 = θJ∓, �P�−1 = P, �Q±�−1 = θ−1Q∓. (21)

Written in terms of U± and V±, the symmetries (18)–(20) become

U±(x, t, λ) = U±(x, t, λ̄), V±(x, t, λ) = V±(x, t, λ̄), (22)

�U±(x, t, λ)�−1 = U±(x, t, ωλ), �V±(x, t, λ)�−1 = V±(x, t, ωλ), (23)

K
(m)
± U±(x, t, λ)

(
K

(m)
±

)−1 = −(U±(x, t,−λ̄))∗,
(24)

K
(m)
± V±(x, t, λ)

(
K

(m)
±

)−1 = −(V±(x, t,−λ̄))∗,

and (21) becomes

�U±(x, t, λ)�−1 = U∓(x, t, θλ), �V±(x, t, λ)�−1 = V∓(x, t, θλ). (25)
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The relations (22)–(24) mean that U± and V± satisfy a reality symmetry, a cyclic symmetry
of order 2n and a unitary symmetry with respect to the indefinite metric given by the real
symmetric matrix K

(m)
± .

The integrability conditions of (14) are

Q±,x = [P,Q±], Pt + [J±,Q±] = 0. (26)

Written in terms of pj ’s and qj ’s, (26) becomes

qi,x = (pi+1 − pi)qi, pi,t = qi−1 − qi (i = 1, · · · , 2n), (27)

with p2n+1 = p1, q0 = q2n.
These are the evolution equations which will be discussed in this paper. Written in terms of

the solutions of the two-dimensional Toda equations according to (16) and (17), the equations
in (27) become (3) and (5) respectively. As mentioned before, the Lax pair satisfying the
symmetries (22)–(24) only contains these two cases.

Remark 1. (J+, P ,Q+) and (J−, P ,Q−) lead to the same nonlinear evolution equations (27),
but lead to two different Lax pairs in (14). These two Lax pairs will be used simultaneously
in constructing Darboux matrices of degree n in this paper.

3. Darboux transformation

When unitary symmetry is considered, the general construction of Darboux transformation is
as follows [20, 21]. Let λ1, . . . , λM be M complex numbers such that λj ,−λ̄j (j = 1, . . . ,M)

are distinct. Let Hi be a 2n× r solution of rank r(1 � r � 2n− 1) to the Lax pair (14±) with
λ = λi(i = 1, . . . ,M). Let

�ij = H ∗
i K

(m)
± Hj

λ̄i + λj

(28)

be M × M matrices (i, j = 1, 2, . . . , M), � = (�ij )1�i,j�M . Denote �−1 = (�̌ij )1�i,j�M

where �̌ij ’s are M × M matrices. Let

G(x, t, λ) =
M∏

s=1

(λ + λ̄s)

⎛⎝1 −
M∑

i,j=1

Hi�̌ijH
∗
j K

(m)
±

λ + λ̄j

⎞⎠ , (29)

then G(x, t, λ) is a polynomial of λ of degree M with 2n × 2n matrix coefficients. Write

G(x, t, λ) =
M∑

j=0

(−1)jGj (x, t)λM−j , G0(x, t) = I2n, (30)

and define

Ũ±(x, t, λ) = G(x, t, λ)U±(x, t, λ)G(x, t, λ)−1 + Gx(x, t, λ)G(x, t, λ)−1,
(31)

Ṽ±(x, t, λ) = G(x, t, λ)V±(x, t, λ)G(x, t, λ)−1 + Gt(x, t, λ)G(x, t, λ)−1.

Then for any solution � of (14±), �̃ = G� satisfies �̃x = Ũ±�̃, �̃t = Ṽ±�̃. G is called
a Darboux matrix and the transformation (U±, V±,�) → (Ũ±, Ṽ±, �̃) is called a Darboux
transformation.

Owing to this construction of Darboux transformation with unitary symmetry, we have
the following two lemmas by direct computation [18].

Lemma 1. Ũ± = λJ± + P̃ , Ṽ± = λ−1Q̃± where P̃ = P + [J±,G1], Q̃± = GMQ±G−1
M .

