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Darboux Transformations for Some Two
Dimensional Affine Toda Equations

Zi-Xiang Zhou*

Abstract

o1 Cl(l) and Dl(i)l Toda equations have
a reality symmetry, a cyclic symmetry and a unitary symmetry. The Darboux
transformations for these systems are discussed. These Darboux transformations
should be of high degree. Exact solutions are written down by computing the
Darboux transformations explicitly.

The Lax pairs for the two dimensional AP

2000 Mathematics Subject Classification: 35Q51, 35Q58, 37K10.
Keywords and Phrases: Two dimensional affine Toda equations, Darboux trans-
formation, Exact solutions.

1 Introduction

The Toda equation is one of the most important integrable systems. Various kinds
of Toda equations have been discussed by a lot of authors after it was proposed.
The two dimensional Toda equations have been studied widely [1, 7, 18, 23] and
have also important applications in physics [3, 14, 33] as well as in differential
geometry [4, 5, 9, 10, 11, 19, 22, 26].

In 1950’s, E. Fermi, J. Pasta and S. M. Ulam made a famous numerical
experiment (FPU experiment), in which they analyzed the energy distribution on

1
a nonlinear spring with potential like V(1) = 57“2 + ar? rather than the harmonic

1
potential V() = =r2. They found out the complicated quasi-periodic phenomenon

which is completely different from thermalization. This phenomenon attracted
many scientists. In 1967, M. Toda introduced the potential V(r) =e™" +r —1=

—r2 — —13 4+ 0(r®) to emulate the nonlinear spring in the FPU experiment, which

led to the celebrated Toda equation

C i—ws i
Ujyp = WHLTH — Ui T (1.1)
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which is a system of integrable ordinary differential equations [6].
(1.1) is generalized to the two dimensional Toda equation

Uj—Uj— U 4 —U4
Ujpr = €071 — e, (1.2)

which is also integrable [20], and has the Lax pair

1,
Viz = A\jr1 +Uj W, Ve = Xeu] Ty (1.3)

When the two dimensional Toda equation is infinite, the Darboux transformation
was presented [17, 18], which could be naturally generalized to the two dimensional
periodic Toda equation.

In [25], a kind of Bécklund transformation for the two dimensional Toda
equations corresponding to any semi-simple Lie algebra was obtained in terms
of the representation of Lie algebras. Corresponding to any affine Kac-Moody
algebra, there is also two dimensional Toda equation [13, 15], which is also called
the two dimensional affine Toda equation.

For any affine Kac-Moody algebra, the two dimensional affine Toda equation
is [19]

l l
Wy, ot :exp(ZCﬁwi) —Vj GXP(ZCini) (j = 1,"- ,l) (14)
i=1 =1

where C' = (c;5)o0<i,j<i 18 the generalized Cartan matrix of the Kac-Moody alge-
bra and vg,v1, - - - ,v; are Coxeter numbers, i.e. they satisfy C(vg, vy, ,v)T = 0.
The simplest two dimensional affine Toda equation, apart from the sinh-Gordon
equation, is the one corresponding to A§2), which is also called the Tzitzeica equa-
tion or Bullough-Dodd-Zhiber-Shabat equation

Ugr = € — e 2, (1.5)

Various Kac-Moody algebras correspond to various boundary conditions. It
was shown in [15] that these equations are integrable and the Lax pairs were

presented. When g = Al(l), the Toda equation is periodic. Its Lax pair has a
unitary symmetry and a cyclic symmetry of order {. The Darboux transformation
keeping these symmetries was known [17, 18]. Apart from the two dimensional
periodic Toda equation, some other integrable systems like Kupershmidt-Wilson
hierarchy have also cyclic symmetry, and their Darboux transformation can also
be constructed [27].

