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Abstract

For the two-dimensional Toda equations corresponding to the Kac—Moody
algebras Cl(l) and Dl(f)l, the Darboux transformations which keep all the
reductions of the Lax pairs are constructed. The lowest degrees of the Darboux
transformations are 2/ + 2 for C 1(1) and 2/ for Dl(f)l Exact solutions of these

Toda equations are presented in a purely algebraic way.

PACS numbers: 05.45.—a, 05.45.Yv, 02.30.Jr

1. Introduction

The two-dimensional Toda equations [1, 2] are typical integrable systems which have been
studied by many authors [3—8]. They have also important applications in physics for nonlinear
lattice, as well as in differential geometry for affine spheres, Laplace sequences, harmonic tori
etc [3, 9-16].

For any Kac—Moody algebra g of affine type, there is a two-dimensional Toda equation,
which is written as

Wi.xr = Ar €xp <Z ckiw,) — Aovg exp <Z c()iw,) k=1,...,n) (1)

i=1 i=1

where C = (c¢ij)ogi, j<n 18 the generalized Cartan matrix of g, v = (v, vy, o)l is a
nonzero vector such that Cv = 0, and Ao, ..., A, are real constants [16, 17]. Various
Kac—Moody algebras correspond to various boundary conditions of the two-dimensional Toda
equations. It was shown in [18] that these equations are integrable and the Lax pairs were
presented. When g = Al(l), the Toda equation is periodic. Its Lax pair has a unitary symmetry
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and a cyclic symmetry of order /, and the Darboux transformation keeping these symmetries
was presented by [5], and its geometric applications can be found in [3, 10-12].

There are also some work for other Kac—Moody algebras [19-22], although the
symmetries are more complicated. In [21], the binary Darboux transformations for two-
dimensional Ag), C [(1) and Dl(ﬂ Toda equations were obtained from the periodic reductions
of the binary Darboux transformations for A, Bs and Co, Toda equations. In terms of the
binary Darboux transformation, the solutions of the Toda equations are expressed by some
integrals of the solutions of the Lax pairs. In order to get the explicit solutions which are
purely algebraically expressed by the solutions of the Lax pair, usual Darboux transformations
(without integrals) are necessary. In [23], explicit solutions of the two-dimensional Af)
Toda equation (also called the Tzitzeica equation) were presented for real spectral parameters.
In [24], explicit solutions of the two-dimensional Ag) Toda equation were obtained for both
real and complex spectral parameters. In that case, the order of the matrices in the Lax pair
is 2/ + 1 and the Lax pair has a unitary symmetry, a reality symmetry and a cyclic symmetry
of order 2/ + 1. However, the number of independent functions is only /. In order to keep
all these symmetries, the order of the Darboux transformation is at least 4/ + 2 when all the
spectral parameters are complex.

In the present paper, we consider a 2n x 2n Lax pair which corresponds to the two-
dimensional Toda equations with Kac—Moody algebras g = C,m (n=1I1+1)and Dl(f)l n=1).
It has also a unitary symmetry, a reality symmetry and a cyclic symmetry of order 2n, and
the number of independent functions is only /. Apart from the order of the matrices, the Lax
pairs are similar to that for the Ag) case. However, in this even order case, the spectrum in
the construction of Darboux transformation is different from that in the odd-order case. This
leads to a different construction of the Darboux transformations.

In section 2, we discuss a general Lax pair with matrices of even order which includes
exactly the two-dimensional C,(l) and Dl(f)l Toda equations. Explicit form of the corresponding
evolution equations are presented in section 3. In section 4, the Darboux transformation of
degree 2n is constructed and the exact solutions are written down in an explicit way.

2. Structure of Lax pair

In this paper, all the matrices in the Lax pairs are of order 2n.

For any 2n x 2n matrix A or any 2n-dimensional vector v, and for any integers i and j,
define A;; = Ay and v; = vy where i = i"mod2n, j = j'mod2n and 1 < i’, j’ < 2n.
Especially, §;; equals 1 if i = j mod 2n and equals O otherwise.