5
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Lemma 2.

G(x, t,−λ̄)∗K(m)
± G(x, t, λ) =

M∏
s=1

(λ̄s + λ)(λs − λ)K
(m)
± . (32)

When U± and V± have extra symmetries other than the unitary symmetry, the spectral
parameter λj ’s and the solutions Hj ’s of the Lax pairs in constructing Darboux matrices should
be chosen suitably so that the derived Ũ± and Ṽ± keep those symmetries. To do so, we need
the following lemma.

Lemma 3. Suppose µ ∈ C\{0}.
(i) If �(x, t) is a solution of (14±) for λ = µ, then �̄(x, t) is a solution of (14±) for λ = µ̄;

(ii) If �(x, t) is a solution of (14±) for λ = µ, then ��(x, t) is a solution of (14∓) for
λ = θµ.

(iii) If �(x, t) is a solution of (14±) for λ = µ, then ��(x, t) is a solution of (14±) for
λ = ωµ.

(iv) If �(x, t) is a solution of (14±) for λ = µ, then �n�̄ is a solution of (14±) for λ = −µ̄.
(v) If �(x, t) is a solution of (14±) for λ = µ, then 	 = K

(m)
± �n� is a solution of the

adjoint Lax pair

	x = −U±(µ)T 	, 	t = −V±(µ)T 	. (33)

Therefore, (�T K
(m)
± �n�)x = 0,

(
�T K

(m)
± �n�

)
t
= 0.

Proof. (i), (ii) and (iii) follow from (22), (25) and (23) respectively. (iv) follows from (22)
and (23). (v) follows from (22) and (24). The lemma is proved. �

Now take M = n and r = n in the general construction of Darboux matrix shown above.
According to the parity of n, the spectral parameters and the solutions of the Lax pair in
constructing the Darboux transformation are chosen in different ways.

When n is odd, let µ ∈ R\{0},H be a 2n × n real solution of the Lax pair (14±) for
λ = µ such that H is of rank n and HT K

(m)
± �nH = 0 holds at a certain point. Then according

to (v) of lemma 3, HT K
(m)
± �nH = 0 holds everywhere. Take λj = ω2j−2µ,Hj = �2j−2H .

Then λj ,−λ̄j (j = 1, . . . , n) are distinct, and HT
j K

(m)
± �nHj = 0 holds for each j .

When n is even, let µ ∈ R\{0},H be a 2n × n real solution of the Lax pair
(14∓) for λ = µ such that H is of rank n and HT K

(m)
∓ �nH = 0 holds everywhere.

Take λj = θω2j−2µ,Hj = ��2j−2H . Then λj ,−λ̄j (j = 1, . . . , n) are distinct, and
HT

j K
(m)
± �nHj = 0 holds for each j . According to (ii) of lemma 3, Hj is a solution of (14±)

for λ = λj .
λj ’s and Hj ’s being chosen, the Darboux matrix G(x, t, λ) is constructed from (29).

Remark 2. The choice of λj ’s and Hj ’s above is based on the following facts.
According to lemma 3, if λ is an eigenvalue, so are ωk−1λ and ωk−1λ(k = 1, 2, . . . , 2n).

The corresponding solutions of the Lax pair are �k−1H and �k−1H(k = 1, 2, . . . , 2n).
Let 
 be the set of all the spectral parameters λj ’s in constructing Darboux transformation,

then 
 ∩ (−
̄) = ∅ should hold. Otherwise, the Darboux transformation will not exist.
When n is odd and µ is real, ω2n−k+1µ = ωk−1µ, so the set {ωk−1µ|k = 1, 2, . . . , 2n} and

{ωk−1µ|k = 1, 2, . . . , 2n} are the same. Hence 
 ⊂ {ωk−1µ|k = 1, 2, . . . , 2n}. However,
since −ωn−k+1µ = ωk−1µ and 
 ∩ (−
̄) = ∅, ωk−1µ ∈ 
 implies ωn−k+1µ �∈ 
. Hence
we choose 
 = {ω2k−2µ|k = 1, . . . , n} so that 
 ∩ (−
̄) = ∅ holds (see figure 1 for
n = 3). Moreover, according to another equivalent construction of Darboux transformation

6



Inverse Problems 24 (2008) 045016 Z-X Zhou

Figure 1.