There are also some work for the two dimensional Toda equations with other
Kac-Moody algebras [2, 3, 16, 21, 33], although the symmetries are more compli-

cated. When the Kac-Moody algebra is Ag), Cl(l) or Dl(i)l, the equations have a

unitary symmetry, a reality symmetry and a cyclic symmetry of order N = 2] +1
(for Ag)) or N = 2] (for Cl(l)) or N = 2] + 2 (for Dl(i)l). (In [27], these three
symmetries were called su(p, ¢)-reality condition with respect to a nonstandard in-
definite matric, sl(N,R)-reality condition and KW-reality condition respectively.

In the present paper, reality symmetry is only restricted to the condition that
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a matrix takes real value.) Although the matrices in the Lax pairs are of order
N x N, the number of independent functions is only [. This leads to the dif-
ficulty in getting explicit solutions. In [21], the binary Darboux transformation
for two dimensional Ag), C’l(l) and Dl(i)l Toda equations were obtained from the
periodic reductions of the binary Darboux transformations for A, B, and Cy,
Toda equations. In terms of the binary Darboux transformation, the solutions of
the Toda equations were expressed by some integrals of the solutions of the Lax
pairs.

In order to get the explicit solutions which are purely algebraically expressed
by the solutions of the Lax pair, usual Darboux transformations (without inte-

grals) are necessary. In [12], explicit solutions of the two dimensional Ag2) Toda
equation were presented for real spectral parameters. In [30, 31, 32], the Darboux
transformations for the two dimensional Ag), Cl(l) and Dl(i)l Toda equations were
constructed and explicit solutions of those Toda equations were obtained. Usu-
ally, the unitary symmetry is not a difficult restriction in constructing Darboux
transformations. However, with the appearance of cyclic symmetry, the unitary
symmetry makes the problem much more complicated. In fact, when the system
has only the reality and cyclic symmetries as in the Al(l) case, Theorem 1 below
can be used in constructing Darboux transformations. The lowest degree of the
Darboux transformations can be 1 (when a spectral parameter is real) or 2 (when
all spectral parameters are complex). However, if there is an extra unitary symme-
try, the simpler way is to use Theorem 2 so that the lowest degree of the Darboux
transformations should be N and N/2 (when a spectral parameter is real) depend-
ing on whether N is odd or even, or 2N and N (when all spectral parameters are
complex). Theorem 1 will lead to the same conclusions, but the procedure is more
complicated.

In Section 2, two general ways of constructing Darboux transformations are
reviewed. Section 3 shows the structure of the Lax pair for two dimensional Toda
equations. In Section 4, Darboux transformation for two dimensional periodic
Toda equation is reviewed. Section 5 is devoted to our work on the Darboux
transformation for two dimensional affine Toda equations mentioned above. Ex-
plicit expression of the solutions of the two dimensional Ag) Toda equation is
presented as an example.

2 General constructions of Darboux transforma-
tions

We review the general construction of Darboux transformations for the Lax pair

O, = Uz, t, )@, Oy =V(x,t,\)® (2.1)

where U and V' are N x N matrix-valued rational functions of \. An N x N matrix
G(z,t,\) is called a Darboux matrix if there exist U(z,t, \) and V(s,t, A), which
are also N x N matrix-valued rational functions of A, such that for any solution



408 Zi-Xiang Zhou

® of (2.1), = GO satisfies
O, =Ulz, t,\)®, & = V(x,t,\). (2.2)
The corresponding transformations of U and V' are given by
U=GUG ' +G,G™!, V=GVG'+GG (2.3)

Without considering any symmetries of the Lax pair, the Darboux transfor-
mation is given by the following theorem.

Theorem 1. [8, 24] Let A1, - ,An be N complex numbers such that \; (j =
1,--+,N) are not all the same. Let h; be a column solution of the Lax pair (2.1)
forx=X; (j =1,---,N). Let A = diag(M, - ,An), H = (h1,--- ,hn), then
when det H # 0, G(x,t,\) = X[ — HAH ™! is a Darbour matrix.