Let o = e/, Q = diag(l,w’l, Lo Let m be a fixed integer. Let
K = (Kij) = Gim—j)anxan, J = (Jij) = (i j—1)2nx2n be constant matrices. Then K is
symmetric and Q*K = o™ 2K Q where Q* refers to the Hermitian conjugate of 2. Let

P = (pi(x,)8ijh<i,j<on 0 = (q;(x, 1)d; j+1)1<i,j<on (2)

where p;’s and g;’s are real functions satisfying

Pm—i = —Di, Am-1-i = g i=12,...,2n). 3)
Then the following relations hold

J=1, QIQ ! =wJ, KJK'=JT,

P=P, QPQ ' =P, KPK'=—PT, 4)

0=0, QO '=w1Q, KQK~!'=QT.
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Remark 1. It is easy to check that for the given constant matrix J = (8; j—1)1<i,j<2n, (4) is
equivalent to (2) and (3).

Denote U(x,t,A) = AJ + P(x, 1), V(x,t, 1) = A~1Q(x, t), then the relations (4) are
equivalent to

Ux,t,A) =Ul(x,t, 1), Vx,t,h)=V(x,t,A)
QUx,t, Q' =U(x, t, wh), QV(x, t, Q! = Vix, 1, o)), 5)
KU(x,t, VK™' = —(U(x, t, —1))", KV(x,t, VK~ = —=(V(x,t, —X))*.

These relations mean that U and V satisfy a reality symmetry, a cyclic symmetry of order
2n and a unitary symmetry with respect to the metric given by K.
Now we consider the Lax pair

D, =Ux,t, )P =(AJ+ P(x,1))P, O, =V, t, )0 =1""10(x, )P 6)
and its integrability conditions
0. =[P, 0], P +[J,0]=0. )
Written in terms of p;’s and g;’s, the integrability conditions (7) become
gix = (Pix1 — P4 pii=¢qi-1—qi (=1,...,2n). (®)

These are the evolution equations which will be discussed in this paper. They include exactly
the two-dimensional C,(l) (n=1+1)and D,(Z) (n = 1) Toda equations, as will be seen in the
next section.

Remark 2. Equation (8) is compatible with the constraints (3).

Remark 3. For any 2n x 2n matrix A = (4;;), let

= (Zij)1<i j<on = (A j+D1<ij<ons
then K;j = 8 u—; 1mphes Ku = 8im_2— j Q* K = 0" 2KQ implies Q*K = 0" 2KQ
automatically. Since sz] = Qi1 = 0 1Qy, QK = " 2KQ implies Q'K = 0" 4KQ.
Under the transformation (2, K, J, P, Q,m) — (L, K J P Q m — 2), the evolution
equations (8) are equivalent (only the subscripts in p;’s, g;’s are changed). Therefore,
we only need to consider the cases m = 0 and 1.

In order to construct Darboux transformations in the next section, we need the following
lemma.

Lemma 1. Suppose 1 € C\{0}.

(i) If ®(x, t) is a solution of (6) for » = ., then ®(x, t) is a solution of (6) for A = ji
(ii) If ®(x, t) is a solution of (6) for .. = w, then for any integer k, Q*® (x, t) is a solution of
(6) for » = o* 1.
(iii) If ® (x, t) is a solution of (6) for . = , then Q" ® is a solution of (6) for . = —i
(iv) If ®(x, t) is a solution of (6) for . = , then ¥ = K Q" ® is a solution of the adjoint Lax
pair

v, =-Uw'vy, U, =-V(w'w. ©)
Therefore, (BT KQ"®), = 0, (PTKQ"®), = 0.

Proof. These result follow from (5) directly. O
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3. Explicit form of the evolution equations

According to remark 3, we only need to consider the evolution equations (8) with m = 0 and
1.

3.1. CaseCl(l) n=I[+1,m=0

Pi = —Das2—i = Ujx, a<gigh, Pi+1 = pasw2 =0,
gi = qusi—i =" (1 <i<l— 1) (10)
g =q =¢e ", Go+1 = G =¢"
When [ > 2, the evolution equations are

upy = e —em,
Ujy =Y —etm T (2L j <=1, (11)
Up e = M7 — T,

Letqu = —(uy +~~+uj)(j =1,...,]—1)and w; = —%(LH +---+u;), then (wy, ..., wp)

satisfies
Wiy = —€7w1 +62w17w2
W)y = —e W4 e T (j=2,....1-2), 12
Wiy = —e W +62w/,1—w,,1—2w,’ ( )
Wi =~ e 4 JeR,

which is the two-dimensional Toda equation corresponding to the generalized Cartan matrix
2 -1

C = ) ) ] (13)

T
ofC(l) andC( %) =0.