Figure 2.

Figure 3.

with unitary symmetry (see p 48 of [9]), �nH̄ = �nH , the solution of the Lax pair for
λ = −µ̄, should be orthogonal to H, the solution of the Lax pair for λ = µ, in the metric
defined by K

(m)
± , i.e. HT K

(m)
± �nH = 0.

When n is even, if we still take λj = ω2j−2µ, then λn/2+1 = −λ1 = −λ̄1. This is
contradictory to 
 ∩ (−
̄) = ∅. (see figure 2 for n = 4), which means that λ1 cannot be
real. In order to derive the Darboux transformation from a real solution of a Lax pair, we need
the solution of (14∓) in considering the Darboux transformation for the Lax pair (14±) (see
figure 3 for n = 4). Then the choice of λj ’s and Hj ’s is similar to the case when n is odd.

In figures 1–3, the solid dots represent the set 
 and the small circles represent the set
−
̄.

In order to prove that Ũ± and Ṽ± satisfy the reality symmetry and the cyclic symmetry,
we need the following lemma. The motivation follows from another equivalent construction
of Darboux transformation [22, 23].

7
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Lemma 4. Suppose (�ij (x, t))n×n defined by (28) is non-degenerate at (x, t). Suppose

�(x, t, λ) =
n−1∑
j=0

�n−j (x, t)λj (34)

is a 2n × 2n matrix which is a polynomial of λ of degree � n − 1 such that

�(x, t, λk)Hk = 0, �(x, t,−λ̄k)�
nH̄k = 0, (k = 1, . . . , n). (35)

Then �(x, t, λ) = 0.

Proof. (35) is equivalent to

(�n,�n−1, . . . ,�1)M = 0 (36)

where M = (Mij )1�i�n,1�j�2n with

Mij = λi−1
j Hj , Mi,n+j = (−λ̄j )

i−1�nH̄j (37)

for i, j = 1, . . . , n. Each Mij is a 2n × n matrix.
Define the block matrix N = (Nij )1�i�2n,1�j�n with

Nij = (−λ̄i)
−j+1H ∗

i K
(m)
± , Nn+i,j = λ

−j+1
i HT

i K
(m)
± �n (38)

for i, j = 1, . . . , n. Each Nij is an n × 2n matrix.
When n is odd, we have

n∑
k=1

NikMkj =
n∑

k=1

(−λ̄i)
−k+1λk−1

j H ∗
i K

(m)
± Hj

= 1 − (−λj/λ̄i)
n

1 + λj/λ̄i

H ∗
i K

(m)
± Hj = λ̄i(1 − (−ω2(i+j−2))n)�ij = 2λ̄i�ij , (39)

n∑
k=1

NikMk,n+j =
n∑

k=1

(λ̄j /λ̄i)
k−1H ∗

i K
(m)
± �nH̄j = nδijH

T
i K

(m)
± �nHj = 0 (40)

since ωn = −1, (λ̄j /λ̄i)
n = ω2n(i−j) = 1 and

n∑
k=1

(λ̄j /λ̄i)
k−1 =

⎧⎨⎩
1 − (λ̄j /λ̄i)

n

1 − λ̄j /λ̄i

= 0, i �= j,

n, i = j.

(41)

Likewise, we have
n∑

k=1

Nn+i,kMkj = 0,

n∑
k=1

Nn+i,kMk,n+j = 2λi�̄ij . (42)

Hence

NM =
(

2
̄� 0
0 2
�̄

)
(43)

where 
 = diag(λ1, . . . , λn). Since det � �= 0, detM �= 0 holds.
Now suppose n is even. Then

n∑
k=1

NikMkj = 1 − (−λj/λ̄i)
n

1 + λj/λ̄i

H ∗
i K

(m)
± Hj

= λ̄i(1 − (−ω2i+2j−3)n)�ij = λ̄i(1 − (ωn)2i+2j−3)�ij = 2λ̄i�ij , (44)

8
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n∑
k=1

NikMk,n+j = nδijH
T
i K

(m)
± �nHj = 0 (45)

n∑
k=1

Nn+i,kMkj = 0,

n∑
k=1

Nn+i,kMk,n+j = 2λi�̄ij . (46)

We have also

NM =
(

2
̄� 0
0 2
�̄

)
. (47)

Hence detM �= 0 when det � �= 0.
Therefore, for both odd and even n, (36) has a unique solution �n = · · · = �1 = 0. The

lemma is proved. �

Now we prove that the Darboux transformation constructed above keeps the reality
symmetry and the cyclic symmetry.