Now we consider the system with a unitary symmetry, i.e., there is an invert-
ible real symmetric matrix K such that U and V satisfy

KU(z,t, \K~' = —(U(x,t,=\)*, KV(2,t, VK~ ! = —(V(x,t,-\)*. (2.4)

In this case, for any solution ® of (2.1) with A = p and any solution ¥ of (2.1)
with A = —fi, (P*K®), = (V*K®P); = 0 holds. Hence U*K® = 0 identically if it
holds at one point.

For the system with a unitary symmetry, the most useful way to construct
Darboux transformation is given by the following theorem.

Theorem 2. [29] Let A1, ,Am be M complex numbers such that \j, —\; (j =
1,2,--- , M) are distinct. Let H; be an N x r solution of the Lax pair (2.1) for
A= )\j (j = 1,2, ce ,M) Let ' = (Fij)lgi,ng where

H;KH;

Iy, = =—"+—-—
J /\i“l‘/\j

are r X r matrices. Then

M —1 *
_ H;(I YY), H K
A (1o B iR (2.6)
,j=1 )\+)\j

ii=

=

G(z,t,\) =

Il
-

is a Darboux matrix.

In this construction, G(z,t, A) is a polynomial of A of degree M with matrix
coefficients. Usually we write

M
Gz, t,\) =D ()M IGy (@, )N, Go(x,t) =1. (2.7)
j=0
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Remark 1. For the simplest case M = 1, the Darboux transformation (2.7) is
the same as the one given by Theorem 1 if A and H in Theorem 1 are chosen
r N-—r

as A = diag(A1,-- A1, A1, ,—M), H = (b1, ,hp,wri1,- -+ ,wyn) where
(h1,--+ ,hy) = Hyi, wpq1, - ,wy are linearly independent solutions of the Lax
pair (2.1) for A = —\; such that wiKhy = 0 identically (j =7 +1,--- ,N; k =
1,---,7). For general M, the Darboux transformation in Theorem 2 can also be
constructed by the composition of M Darboux transformations in Theorem 1, but
the construction is more complicated.

3 Structure of the Lax pairs for two dimensional
Toda equations

For any N x N matrix A or any N dimensional vector v, and for any integers 3
and j, define A;; = Ayj and v; = vy where i =4 mod N, j = j/ mod N and
1< #,j < N. Especially, ¢;; equals 1 if i = j mod N and equals 0 otherwise.

Let w = e2™/N () = diag(1,w™t, -+, w™N*1). Let m be a fixed integer. Let
K = (Kij) = (8im—j)nxn, J = (Jij) = (0i,j—1)Nxn be constant matrices. Then
K is symmetric and Q*K = w™ 2K} where Q* refers to the Hermitian conjugate
of Q.

The Lax pair for the Toda equations is

O, = Uz, t,\)® = (A\J + P(x,1))®,

B, = V(z,t, \)® = A-1Q(x, 1) (3.1)
and its integrability conditions are

There will be different symmetries in the coefficients (P, Q) corresponding to dif-
ferent Kac-Moody algebras. _

For the Lax pair (3.1), the Darboux transformation (2.7) gives P = P +
[J,Gi], Q = Gum QG , which is derived from (2.3).

For g = Al(l), the corresponding N = [, and the coefficients U and V satisfy
a reality symmetry and a cyclic symmetry of order N as

Uz, t,\) = Ul(z,t,\), V(z,t,\) =V(z,t,N), (3.3)
QU (z,t, Q! = U(x, t,w)), QV(z,t, )Q! =V (x,t,w). (3.4)

Under these symmetries, P = (pi(sij)lging]v, Q = (qj5i7j+1)1<i,j<N where pi(:E, t)’s
and ¢;(x,t)’s are real functions. The integrability conditions (3.2) become

Gz = (Pj+1 —Pj)s Pjt=¢-1—¢ (F=1,---,N). (3.5)

For g = AS) (N =20+1), C{" (N = 20) and D} (N = 2 +2), there is an

extra unitary symmetry (2.4). Under this symmetry, we have

Pm—j5 = —Pj, dm—-1—5 = 45 (] = 15 27 e 7N) (36)
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The symmetries of U and V lead to the symmetries of the spectrum.

