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Darboux transformations and exact solutions of two
dimensional Aan) Toda equation
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The Darboux transformations for two dimensiod&fﬁ Toda equation are con-
structed. The lowest degree of the Darboux transformation2a-21) if all the
spectral parameters are complex, o+ if one spectral parameter is real. Exact
solutions are written down by computing the Darboux transformations explicitly. ©
2005 American Institute of PhysiddDOIl: 10.1063/1.1857033

I. INTRODUCTION

The two dimensional Toda equation is an important integrable system which has been studied
widely (e.g., Refs. 1-1pand has applications to differential geome“‘frg/A Toda equation corre-
sponding to a Kac—Moody algebgaof affine type can be written as

n

n

Wk,xt: Ak ex 2 CkiWi> _AOUk ex E COiWi> (k: 1,...,n), (11)
i=1 i=1

whereC=(cjj)oi j<n is the generalized Cartan matrix @fv=(vg,vy,...,v,)" iS @ nonzero vector

such thalCv =0, andAy, A, ..., A, are real constanfs’ There have been a lot of works on the two

dimensional Toda equations which are infinite, or are periodith g=A'") >'° or having fixed

endst™*2or with finite dimensional Lie algebrag&ac—Moody algebras of finite typé>™*°

As a special case qj:A(z), the Tzitzeica equation is a typical equation in affine geometry
describing indefinite affine spher&® An expression of Darboux transformation of the Tzitzeica
equation, whose spectral parameter is real, was discussed in Ref. 17, and the loop group decom-
position was presented in Ref. 18.

In this paper, we consider the Toda equation with Kac—Moody algglam(zzn). It is neither
periodic nor with fixed ends. It has d@n+1) X (2n+1) Lax pair, and the Lax pair has a unitary
symmetry, a reality symmetry and a cyclic symmetry of ordet 2. To get the Darboux trans-
formations which generate solutions of the same equation, we need to consider all these symme-
tries in the construction. Therefore, Darboux transformations of high degree are necessary. We
shall consider the case where all the spectral parameters are complex, as well as the case where
one spectral parameter is real. The main results are presented in Theorem 1 of Sec. IV and
Theorem 2 of Sec. V.

In Sec. Il, we discuss the Lax pair of thézﬁ) Toda equation. In Sec. lll, the formulas of
Darboux transformation are listed in terms of the standard construction. In Sec. IV, the Darboux
transformation with complex spectral parameters is written down in an explicit way. Correspond-
ingly, the Darboux transformation with a real spectral parameter is written down explicitly in Sec.

V. In Sec. VI, the explicit solutions of the Tzitzeica equation are presented.

II. LAX PAIR AND EVOLUTION EQUATIONS

The A(22) Toda equation, or the Tzitzeica equation, is
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Wi = = Age WL+ Aje?, (2.1
whereA,, A, are real constants. It corresponds to the generalized Cartan 1@atti% ) of AY
with C(3,1)"=0.

Forn=2, theA(zi) Toda equation is

Wy = —Age 1+ A1e2W1‘W2,
Wiy == Age 1+ ATVis i (j=2,..,n-1),

Wit = = Age "1 + A g 21, (2.2

whereA,, Aq,..., A, are real constants. It corresponds to the generalized Cartan matrix

2 -1
-2 2 -1
-1 2 -1
-1 2 -1
-2 2

of (i) andC(3,1,...,1"=0.
For alln=1, letw;=—(u;+...+uj) (j=1,...,n), then(2.1) becomes
Up = Age"t — A2, (2.4

and(2.2) becomes

Ug xt = Aot — A2,
Ui =A€Y - A1 (2<sj<n-1),

Unxt = Ap-1€17 -1 = Ane_zun- (2.5

Hereafter, for any2n+1) X (2n+1) matrix A or any(2n+1)-vectorv, and for any integers
and j, define A;j=A;/j; andv;=v;; wherei=i"mod 2n+1, j=j' mod h+1, and ki’,j'<2n
+1. Especially, denote

1 fi-j=0modah+1,
N = (2.6

0 otherwise.