Lemma 5. G(x, t, λ) satisfies

G(x, t, λ̄) = G(x, t, λ). (48)

�G(x, t, λ)�−1 = −G(x, t, ωλ). (49)

Proof. For both odd and even n,

G(x, t, λk)Hk =
n∏

s=1

(λk + λ̄s)

⎛⎝Hk −
n∑

i,j=1

Hi�̌ijH
∗
j K

(m)
± Hk

λ̄j + λk

⎞⎠ = 0, (50)

G(x, t,−λ̄k)�
nH̄k = −

∏
s �=k

(λ̄s − λ̄k)

n∑
i=1

Hi�̌ikH
∗
k K

(m)
± �nH̄k

= −
∏
s �=k

(λ̄s − λ̄k)

n∑
i=1

Hi�̌ikH
T
k K

(m)
± �nHk = 0. (51)

Now suppose n is odd, then

G(x, t, λ̄k)Hk = G(x, t, λ2−k)H2−k = 0,

G(x, t,−λk)�
nH̄k = G(x, t,−λ̄2−k)�nH̄2−k = 0.

(52)

Let �(x, t, λ) = G(x, t, λ̄)−G(x, t, λ), then �(x, t, λ) is a matrix polynomial of λ of degree
� n − 1. By lemma 4, (48) holds for odd n.

On the other hand,

G(x, t, ωλk)�Hk = G(x, t,−λ̄(n+3)/2−k)�
nH̄(n+3)/2−k = 0,

G(x, t,−ωλ̄k)��nH̄k = G(x, t, λ(n+5)/2−k)H(n+5)/2−k = 0.
(53)

Let �(x, t, λ) = G(x, t, ωλ)� + �G(x, t, λ), then �(x, t, λ) is a matrix polynomial of λ of
degree � n − 1. Lemma 4 implies that (49) holds for odd n.

When n is even, (48) follows from lemma 4 and

G(x, t, λ̄k)Hk = G(x, t,−λ̄k+n/2)�nH̄k+n/2 = 0,

G(x, t,−λk)�
nH̄k = G(x, t, λk+n/2)Hk+n/2 = 0,

(54)

9
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and (49) follows from Lemma 4 and

G(x, t, ωλk)�Hk = G(x, t,−λ̄(n+2)/2−k)�
nH̄(n+2)/2−k = 0,

G(x, t,−ωλ̄k)��nH̄k = G(x, t, λ(n+4)/2−k)H(n+4)/2−k = 0.
(55)

The lemma is proved. �

Finally, from lemma 2, lemma 5 and equality (31), we have

Theorem 1. Suppose p1, . . . , pn and q1, . . . , qn’s satisfy (27). Let µ be a non-zero real

number, H =

⎛⎜⎝ h1

...

h2n

⎞⎟⎠ be a 2n × n real solution of the Lax pair (14ε) with λ = µ such

that H is of rank n and HT K(m)
ε �nH = 0 holds. Here ε = ± if n is odd and ε = ∓

if n is even. Take λj = ω2j−2µ,Hj = �2j−2H(j = 1, 2, . . . , n) when n is odd, and
λj = θω2j−2µ,Hj = ��2j−2H when n is even. Then after the action of Darboux matrix
G(x, t, λ) given by (29), Ũ± and Ṽ± in (31) satisfy

Ũ±(x, t, λ) = Ũ±(x, t, λ̄), Ṽ±(x, t, λ) = Ṽ±(x, t, λ̄),

�Ũ±(x, t, λ)�−1 = Ũ±(x, t, ωλ), �Ṽ±(x, t, λ)�−1 = Ṽ±(x, t, ωλ),

K
(m)
± Ũ±(x, t, λ)

(
K

(m)
±

)−1 = −(Ũ±(x, t,−λ̄))∗,

K
(m)
± Ṽ±(x, t, λ)

(
K

(m)
±

)−1 = −(Ṽ±(x, t,−λ̄))∗.