Lemma 1. Suppose p € C\{0}, ®(x,t) is a solution of (3.1) for A = p.

If (U, V) satisfies (3.3) and (3.4), then ®(x,) is a solution of (3.1) for A = f,
and Q®(z,t) is a solution of (3.1) for A = wp.

If, moreover, N = 2n is even and (U, V) also satisfies (2.4), then Q"® is a
solution of (3.1) for A = —j, and ¥ = KQ"® is a solution of the adjoint Lax pair
U, = U7V, U, = —V ()70

According to Lemma 1, if p is an eigenvalue of the Lax pair, so are w’y and

wip (j=1,---,N). Let

Lo NY Sa(u) = {wip|j =10 N}, (3.7)

For given u # 0, if the Darboux transformation given by Theorem 2 keeps all
the symmetries of the Lax pair, then Aq,--- , Ay can not be arbitrary. We denote
SP(p) = {\1,---,Ax} and SP*(u) = {=A1,---,—Aa}. The relation between
SP(u), Sj(p) and SP*(u), S7 (1) are determined by the relation among S; (1) and
S¥(u) (j = 1,2), which depends on the parity of N. This will be specified in the

following two sections. It is clear that if I" in (2.5) exists, then SP(pu)NSP*(u) = 0.

4 Darboux transformation for two dimensional pe-

riodic (Al(l)) Toda equation

For the two dimensional Al(l) equation, N = [, p; = uj,, ¢ = %+~ % . The
equation is
Ujpp = €197 W~ — i1l (4.1)

The Darboux transformation can be obtained according to Theorem 1. Here we
take M = I, \; = wipu, H; = Q'H where u # 0 is a real number and H is a
column solution of the Lax pair (3.1) with A = pu. Let H = (hy,--- ,hy)?, then
the Darboux matrix is given by

h
Gij = Ay — —57151'—1,3‘ (4.2)

which leads to the transformation

bj = Apj — Mﬁ%_l (4.3)

and a new solution of the two dimensional Al(l) Toda equation

~_ hjiihia
G =75 -1,
h;
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or equivalently

U =uj_1 +1n b +c (4.5)
hj,1
where c is a constant. This construction of Darboux transformation is essentially
the same as that given in [18§]
The Darboux transformation with complex spectral parameters can be con-
structed similarly, although its degree should be 2 rather than 1.

5 Darboux transformation for two dimensional Ag) ,

C’l(l), Dl@l Toda equations

5.1 Explicit form of the evolution equations

It was known [31] that there are only three sets of non-equivalent equations in the
system (3.1) with symmetries (2.4), (3.3) and (3.4). They are

(1) Ag) (N=20+1,m=0) pj = —pat1—j = ujz (1 <j <), pay1 = 0;
¢ = qo—; = et 7% (1< j<I—1), q =e 2", gy = go41 = e“*. The evolution
equations are

Ui = €7 et (2 <G <T-1),

N ) U2 —U AU U — —2u
Ut g = €M1 —eU2TM gy = @M TS — T,

(5.1)

1 .
(2) Oz( ) (N=2l,m=1) pj = —pat1—j = Ujz, (1 < J<1); ¢ = qu—j =
et~ (1< j<1—1), q =e 2%, gy = e*"1. The evolution equations are

Uj oy = €W W1 — Uit Tl 2<ji<l-1), (5.2)
2U1 —e ul,;ﬂt —e —2’U,L' .

J— U2 —U U —uUp—
Ulgr =€ 2L U1 _ @

(3) DY) (N = 2142, m = 0): p; =
G = quii—j =eW W (1<j<I-1),q=qu =e

The evolution equations are

—Paryo—j = Uja, (1 < J < 1), pry1 = parg2 = 0;
uy — — Ul
; Q2141 = Q2142 = €.