Let w=€*™™D O =diagl,0™,...,0™". Let K=(K;))=(8 2n1-) 2n+1)x(2nen) @Nd I=(J;)
=(8,j-1) 2n+1)x (2n+1) DE tWO constant matrices and

P=(pid)) anenxnen, Q= (Gid j+1) 2ne1)x(2n+1) (2.7)
where
Pi = = P2n+1-i = Ui x (Isi=n), pyp1=0,
Qi =0on-i = AieUi+1‘Ui (1 sisn- 1)! On= Ane_zun: Oon = Oon+1 = AOeul- (2-8)
From (2.7) and(2.8), detQ=0q;...0pns1 =AAL...A2_ A, is a constant.
Notice that
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Q'K =w K. (2.9

Here A" refers to the Hermitian conjugate of a matax
Now consider the Lax pair

O, =UX NP = NI+ P(x1)P, D=V(xt,\)D=N1Q(x,t)D. (2.10

Its integrability condition

U,-V,+[U,V]=0 (2.11)
is
QX:[PvQ]v Pt+[‘]1Q]=01 (212)
or equivalently
Oix= (Pis1— PG, Pit=0i-1— G- (2.13

These are just thA(zi) Toda equation$2.4) and(2.5) by considering2.8).
It is easy to check thal, P(x,t), Q(x,t) satisfy the relations

OPQ™=P, QI0'=w], QQOT'=0'Q,

KPK1=-PT KJK!=J", KQK!=Q" (2.14

Written equivalently in terms of) andV, (2.14 becomes

UX,tN) =UXEN),  VXGEN) = V(X EN),

QUXENQ T=UMX L o)),  QVIXEN)Q = V(X o)),

KUt MK ™T= = (Ux,t,=\)", KV ENK == (V(xt,—\)) . (2.15
Conversely, if(P,Q) satisfies(2.12), then deQ is independent ok, since
(detQ), = detQ tr(Q,Q™ 1) =detQ tr([PQ 1, Q]) = 0. (2.1

Now suppose thafy,Aq,...,A,-1# 0 are given constants an®,Q) is a(2n+1) X (2n+1)
matrix solution of(2.12) satisfying the constraint®.14) and defQ is a constant. Froni2.14), P
and Q must be of form(2.7) with

Pi+Pomi1i=0, 9=y (i=1,2,...,2n+1). (2.17)

In the region wheregA; >0 (i=1,...,n), let gg=Ae" 1™ (1<i<n-1), qy,=A¢e", then g,
=Aqe 2 whereA,=detQ/AZAZ --A2_,. Moreover, from the first equation ¢2.12),

Pi==Panr1-i=Uix (I<i=<n), pyu=0. (2.18

The second equation ¢2.12 implies that(uq, ..., u,) is a solution of theA(zﬁ) Toda equatior{2.4)
or (2.5). Therefore, we have the following,

Lemma 1: Suppose(P,Q) is a (2n+1) X (2n+1) matrix solution of (2.12) satisfying the
constraints (2.14) anddetQ is a constant. Then in the region wher@A¢>0 (i=1,...,n),
(uyg,...,u,) is a solution of the gf Toda equation (2.4) or (2.5)

In order to construct Darboux transformation, we need the following lemma, which is the
direct consequence ¢2.14).

Lemma 2: Supposeu e C.

() If d(x,t) is a solution of (2.10) fon = u, then®d(x,t) is a solution of (2.10) foh=x;
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(i) If d(x,t) is a solution of (2.10) foh =, then for any integer kQXd(x,t) is a solution of
(2.10) for A =w*u.

(i) If d(x,t) is a solution of (2.10) fon=pu, W(x,t) is a solution of (2.10) folh=-w, then
(V'KD),=0, (V' KD),=0.

IIl. DARBOUX TRANSFORMATION

The Darboux matrix with unitary reduction can be constructed in the following known
procedure??° B

LetAq,...,Ay beM complex numbers such thef, -\ (j=1,2,...,M) are distinct. LeH; be
a column solution of the Lax pai2.10 for A=\ (j=1,2,...,M). Denote

H; KH;
N+
fori,j=1,2,....,M, I'=(Tj)1<i j<m>
M M *
— 'Y, HH K
Gxtn) =11 (x+m>(1 - m) (3.2
=1 =1 NHA
Then it can be checked directly that
i 1), HH K
Gt =TT+ (1 +2> —’—'—) (3.3
=1 i,j=1 A-AN
G(x,t,\) is a polynomial of\ of degreeM with matrix coefficients. Write
M
Gt A) =2 (= DTGy (X DN, Go(x,t) =1, (3.4
j=0
and define
U=GUG'+G,GY, V=GVGl+GG™ (3.5)