1
2’

3.2. Case Dl(f)l n=I,m=1

pi = —Ppasi—i = Uiy, (1<i<1),
gi =gy =" 1<i<i-=1), (14)
q=e", qu = e
When [ > 2, the evolution equations are

ul,xt — e2u1 _ eug—ul’
uj,xt — eM_,’*ll;’—l . eu/#l*u, (2 < ] < l _ 1)’ (15)
Up gy = M- g2

Letw; = —@i+---+u;)(j=1,...,01), then (wy, ..., w) satisfies
T T—— e—2w1 + 627111—11)2’
Wi = —e W Wi T (=2 ]~ 1), (16)

Wy = — 672w1 + eZw,72w1_] ,
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which is the two-dimensional Toda equation corresponding to the generalized Cartan matrix

2 =2

c- S (7

of D@ and C(1,1,....1, )T =0.

+

4. Darboux transformations and exact solutions

Now we construct the Darboux transformation which keeps all the symmetries in (5).

Let 1« be a nonzero complex number such that arg(u) & {% |k € Z}, Aj= o lu(j =
1,2,...,2n). Thenall A; and —A; (j = 1,2,...,2n) are distinct. Let H be a 2n x n matrix
solution of (6) for A = u such that HT KQ"H = 0 at certain point (xo, fo). Then (iv) of
lemma 1 implies that H” KQ"H = 0 holds identically. Let H; = Q/~'H (j = 1,2, ..., 2n).
Then (ii) of lemma 1 implies that H; is a solution of (6) forA = 4; (j =1,2,...,2n).

Remark 4. Considering lemma 1, if p is a spectral parameter in constructing Darboux
transformation, it is natural to take all @/~'y and w/~1p (j = 1, ..., 2n) so that the reality
symmetry and the cyclic symmetry are kept. However, since w/~!yu = —w/*"~1yu, according
to the standard construction of unitary Darboux transformation, w/~!u cannot be specified
independently in the spectrum of Darboux transformation. Hence we choose only n spectral
parameters A; = a)j’lu (j=1,...,2n) here.

In this way, the Darboux transformation cannot be constructed only in terms of some
column solutions of the Lax pair. Instead, the above 2n x n matrix solutions H;’s are
necessary in the construction.

According to (iii) of lemma 1, if H is a 2n x n matrix solution of the Lax pair with
spectral parameter A, then Q" H is a solution of the Lax pair with —A. Again, by the standard
construction of unitary Darboux transformation, we want that these two matrices are orthogonal
with respect to the metric defined by K, i.e. HT Q"KH = (Q"H)*K H = 0.

By a slight generalization of the method in [25, 26], the Darboux transformation is
constructed as follows. When detI" # 0, denote

HYKH;
)\.l' +)\.j
to be nxn matrices (i, j = 1,2,...,2n), ' = (I';j)1<i, j<on- Denote r-! = (f‘ij)lgi,jgzn
where I';;’s are n x n matrices. Let
2n 2n I *
_ HTI'jjHYK
Gx,t, )=|+x)|1- — 19
.t =[]+x0) Z ey (19)
s=1 i,j=1
Then it can be checked directly that
2n 2n =
_ HT;HK
G, =]Ja+io 1+ ,\j—xj (20)
s=1 M

i,j=1
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G (x,t, A) is a polynomial of A of degree 2n with 2n x 2n matrix coefficients. Write

2n
G, t,0) =Y (=1 Gaj(x, DM, Golx, 1) = Iy, @1)
Jj=0

and define
Ux,1,1) = G, t, WU (x, 1, )G (x, 1, )" + G (x, 1, )G (x, 1, )",

~ (22)
V(x,t,1) =G, t, )V (x, 6, )G(x, t, 1) + G, (x, 1, )G (x,t, 1) "
Then for any solution @ of (6), ® = G satisfies CTDX = 17213, CT), —Vo.
Lemma2. U =2\J+P,V=1"Qwhere P =P +[J,G ], 0 = G2, 0G5,
Proof. The lemma is obtained by direct computation.
O
Lemma 3.
2n
G(x,t,—0)*KG(x,t, 1) = ]_[(Xs +2)(hs — VK. (23)
s=1
Proof. The equality (23) follows from
2n
Gx.t, =)= KGx, t. )"K' [[R + D — ), 24)
s=1
which is a direct result of (19), (20) and the fact that I" is Hermitian. O
Lemma 4.
QG(x, 1,0 ' N)Q ™ =G(x,1,1). (25)
Proof.
H*(Q* iflKijlH ) H*KQi+j72H
Fij = ( - )_ - = Cl)(mil)(lil)_—. (26)
a)"+1,u+a)<7_1u I/L+a)l+j—2M

From (26), Iiyy,j—1 = w’"‘lFij, ie. JTJ = " 'T where J = J ® I,. It leads to
JT71J = 0" 'T7 ! ie. Tis1 j-1 = "~ 'T;. Substituting into (19), we get the result in the
lemma. 0

Lemma 5.