Ujgr = U U—1 — U1 =N (2K G <1 — 1),

— AU U2 —U — AU —U— —Uu
Upgr = €1 — 270, gy = e T —e T

(5.3)

These equations can be changed to (1.4) by a simple linear transformation

of the unknowns (uy,- - ,u;). (There is a mistake of notations in [31] where the
names C’l(l) and Dl(i)l there should be interchanged.)

5.2 Constructions of Darboux transformations

The spectrum is different for odd and even N. Hence we will construct the Darboux
transformations for odd and even N separately.
When N = 2n + 1, all the points in Sy (u), S2(p), S7(u), S5(p) are distinct

if arg(u) # for any integer k (See Figure 1). Hence we can choose

m
2(2n +1)
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w -w2p

wp

-f

—uo@%
w2p
w2y

Figure 1 The spectrum S;(u) and S7(u) for N =3 (odd N). A dark dot refers to a point in
SP(p) and a circle refers to a point in SP*(u). The vertices of each triangle refer to one S; (1)

or S¥(p).

SP(u) = S1(p) U S2(p). The Darboux transformation is constructed as follows.
Let \j = w/ ™, Aopg14j = A (j =1,2,---,2n+1). Let H be a column solution of
(31) for A\=p, Hj = QY 'H, Hopy14; = Hj (j=1,2,---,2n+1). The Darboux
matrix G(x,t, A) is constructed according to Theorem 2 with M = 2(2n + 1).

wp Wi
81 (W) = s5(p)
y

W2 I H

w2 Im

1
So(H) = s7(1)

w3 w3

Figure 2 The spectrum Sj;(p) and S5 (p) for N =4 (even N). A dark dot refers to a point in

SP(p) and a circle refers to a point in SP*(u). The vertices of each square refer to one S;(1)
or S*(p).
J

k
When N = 2n, S7(p) = S2(u), S (p) = S1(p). Moreover, when arg(u) # %

for any integer k, S1(u) N Sa(pn) = O (See Figure 2). Clearly, we can not choose
SP(u) = S1(p) U Sa(p), since otherwise SP*(u) = SP(u) would hold, which
contradicts the existence of I'. Hence we choose SP(u) = Si(p). Now Sa(u)
is not contained in SP(u), but contained in SP*(u). According to Remark 1, in
order to keep the symmetry between S (u) and Sa(u), there should be a symmetry
between the solution hy,--- , h, and wy41, - - - wa, where wyy1, - - - ws, are defined
in Remark 1. Moreover, according to (c) of Lemma 1, r = n, and w; = Q”ﬁj
should hold. Therefore, the Darboux transformation is constructed as follows.
Let \j = w/~'u (j =1,2,---,2n). Let H be an 2n x n matrix solution of (3.1)
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for A\ = p such that H'KQ"H = (Q"H)*KH = 0 at certain point (zq,%). Then
(c) of Lemma 1 implies that HT KQ"H = 0 holds identically. Let H; = Q/~'H
(j = 1,2,---,2n). The Darboux matrix G(z,t,\) is constructed according to
Theorem 2 with M = 2n.

__ After the Darboux transformation, the coefficients of the Lax pair are changed
to U =AJ + P,V =1Q where P = P+ [J,G1], Q = Gy QG-

Moreover, we have

Theorem 3. [30, 31] The Darboux transformation satisfies the following symme-

tries:
M
Unitary: G(z,t,—\)*KG(x,t,)\) = H(X[ + AN - MK, (5.4)
=1
Cyclic: QG (x,t,w ' N)Q™! = G(x,t,\), (5.5)
Reality: G(x,t,\) = G(x,t,\) (5.6)

where M =2(2n+ 1) for N =2n+1 and M = 2n for N = 2n.

(5.4) is a direct conclusion of the construction of the Darboux transforma-
tion (2.6). (5.5) can be verified directly. (5.6) is also obtained directly when N
is odd. However, when N is even, since the spectrum does not have the real-
ity symmetry explicitly, direct verification of (5.6) is very difficult. Instead, let

A(z,t,\) = G(z,t,\) — G(x,t,)\), then it can be proved that A(z, ¢, \;)H; = 0,
A(z,t,—\)Q"H; = 0 hold. Then we can get A(x,t,\) = 0 after proving the
invertibility of a matrix composing A;’s and H;’s.