(56)

Therefore, the Darboux transformation transforms a solution of a two-dimensional C
(1)
l or

D
(2)
l+1 Toda equation to a solution of the same equation.

4. Explicit expressions of the solutions

Theorem 1 has already presented the algebraic expressions of new solutions. However, these
expressions concern the inverse of the matrix �, which is of order n2. Usually it is a difficult
task to compute it explicitly. In this section, the expressions of these solutions will be
simplified. Before that, we first prove the following lemma.

Lemma 6. Let n be a positive integer, ω = exp
(π i

n

)
. Let p be an integer, [p] and {p} be the

quotient and the remainder of p divided by n respectively. Then, when n is odd,
n∑

s=1

ω−2sp

1 + ω2s
= n

2
(−1){p}; (57)

and when n is even,
n∑

s=1

ω−(2s−1)p

1 + ω2s−1
= n

2
(−1){p}+[p]. (58)

Proof. We only prove the lemma for even n. The odd case is similar.
Let κ ∈ C such that |κ| < 1, then

n∑
s=1

ω−(2s−1)p

1 + κω2s−1
=

n∑
s=1

∞∑
l=0

(−κ)lω(2s−1)(l−p). (59)

10
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Note that
n∑

s=1

ω2s(l−p) =
{
n, if l − p ≡ 0 mod n,

0, otherwise,
(60)

we only need to consider the terms with l − p ≡ 0 mod n. Let l = nσ + {p} where σ is an
integer. Since p = n[p] + {p}, ωn = −1, we have

n∑
s=1

ω−(2s−1)p

1 + ρω2s−1
= n

∞∑
σ=0

(−κ)nσ+{p}ω−nσ+n[p]

= n

∞∑
σ=0

(−κω−1)nσ (−κ){p}(−1)[p] = n(−κ){p}

1 − (−κω−1)n
(−1)[p]. (61)

Let κ → 1, we get (58). The lemma is proved. �

Now we consider the solutions of the Toda equations. According to lemma 1, the solution
Q± of the Toda equations is fully determined by Gn. Therefore, it is crucial to simplify the
expression of Gn.

According to (29),

Gn = (−1)nG(x, t, 0) = (−1)n
n∏

s=1

λ̄s

⎛⎝1 −
n∑

i,j=1

Hi�̌ijH
∗
j K

(m)
±

λ̄j

⎞⎠
= ρ(1 − R∗�−1S). (62)

Here R and S are block matrices

R =

⎛⎜⎝H ∗
1
...

H ∗
n

⎞⎟⎠ , S =

⎛⎜⎜⎝
λ̄−1

1 H ∗
1 K

(m)
±

...

λ̄−1
n H ∗

n K
(m)
±

⎞⎟⎟⎠ , (63)

ρ = −µn if n is odd and ρ = −iµn if n is even.
Let

ξk =

⎛⎜⎝(ξk)1

...

(ξk)n

⎞⎟⎠ =

⎛⎜⎝�2k−2

⎛⎜⎝1
...

1

⎞⎟⎠
⎞⎟⎠ ⊗ In (64)

(k = 0,±1,±2, . . .) be n2 × n matrices with (ξk)i = ω−2(k−1)(i−1)In, then ξn+k = ξk for any
integer k. The columns of ξ1, . . . , ξn are linearly independent vectors in Rn2

and satisfy

ξ ∗
i ξj =

{
nIn if i − j ≡ 0 mod n,

0 otherwise.
(65)

The expression of Gn is given by the following two lemmas for odd and even n separately.

Lemma 7. When n is odd,

µ−nGn = 2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

f1

. . .

fn

±fn+1

. . .