Lemma 3:U=\J+P, V=(1/\)Q where P=P+[J,G,], Q=GyQG>.
Proof: Using (2.14 and the fact thaH; is a solution of the Lax pai(2.10 with \=X;, we
have

T x=HKIH, Tj,.= = =——H;KQH;. (3.6)
it
Substituting(3.2), (3.3), and(3.6) into (3.5) and using the symmetri¢®.14), we get the conclu-
sion of the lemma by direct calculation.

Lemma 4:
M
G(x,t,= M) 'KG(x,t,\) = [T O\ + M)\ = MK. (3.7)
I=1
Proof: The equality(3.7) follows from
M
G(x,t,—=N) = KGX,t,\) KT\ + M)\ =), (3.9

=1

which is a direct result 0f3.2), (3.3) and the fact that™ is Hermitian. The lemma is proved.
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The solution(Ng has been expressed in terms@y;. According to(3.2),

D HHK ) .
(- DMGy = HA 1- E;— =[N -@n+DRT?S), (3.9
i,j=1 j 1=1

whereR andS areM X (2n+1) matrices with

2n+1

Rj=(2n+ 1)_1/2(ﬁi)ja Sj=@n+ DV (H). (3.10
k=1

IV. DARBOUX TRANSFORMATION WITH COMPLEX SPECTRAL PARAMETERS

Darboux matrix keeping the reductiof®.14) can be derived by above general construction
together with some more constraints on the spectral parameters and the solutions of the Lax pair.

Let u be a nonzero complex number such that(aig: km/(4n+2) for any integerk. Let
N=0 ™, A=z (j=1,2,...,2n+1). Then all\; and —)\ (J—l 2,...,2(2n+1)) are
distinct. Let h be a column solutlon of(2.10 for A=p, =i 1h, H2n+1+J—Q i*1h
(j=1,2,...,2n+1). ThenH; is a solution of(2.10 for )\:)\j(jzl,z 2(2n+1))

We construct”, G(x,t,\), D(x,t,x), T/(x,t,)\) according to Sec. lll wittM =2(2n+1).

More explicit expressions dfj; can be written down from their definitio8.1). For 1<i,

=2n+1, let
h'(Q)"KQIh  _  h'KQ™*™2h
Ai. :F.. = = |+1—. " ,
I 1] ® I+1ﬁ+ w]—1M ﬁ+ w|+]_2,LL
h'(Q)KQ7h h'KQTh
Bij = I onv14j = _Iﬂ—”l et
mtoTu mto u
) (Q HTHKQITth  hKQITh
C l_‘2n+1+|1 Tt

—w =i ’
Tt oy ptol

h'(Q)™KQT*h h'KQ %

Wt oy - o2
ThenI is written as a X 2 block matrixI'= (c D) whereA=(A;)), B=(B;;), C=(C;j), D=(D;)) are
(2n+1) X (2n+1) matrices, and™~ 1_(0 ) where

Dij = I'one1ai 20414 = (4.1)

A=(A-BDlC)!, B=-AlB(D-CAB)?,

C=-Dlc(A-BD!C)Y, D=(D-CAB)L (4.2)

From(4.1), we know thaD=A, C=B. Hence,(4.2) leads tof):A, C=B. Then, from(3.2), we
have the following.

Lemma 5:G(x,t,;):G(x,t,)\). Hence the coefficients of each powendh G(x,t,\) are all
real matrices
From (4.1), we get

Asj-1= 0 Ay, Biugjr1= 0 Bj, Cipju=oCj, Diyj-1=wDyj. (4.3

Written equivalently, they are
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JAJ=w A, IBI'=wB, JCJ=w'C, JIDI'=wD. (4.9
According to(4.2),