Theorem 3 implies that the Darboux transformation keeps all the symmetries

(2.4), (3.3) and (3.4).

5.3 Explicit expressions of the solutions

In order to get explicit expressions of the solutions we should derive the explicit
expression of Gy(2p41). (2.6) is too complicated to be computed directly even by
computer. Therefore, we need to represent the matrix I', regarded as a linear
transformation, in another basis, so that the computation can be simplified. For
example, when N is odd, the solution of the two dimensional Ag) Toda equation
can be obtained explicitly as follows.

Theorem 4. [30] Suppose (uy,--- ,u;) be a solution of the two dimensional Ag)

k
Toda equation (5.1), u is a complex number with arg(p) # 2(T7—1|-—1) for any integer
k, H=(hy,- - ,ho1)? is a column solution of the Laz pair for A = p, then

ﬂk:uk—i—lnCZ—H (k=1,2,---,1) (5.7)

k
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is a new solution of the two dimensional Ag) Toda equation (5.1) where

201+1—k
) AL ks ks
Gk = 2 +M2l+1|2 Z hsh- e
A+1 2
+ Z hshis(_‘u)4l+2fkfsﬂk+sf2l72 (58)
s=2l4+2—k
1 204+1—k 21+1 2
_W Z hsh_s(_l)kJrs_ Z hsh_s(_l)kJrs
H s=1 s=2l4+2—k

When N = 2n is even, the solutions for Cl(l) (n =1) and Dl(Jr)1 (n=1+1)
cannot be written down in such a simple form without matrix operation. However,
they can be simplified so that they only depends on the the inverse of an n x n
matrix rather than the original 2n x 2n matrices.

k
Till now, we need the condition arg(p) # 2(27177:_1) when N = 2n+ 1 and
km

k
arg(u) # “T when N = 2n for any integer k. However, if arg(u) = m
n

2n

k
when N = 2n + 1 or arg(p) = 2—7T when N = 2n for certain integer k, the
n

relations among the sets Sq(p), Sa(p), S7(u) and S3(u) are changed. In fact,
when N is odd, we have either Sao(u) = S1(p), Si(u) = S7(p) or S7(w) = S1(p),
S5(p) = Sa(p). When N is even, we have S} (u) = S5(u) = S1(n) = S2(p). The
Darboux transformations can be constructed differently [30, 32].

This work was supported by National Basic Research Program of China (973
Program) (2007CB814800) and STCSM (06JC14005).

References

[1] M. J. Ablowitz & P. A. Clarkson, Solitons, Nonlinear Evolution Equations
and Inverse Scattering, Cambridge University Press, 1991.

[2] M. Adler & P. Van Moerbeke, Toda versus Pfaff lattice and related polyno-
mials, Duke Math. J. 112 (2002), 1-58.

[3] H. Aratyn, C. P. Constantinidis, L. A. Ferreira, J. F. Gomes & A. H. Zimer-
man, Hirota solitons in the affine and the conformal affine Toda models,
Nuclear Physics B406 (1993) 727-770.

[4] A. I Bobenko, All constant mean curvature tori in R®, % and H® in terms
of theta-functions, Math. Ann. 290 (1991), 209-245.

[5] J. Bolton & L. M. Woodward, The affine Toda equations and minimal sur-
faces, in: A. P. Fordy & J. C. Wood (Eds.), Harmonic Maps and Integrable
System, Vieweg (1994) 59-82.

[6] H. Flaschka, On the Toda lattice II. Inverse Scattering solution, Progr. Theor.
Phys. 51 (1974), 703-716.

[7] A. P. Fordy & J. Gibbons, Integrable nonlinear Klein-Gordon equations and
Toda lattices, Commun. Math. Phys. 77 (1980), 21-30.