±f2n

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(66)

11
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where

fj =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
hj

(
2n∑

k=1

(−1){k−j}(w(m)
k

)T
hk

)−1 (
w

(m)
n+j

)T
, (1 � j � n),

±hj

(
2n∑

k=1

(−1){k−j}(w(m)
k

)T
hk

)−1 (
w

(m)
j−n

)T
, (n + 1 � j � 2n).

(67)

Proof. From (28),

�ξk = ξ3−k−mαk, �−1ξk = ξ3−k−mα−1
3−k−m (68)

where

αk =
n∑

j=1

HT K
(m)
± �2jH

(1 + ω2j )µ
ω−2(k−1)j (69)

with α∗
k = α3−k−m and αn+k = αk . Write

H =

⎛⎜⎝ h1

...

h2n

⎞⎟⎠ , K
(m)
± H =

⎛⎜⎜⎝
w

(m)
1
...

w
(m)
2n

⎞⎟⎟⎠ , (70)

where h1, . . . , h2n, w
(m)
1 , . . . , w

(m)
2n are 1 × n real matrices, then⎛⎜⎜⎝

w
(0)
1
...

w
(0)
2n

⎞⎟⎟⎠ =

⎛⎜⎜⎜⎝
h2n−1

...

h1

±h2n

⎞⎟⎟⎟⎠ ,

⎛⎜⎜⎝
w

(1)
1
...

w
(1)
2n

⎞⎟⎟⎠ =

⎛⎜⎜⎜⎝
h2n

h2n−1

...

h1

⎞⎟⎟⎟⎠ . (71)

According to lemma 6,

α2−j =
n∑

s=1

HT K
(m)
± �2sH

(1 + ω2s)µ
ω2(j−1)s =

n∑
s=1

2n∑
k=1

ω2(j−k)s

(1 + ω2s)µ

(
w

(m)
k

)T
hk

= n

2µ

2n∑
k=1

(−1){k−j}(w(m)
k

)T
hk, (72)

which is a real matrix.
Now the ith column of R is ξ2−ih

T
i and the j th column of Sn is µ−1ξj−m+1

(
w

(m)
j

)T
.

(R∗�−1S)ij = µ−1hiξ
∗
2−i�

−1ξj−m+1
(
w

(m)
j

)T

= µ−1hiξ
∗
2−iξ2−jα

−1
2−j

(
w

(m)
j

)T
. (73)

Hence for 1 � i � n, the possibly non-zero components of R∗�−1S are

(R∗�−1S)ii = nµ−1hiα
−1
2−i

(
w

(m)
i

)T
,

(R∗�−1S)i,n+i = nµ−1hiα
−1
2−i

(
w

(m)
n+i

)T
,

(R∗�−1S)n+i,i = nµ−1hn+iα
−1
2−i

(
w

(m)
i

)T
,

(R∗�−1S)n+i,n+i = nµ−1hn+iα
−1
2−i

(
w

(m)
n+i

)T
.

(74)

12
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However, we can prove that actually (R∗�−1S)ii = 0 for i = 1, . . . , 2n. In fact, according to
(49), �Gn = −Gn�. Written in components, it is (ωn+i−j −1)(Gn)ij = 0. Hence (Gn)ij = 0
unless i − j ≡ n mod 2n. The only non-zero components of Gn = −µn(I − R∗�−1) are

(Gn)i,n+i = nµn−1hiα
−1
2−i

(
w

(m)
n+i

)T
, (Gn)n+i,i = nµn−1hn+iα

−1
2−i

(
w

(m)
i

)T
. (75)

The lemma is proved. �

Lemma 8. When n is even,

µ−nGn = 2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

f1

. . .

fn

±fn+1

. . .

±f2n

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(76)

where

fj =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
hj

(
2n∑

k=1

(−1){k−j}+[k−j ]
(
w

(m)
k

)T
hk

)−1 (
w

(m)
j+n

)T
, (1 � j � n),

∓hj

(
2n∑

k=1

(−1){k−j}+[k−j ](w(m)
k

)T
hk

)−1 (
w

(m)
j−n

)T
, (n + 1 � j � 2n).