JAI=w A, JBI =0 B, JCI=wlC, JDIl=wlD. (4.5)
Hence
Aisj-1= @A), Bugji= 0 'Bj,  Ci1je=©Cij, Disgj_1= wDj. (4.6)
Lemma 6:QG(X,t,\)Q1=G(X,t, w\).
Proof:
Q' h(Qith)'K Q'h(Q?h)" QKO 0 20'h(Q1?h)'K
Q ( _1) Q122 ( )_2 _o ( _2) 4.7)
N+ o\ + 0w o\ + 0w
Hence,
anzﬂ‘ Q- 1h(QJ K- Z”EHA Qh(QI72h)'K 2”+1A Q~th(Qth) 'K
ij=1 +ol ™y ij=1 T o el 2 o _i,j=1 TNt ol
(4.8

by (4.6). Similar relations hold for the terms i6 with B;;, C;;, and D;;. Moreover, H2(2“+1)()\
+\)= H2:(§”+1)(w)\+)\|) Hence, by(3.2), the lemma is true.

From Lemma 4, Lemma 5, and LemmaUB,andV defined by(3.5) are real and satisfy the
relations(2.15. Moreover, after the Darboux transformation, they must satisfy the integrability
condition(2.11). Hence, by Lemma 1, we have the following.

Proposition 1: (I~3,(~3) generated by the Darboux transformation constructed above is a real
solution of (2.12) satisfying the relations (2.14)herefore, it gives a solution of the(Z?AToda
equation (2.4) or (2.5)

In order to get explicit expressions of the solutions we should derive the explicit expression of
Gy(2n+1)- Equation(3.2) is too complicated to be computed directly even by computer. Therefore,
we need to represent the matfixregarded as a linear transformation, in another basis, so that its
inverse can be computed explicitly.

Let &=(2n+1)"Y20%Y(1,1,...,1)7, then theith component of, is

(&)= (2n+1)7H2 kD7D, (4.9
Using the fact

o jk_{o if k=0 mod 2+ 1,

4.10
E“’ 2n+1if k=0mod h+1, (410
we know that(£;, ..., &n.) iS an orthonormal basis @™
From (4.1),
A= s B&=Youbier  C&= Wék-1 Dék=aoéiv (4.11
where
2n+l |« i 2n+1 —« i
h'KQh _, . h KQJh
a= 2 — o Y, ye= 2 w I, (4.12
j=1 Mt o'u =1 Lt o M
Using (2.9, we have h'KQh=(h‘KQh) = 3h'’KQlh, h'KQh=(h"KQIh)T=w?h'KQh.
Hence
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A=Az, Ye= Yake (4.13
From (4.2) and(4.11), we obtain

Aé= ayéz  B&= Voukbirr, Cé= Wébk-1, Dé&= i, (4.19

where
ay = azl| s = [radd7h W= vauasal® = [yaadd 7 (4.195
Let h=(hy,...,hy.1)7, then the entries oH;, Hop,psi (1<i<2n+1) are (H) = 1)<j—1)ﬁj,

(Hans14)j= 0 1700-h;. Hence, from(3.10), for 1<i,j<2n+1,

Rij = (2n + 1)_1/2w(i_1)(j_1>ﬁj, R2n+1+i,j = (2n +1 _1/2w_(i_1)(j_l)hj,

Sj =(2n+ 1)_1/2l_’v_lw_(i_1)jﬁ—jv S2n+1+|] (2n+1)” 1/2;“ ! (i_l)jh—j- (4.16)
Written in matrices, theith column of R is (hé-,hi&)T and thejth column of S is
(z g, wthyé )n.
Let
A = hh|, C,=hh_. (4.17
Lemma 7:|u| 22" VGy 5041 =1-(2n+ DR T S=diag gy, ..., Yan+1) Where

1 Aja2—j _Cj?Z—j) (418)

g,=1—2(2n+1)Re<— > >
—Jl _|72—j|

e
Proof: Using the expressiong3.9) and (4.14, we have |u[2@™VGy,n.g)=1~(2n
+1)RT-1Sand

A é /_'L_lﬁ—‘g‘+
(RT); = (b, é.)( - )( N 1) = fidy, (4.19

C D/ \m hé

where
—_1 ~ T A — T~ ~ 1 —_—1 T — —_15
f, =t (g + 0y yia) + o (hdgen + 0y = 2 =17z ‘|2(M YAy = 7 'C ya
- -

- Wy + 1 A an). (4.20)

The lemma is proved.
According to Lemma 3, we get the entrié, ..., Gyn1) Of Q in (2.7) as

q= gleQj- (4.21)