G(x,t,7) = G(x,1,1). (27)

Proof. It is not easy to verify the result directly from (19), because for each A;,
its complex conjugate is not taken as a spectral parameter in constructing Darboux
transformation. However, apart from the expression (19), there is another equivalent way
of constructing Darboux matrix [27, 28], i.e. G is uniquely determined by G(x, t, \x) Hy =
0,G(x,t, = )Q"H, = 0(k = 1,...,2n). Here we follow this procedure to prove the
lemma.
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According to (19), fork = 1,2, ..., 2n,

2n 2n -
_ H;1';;H; K Hy,
G, t, \H, = | |Ou+ 1) | Hy — — | =0,
oot ) He = [ [Ow+ 20 | He Z Tt
s=1 i,j=1
2n
G(x,t,—h)QU Hy = — ]_[(XS — ) ZH,-IV},(H,;*KQ"FI,( (28)
s#k i=1
2n
=—o0" TR =) Y HITwHTKQ'H = 0.
sk i=1
Now we consider G(x, t, 1). Since Ajin = —Aj,

2n
GG, t, i) He = — [ G = hewn) Y Hil'kon HY,, K Hi

s#k+n i=1
wo (29)
=~ "2 TT O = i) Y HiTign HTKQ'H = 0.
s#k+n i=1
On the other hand,
2n 2n =
- ) H,T H K Q' H,
Gx,t,— M) Hy = | |0 — X)) | QUH; — L ——
( OQ He =[O0 = %0 f Z Py
s=1 i,j=1
2n 2n I~
s HT; .., H*K H,
J—>Jtn = _ iti,j+ntd; k
Ao — A Q"H, + (m—2)n SR — (30)
= () K+ Z X+ e
s=1 i,j=1
2n 2n
= H(M — )| QUH + (=™ Z HT; jwljx] =0
s=1 i,j=1
since 1—‘i+n,j+n = (_l)m_lrij-
Let A(x, 1, 1) = G(x,t,A) — G(x, t, A) and write
2n—1
Al t,0) =) Agyj(x, M, 31
j=0

then A(x,t, \)H, = 0, A(x,t, —2)Q"H, = 0(k = 1,...,2n). Written in components,
they are

2n—1 2n—1
Y Ay jHi =0, Y Ao QU H(—Re) =0, (32)
j=0 j=0
(k=1,...,2n),ie.
(Aony Aoy, oo, AM =0 (33)

where M = (M) i1<i<on,1<j<dn With M;; = )\.g_lHj and M, 2,1j = (_)_‘j)iilsznl:[j for
ih,j=1,...,2n.
Define the block matrix A" = (NV;j)1<i<4n,1<j<on With

Nij = (=3~ H K (34)
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and N 2,4 = ){jHHiTKQ" fori, j=1,...,2n. Then

2n 2n
D NiMyj =D (A AT H K H,
k=1 k=1
L — (=hj/A)™ - 2
- ——HKH; =} — (u/k)"™"Ty;,
1+ 4 /% / ! (35)

2n 2n
ZMkMk,2n+_j = Z()_L_i/)_»i)k_lH,-*KQ"FIj
k=1 k=1

= 2n8,-jHiTKS2”Hj =0

since (A;/A;)* = 1 and

2n 1-— ()_\j/)_\,')zn _ ; 7& .

S = = / (36)
k=1 2n i=j.

Likewise, we have

2n 2n

> NawsisMyj =0, > NansikMiansj = hi(1 = (/)™ )Ty, (37)
k=1 k=1

Note that each I';; is an n x n matrix (i, j = 1, ..., 2n), we have
detWM) = [ul™ (1 = (/@)™ (1 — (&/w)*)* | det T|*. (38)

Since arg(u) & % |k e”Z }, det M # 0 holds whenever detI" % 0. The lemma is proved. O

Following lemmas 3-5, we know that U (x, 7, 1) = AJ+P(x, 1), V(x,1,) = A1 0 (x, 1)
satisfies (5). Hence, (4) and remark 1 implies that P = (P;8;)2nx2n, @ = (4;8i, j+1)2nx2x hold
where p;’s and g;’s are real functions satisfying p,,—; = —Pi, @u_1-i = q; (i = 1,2, ...,2n).