(77)

Proof. From (28),

�ξk = ξ3−k−mβk, �−1ξk = ξ3−k−mβ−1
3−k−m (78)

where

βk = −θm−1
n∑

j=1

HT K
(m)
∓ �2j−1H

(1 + ω2j−1)µ
ω−2(k−1)(j−1) (79)

with β∗
k = β3−k−m and βn+k = βk . Write

H =

⎛⎜⎝ h1

...

h2n

⎞⎟⎠ , K
(m)
∓ H =

⎛⎜⎜⎝
w

(m)
1
...

w
(m)
2n

⎞⎟⎟⎠ , (80)

where h1, . . . , h2n, w
(m)
1 , . . . , w

(m)
2n are 1 × n real matrices, then⎛⎜⎜⎝

w
(0)
1
...

w
(0)
2n

⎞⎟⎟⎠ =

⎛⎜⎜⎜⎝
h2n−1

...

h1

∓h2n

⎞⎟⎟⎟⎠ ,

⎛⎜⎜⎝
w

(1)
1
...

w
(1)
2n

⎞⎟⎟⎠ =

⎛⎜⎜⎜⎝
h2n

h2n−1

...

h1

⎞⎟⎟⎟⎠ . (81)

13
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According to lemma 6,

β2−j = −θm−1
n∑

s=1

HT K
(m)
∓ �2s−1H

(1 + ω2s−1)µ
ω2(j−1)(s−1)

= −θm−1ω−j+1
n∑

s=1

2n∑
k=1

ω(j−k)(2s−1)

(1 + ω2s−1)µ

(
w

(m)
k

)T
hk

= −θm−1ω−j+1
2n∑

k=1

n

2µ
(−1){k−j}+[k−j ]

(
w

(m)
k

)T
hk

≡ −θm−1ω−j+1γ2−j , (82)

where γ2−j is a real matrix with γ T
j = γ3−k−m.

The ith column of R is θ i−1ξ2−ih
T
i and the j th column of S is −θm−jµ−1ξj−m+1

(
w

(m)
j

)T
.

(R∗�−1S)ij = −µ−1θm−i−j+1hiξ
∗
2−i�

−1ξj−m+1
(
w

(m)
j

)T

= −µ−1θm−i−j+1hiξ
∗
2−iξ2−jβ

−1
2−j

(
w

(m)
j

)T

= µ−1θj−ihiξ
∗
2−iξ2−j γ

−1
2−j

(
w

(m)
j

)T
. (83)

As in the proof of the last lemma, (Gn)ij = 0 unless i + j ≡ n mod 2n. Hence the only
non-zero components of Gn = iµn(I − R∗�−1S) are

(Gn)i,n+i = nµn−1hiγ
−1
2−i

(
w

(m)
n+i

)T
, (Gn)n+i,i = −nµn−1hn+iγ

−1
2−i

(
w

(m)
i

)T
. (84)

This proves the lemma. �

Note that

(−1)p+[p] =
{

(−1){p} if n is odd,

(−1){p}+[p] if n is even,
(85)

hence (67) and (77) can be written uniformly as

fj =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
hj

(
2n∑

k=1

(−1)k−j+[k−j ]
(
w

(m)
k

)T
hk

)−1 (
w

(m)
j+n

)T
, (1 � j � n),

εhj

(
2n∑

k=1

(−1)k−j+[k−j ]
(
w

(m)
k

)T
hk

)−1 (
w

(m)
j−n

)T
, (n + 1 � j � 2n)

(86)

where ε = ± if n is odd and ε = ∓ if n is even.
Having the expression of Gn, we can write the expression of Q̃± = GnQ±G−1

n . The
entries of Q̃± are

q̃j = fj+1

fj

qj+n (j = 1, . . . , 2n), (87)

with f2n+k = fk and q2n+k = qk(k = 0,±1, . . .).

Remark 3. Since qm−1−j = qj and q̃m−1−j = q̃j hold, fjfm−j is the same for all
j = 0,±1, . . . .