However, the expression gdf in (4.18) is still not simple enough. To simplify the expressions
of the solutions, we need the following two lemmas.
Lemma 8:Suppose k2=(2n+1)s+r where s r are integers 1<r=<2n+1, then

on+1 r 2n+1
= M2n+l+'u2n+1<2 AI( M)r —l2nH-r 2 ~AI )2n+1+r—lﬁl-r-1>,

I=r+1
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2n+1

2n+1 . 1

W= 5 2n+1<2 Cli=w ' u I 2n+-r 4 E G- M)Zn 1+ I r- l) (4.22)
I=r+1

Proof: According to(4.12),

2n+1 2n+1 .A|w_j(k_|_2)

Q= X = (4.23

1.1 mtolu
Let 6 be a constant withe| <1. Let

2n+1 2n+l‘/4 —j(k=1-2)  2n+12n+1 +oo

=2 X =———=2 2 2 AN guphe. (4.24

1= pHboln 3o o

Using (4.10 we haveS o !**2470=0 unlessp+2+I-k=0mod h+1. Let p=k-I-2+(2n
+1)o, then, usingk—2=(2n+1)s+r,

2n+1
(2n+ 1)_1a|(<0) — E 2 ﬁ—lAl(_ 0Mﬁ—l)k—|—2+(2n+1)a
I=1 aaL(l—kﬂ)
+o0 2n+1  +o
_EEM:LAI( GMM 1)k|2+2n+10'+2 2 :U“
1=1 o=-s I=r+1 g=-s+1

— 2n+1 —|—|=r—
I( 19,LL)r =l=—2n+l-r ”2‘* AI(_ 0M)2n+1+r IMI r-1
+ —2n+1 2n+1
+(60w)

l=r+1 M
(4.25

Here a sum is zero if the lower bound is greater than the upper bound. Sirige @rdw/(4n
+2)|ke Z}, by taking#— 1, we get the expression af in (4.22. The expression of; in (4.22)
is obtained similarly. The lemma is proved.

Lemma 9:For any integer k

X.A|( G,LL,lL_l)kl 2+(2n+1)o — E IL—L2n+1+(6M)2n+1

|lagif? = [l = |yod? + [ mf? = 2(2n + 1)R€(M_1(Aka2—k - Ck;z—k)) . (4.26

Proof: First suppose k=1=(2n+1)s+r, 1<r=<2n, then(2-k)-2=(2n+1)s+r+1, (1-k)
—-2=(2n+1)s+r. According to Lemma 8,

2n+ l r+1 2n+1
k= M(E A= @ R S A (- 2)
M M I=r+2

2n+1
2n+1 _ ——r—
al—k:m<2 A= T X A= ) 1). (4.27)
T I=r+1
Hence
1=~ :u_ll_'b(az—k —(2n+ 1),‘_[1Ar+1) . (4.28
This implies
|atpid? = |y i? = 22n + DR A g4 = (20 + D)l A2 (4.29

Similarly, we have
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= [voud?+ [71ad? = = 2020+ DREECrr1 7220 + (20 + Dl Craa?. (4.30
Since|Cria|*=[Arl?,

|apd? = s ad? = [v2ad? + | y1-? = 220 + DRe(™ A, 4105-) = 220 + DR 7C 417540 -
(4.31)

According t0(4.17), A,.1= Ay, Cre1=Ce. Hence(4.26) holds.
If —k=1=0 mod h+1, (4.28 still holds. The same result is obtained. This proves the lemma.
From (4.18 and(4.26),

2(2n+1) Ay = Cvanc\ el = [yaad?
G=1-——> 2Re< = (4.32
|012—k| - |')’2—k| M |a2—k| - |72—k|
Using (4.21), we get the transformation of the solution (@12,
~ _ K7
Ge= "5 2, (4.33
Mk+1

Where =] apf? = y2-l%

Remark 1:From (4.13), the equality; .= 7, always holdsHence q,_; =0y holds provided
that g._1=0qy holds. This means that the Darboux transformation does not change the natural
relation (2.17)