Therefore, we get the Darboux transformation which keeps all the reductions. Now we
write down the solutions more explicitly.

The solution Q is expressed in terms of G,,. According to (19),

2n 2n =
_ HI HK
Gy =G(x,1,0) = M1 - — 7
? ‘IY:II 2 % (39)

ij=1
— w—n(2n—1)l12n(1 _ R*F_ISQ,,) — _ﬂZn(l _ R*F_1S2n)

where R and §», are block matrices

H MUHEK
R=| : |, Spy = : . (40)
H;, Yo H3, K
Let
&0 ;
£ = : =Q'e11)| . w (k=1,...,2n), 41)
&2 :

I,
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where (§); = o~ *"DE=D], then £*&; = 2né;;1,. Moreover,

P& = & mest, T8 =& 4@y s (42)
where
Y RV (43)
= n+ w’ﬂ
with of = o_g_n43.
hy
Write H = ( : ) where hy, ..., hy, are 1 x n matrices. The ith column of R is &_;h}

han
and the jth column of S,, is ﬂ’léj_m+1h;7j. Hence, we have —i™>"G», = 1 — R*I'71S,, =
diag(ny, ..., n2,) wWhere

=1-2na"'h; o Jh* (44)
By (43),
2n 2n  2n
H*KQ*H . wl=hs
wmoj=y ————liT =3 Z el 45)
o pretn oo e
Let 0 be a constant with |#| < 1. Then
2n G=hk)s
Z @ _ _—1220)(1 k+z>3( 9#/#)1
it 0w p s=1 1=0 (46)

=2p~ ) (o).
130, j —k-+1=0mod2n
Let ! = 2no + {k — j} where {k} denotes the remainder of k divided by 2n, then the above
equality equals to

__ _ . (Op/pd
207t Y (=0 /P = o S (47)
= 1 —(=0u/i)
Let & — 1 — 0, then we have
o G=hs {k—j} 2n—{k—j)
® __ i
Z i7 s = 2”“’ 1( l)k ! i72n 2n (48)
Yt ot 2
Hence we get the expression of ap_; as
2n {k—j} ;2n—{k—j)
_ i
oy =27 Y (=DM e (49)

k=1
Lemma 5 implies that n;’s are real. Lemma 2 gives the transformation of the solution

~ Nj+1
7 =""q;. (50)
nj
From g,—1—; = g, gu—1—; = ¢, we know that n;n,,—; is independent of j. Considering
the specific expressions of g;, we get the transformations of the solutions u;, ..., u; for both

cases C(U and Dl(f)l

Case C\": n=1+1,m =0. Wehave n;n_; = n2, = 0k, G = 1,2,...,20+2).
According to (10), the transformation is

1 .
=u;j+zIn ik

u j=u;+In
N2+2 2 M-

G=1,....D). 51)
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Case D1+1 n=1I0,m=1 Wehave njni_; = g = mnu (j =1,2,...,2[). The
transformation is

n;j nj

1
=u;+—-In

Wi=u;+In G=1,...,D. (52)
! ! M T2 o
In summary, we have the following theorems.
Theorem 1. Suppose (uy,...,u;) is a solution of the two-dimensional Cl(l) Toda
equation (11), p is a nonzero complex number such that arg(u) %+ % for any integer k.
hy
Let H = ( : ) be a (21 +2) x (I +1) solution of the Lax pair (6) with . = j where p;’s and
hatsa
q;’s are given by (10). Let
20+2 (k—j} = 2042 —{k—j} -
w .
nj=1- Z( 0 jw 21+2—ik Mk h§1+2—j (53)
(Gj=1,2,...,21+2). Then
Wi=ujt-ln—— (=1,....0) (54)
Mr+2—j

gives a new solution of the two-dimensional C, 1(1) Toda equation (11).
Theorem 2. Suppose (uy, ..., u;) is asolution of the two-dimensional D1+1 Toda equation(15),

hy
W is a nonzero complex number such that arg(u) # % for any integer k. Let H = ( : ) be a
hay
21 x I solution of the Lax pair (6) with A = p where p;’s and q;’s are given by (14). Let
-1

{k—j —{k—Jj}
plk=it g2t \
nj=1- Z( D J-zz—ﬂzz I BT (55)
(Gj=1,2,...,20). Then
y n;j :
Ui=u;+—=In (G=1,...,D (56)
! T2 oo /

gives a new solution of the two-dimensional D Toda equation (15).

1+1
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