In summary, we have
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Theorem 2. Suppose Ũ± = λJ± + P̃ and Ṽ± = λ−1Q̃± are derived from Darboux
transformation given by theorem 1. All the notations here are the same as in theorem 1.
Let

fj =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
hj

(
2n∑

k=1

(−1)k−j+[k−j ]
(
w

(m)
k

)T
hk

)−1 (
w

(m)
j+n

)T
, (1 � j � n),

εhj

(
2n∑

k=1

(−1)k−j+[k−j ]
(
w

(m)
k

)T
hk

)−1 (
w

(m)
j−n

)T
, (n + 1 � j � 2n),

(88)

where w
(m)
k ’s are given by (71) and (81) for odd and even n respectively. Then, after the

Darboux transformation,

q̃j = fj+1

fj

qj+n (j = 1, . . . , 2n). (89)

Corresponding to m = 1 and m = 0, the results in theorem 2 can be written more
explicitly in terms of uj ’s for the two-dimensional C

(1)
l and D

(2)
l+1 Toda equations.

Theorem 3. If (u1, . . . , ul) is a solution of the two-dimensional C
(1)
l Toda equation (3), then

ũj = −ul+1−j + ln
fj√
f1f2l

= −ul+1−j +
1

2
ln

fj

f2l+1−j

(j = 1, . . . , l) (90)

gives a new solution of the two-dimensional C
(1)
l Toda equation (3). Here

fj =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
hj

(
2l∑

k=1

(−1)k−j+[k−j ]hT
2l+1−khk

)−1

hT
l+1−j , (1 � j � l),

εhj

(
2l∑

k=1

(−1)k−j+[k−j ]hT
2l+1−khk

)−1

hT
3l+1−j , (l + 1 � j � 2l).

(91)

If (u1, . . . , ul) is a solution of the two-dimensional D
(2)
l+1 Toda equation (5), then

ũj = −ul+1−j + ln
fj

f2l+2
= −ul+1−j +

1

2
ln

fj

f2l+2−j

(j = 1, . . . , l) (92)

gives a new solution of the two-dimensional D
(2)
l+1 Toda equation (5). Here

fj =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

hj

(
2l+1∑
k=1

(−1)k−j+[k−j ]hT
2l+2−khk + (−1)j+1εhT

2l+2h2l+2

)−1

hT
l+1−j

(1 � j � l + 1),

εhj

(
2l+1∑
k=1

(−1)k−j+[k−j ]hT
2l+2−khk + (−1)j εhT

2l+2h2l+2

)−1

hT
3l+3−j

(l + 2 � j � 2l + 2).

(93)

Proof. For the two-dimensional C
(1)
l Toda equation, n = l and m = 1. From remark 3,

fjf2l+1−j is the same for all j , i.e.

f1f2l = f2f2l−1 = · · · = flfl+1, (94)
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hence (
fj√
f1f2l

)2

= fj

f2l+1−j

(95)

holds in (90). By using the relations (16) between qj ’s and uj ’s, the Darboux transformation
(89) becomes

2̃u1 = −2ul + ln
f1

f2l

, ũj+1 − ũj = ul−j+1 − ul−j + ln
fj+1

fj

, (96)

and

−2̃ul = 2ul + ln
fl+1

fl

, ũl−j+1 − ũl−j = uj+1 − uj + ln
fl+j+1

fl+j

(97)

with j = 1, 2, . . . , l − 1. By the recursion relations (96), (90) is derived by induction as
follows. First,

ũ1 = −ul +
1

2
ln

f1

f2l

. (98)

Assume

ũj = −ul+1−j +
1

2
ln

fj

f2l+1−j

(99)

holds, then from (94), (96) and (99), we have

ũj+1 = ũj + ul−j+1 − ul−j + ln
fj+1

fj

= −ul−j +
1

2
ln

f 2
j+1

fjf2l+1−j

= −ul−j +
1

2
ln

f 2
j+1

fj+1f2l−j

= −ul−j +
1

2
ln

fj+1

f2l−j

. (100)

Moreover, it can be checked directly that all the relations in (97) hold. This proves (90). (92)
for the two-dimensional D

(2)
l+1 Toda equation is derived similarly, with n = l + 1 and m = 0.

The theorem is proved. �
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