Darboux transformations for 2D affine Toda equations 415

[8] C. H. Gu, On the Darboux form of Backlund transformations, in: X. C. Song
(Eds.), Integrable System, World Scientific (1989), 162-168.

[9] C. H. Gu, H. S. Hu & Z. X. Zhou, Darbouz Transformations in Integrable
Systems, Springer, 2005.

[10] J. Hitchin, Harmonic maps from a 2-torus into the 3-sphere, J. Diff Geom.
31 (1990), 627-710.

[11] H. S. Hu, Laplace Sequences of surfaces in projective space and two-
dimensional Toda equations, Lett. Math. Phys. 57 (2001), 19-32.

[12] A. R. Its, Liouville’s theorem and the method of the inverse problem, J. Sov.
Math. 31 (1985), 3330-3338.

[13] V. G. Kac, Infinite Dimensional Lie Algebras, 2nd edn., Cambridge University
Press, 1990.

[14] C. Korff, Lie algebraic structures in integrable models, affine Toda field theory,
arXiv:hep-th/0008200v2, 2000.

[15] A. N. Leznov & M. V. Saveliev, Theory of group representations and integra-
tion of nonlinear systems, Physica D3 (1981) 62-72.

[16] A. N. Leznov & E. A. Yuzbashjan, The general solution of 2-dimensional
matrix Toda chain equations with fixed ends, Lett. Math. Phys. 35 (1995),
345-349.

[17] V. B. Matveev, Darboux transformations and the explicit solutions of
differential-difference and difference-difference evolution equations, Lett.
Math. Phys. 3 (1979), 217-222.

[18] V. B. Matveev & M. A. Salle, Darbouz Transformations and Solitons,
Springer, 1991.

[19] 1. McIntosh, Global solutions of the elliptic 2D periodic Toda lattice, Nonlin-
earity 7 (1994), 85-108.

[20] A. V. Mikhailov, Integrability of a two-dimensional generalization of the Toda
chain, Soviet JETP Lett. 30 (1979), 414-418.

[21] J. J. C. Nimmo & R. Willox, Darboux transformations for the two-
dimensional Toda system, Proc. Roy. Soc. London A453 (1997), 2497-2525.

[22] A. V. Razumov & M. V. Saveliev, Differential geometry of Toda systems,
Commun. Anal. Geo. 2 (1994), 461-511.

[23] C. Rogers & W. K. Schief, Backlund and Darboux Transformations, Geome-
try and Modern Applications in Soliton Theory, Cambridge University Press,
2002.

[24] D. H. Sattinger & V. D. Zurkowski, Gauge theory of Backlund transformations
I, Physica D26 (1987), 225-250.

[25] M. V. Saveliev, Bicklund transformations for the generalized two-dimensional
Toda lattice, Phys. Lett. A122 (1987), 312-316.

[26] C. L. Terng, Geometries and symmetries of soliton equations and integrable
elliptic equations, arXiv:math.DG/0212372, 2002.

[27] C. L. Terng & K. Uhlenbeck, Bécklund transformations and loop group ac-
tions, Commun. Pure. Appl. Math. 53 (2000), 1-75.

[28] M. Toda, Vibration of a chain with nonlinear interaction, J. Phys. Soc. Jpn.
22 (1967), 431-436.

[29] V. B. Zakharov & A. V. Mikhailov, On the integrability of classical spinor



416

Zi-Xiang Zhou

models in two-dimensional space-time, Commun. Math. Phys. 74 (1980), 21—
40.
Z. X. Zhou, Darboux transformations and exact solutions of two dimensional

A Toda equation, J. Math. Phys. 46 (2005), 033515.
Z. X. Zhou, Darboux transformations and exact solutions of two-dimensional

¢V and D?| Toda equations, J. Phys. A39 (2006), 5727-5737.

Z. X. Zhou, Darboux transformations of lower degree for two dimensional
Cl(l) and Dl(i)l Toda equations, to appear, 2007.

Z. Zhu & D. G. Caldi, Multi-soliton solutions of affine Toda models, Nuclear
Physics B436 (1995) 659-678.