7S can be written down explicitly. Fok=1,2,...,n+1, we have(2-k)-2=—(2n+1)+2n
+1-k. The first equation 0f4.27) can be written as

on+1 2n+1-k 2n+1
ay = e B 2n+1( E .A( #)2n+l k- I—k+| 14 E .A( Iu)4n+2 —k- I—k+| 2n- 2)
[T I=2n+2-k
(4.39
Similarly,
on+1 2n+1-k 2n+1
Yoy = 5 2n+l( 2 C( M)2n+1 k-l k+| -1y 2 C( M)4n+2 k-1 k+| -2n— 2)
M |=2n+2-k
n+1 2n+1-k 2n+1
=== ( > oD - X a- 1>k+'>. (4.35
M =1 |=2n+2—k
Equation(4.33 leads to the transformation of the soluti@in,...,T,) of (2.4) or (2.5 as
Te=u + 2 (1<k=n) (4.36
Tk

If 7q,..., 7, have the same sign.

In summary, we have the following theorem.

Theorem 1: Suppose(uy,...,U,) is a solution of (2.4) or (2.5). Lep& C\{0} such that
arq,u)qtkq-r/(4n+2) for any |nter k Let h= (hl, ....None1)T be a column solution of2.10 for A
=p. Let \j= o™y, )\2n+1+1_w L Hj=Q7h, Hony=Q7*0(j=1,2,...,2n+1). Define I
—H KH; /()\ +Nj) (i,j=1,...,2(2n+1)). Let G(x,t,\) be defined by3.2) W|th M=2(2n+1). Then
Gisa Darboux matrix for (2.10) in the sense that for any solutioiof (2.10),5):Gd> satisfies

=(N+P)®, &, =110, (4.37)
where P=P+ [J,G4], 6: Gz(zn+1)QG§(12n+1)-
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Let
1 2n+1-k 2n+1 2
é,k: g i hlh—l(_ M)2n+1_k_lﬁk+l_l+ 2 hlh—l(_ /L)4n+2_k_|,l_Lk+l_2n_2
[+ w2 I=2n+2-k
2n+1-k 2n+1 2
- > hhy-D%' - > hhy(-1| (4.38
Aul*| o I=2n+2-k

then in the region wherég,, ..., {,, have the same sign, the new solutia, ... ,T,) of (2.4) or (2.5)
is given by

ﬁk=uk+ln§2—+l (k=1,2,...,n). (4.39
k

V. DARBOUX TRANSFORMATION WITH A REAL SPECTRAL PARAMETER

Now suppose a spectral parameter in constructing Darboux matrix is real. Considering the
symmetries in Lemma 2, the Darboux matrix can be derived as follows.

Let u be a nonzero real number,-:wj‘l,u(jzl,z,... ,2n+1), then allnj, -\ (
+1) are distinct. Leth be a column solution 0f2.10 for A=y, Hj:Qj‘lh, (j=1,2,
ThenH; is a solution of(2.10 for A=\; (j=1,2,...,2n+1).

According to Sec. Ill forM=2n+1, we can also construtt and G(x,t,\). From (3.1),

j=1,....,2n
...,2n+1).

h'(Q)"KQI™h . h'KQ™*™2h
== 51 =9 "~z (5.1)
o pt el m+ oM
Now
2n+l |« i
hKQh . _ R R -
F&= e o= 2 —o KM T = e = agk (5.2
o1 mtolu
Lemma 10:G(x,t,_):G(x,t,)\).
Proof: Since)\z_i:Xi, H2_i:ﬁi, we have
- H,_KH,_ HKH,
P (5.9

Moo NHN v

Let L be a constant matrix such thiat;=1, L., ;5=1(i=1,2,...,2n) andL;;=0 for other(i,j).
ThenT satisfiesLI'L=T". This leads taL[""!L=I""1. Therefore,

n+1

2041 TN L\ 20+l * 2 _ *
> <(F—J_?” H_iH'K) =3 Daiajfoity K 5 (THH K (5.4)
ij=1 N+ A, ij=1 N+ Ao =1 ATN

The lemma is proved.
Hence, the coefficients of each powerofn G(x,t,\) are all real matrices.
Similar to Lemma 6, we have

QG(X,t,\)Q 1= G(x,t,w\). (5.5

From Lemma 4, Lemma 10, an8.5), U andV defined by(3.5 satisfy the relation$2.15).
Let h:(hl, ,h2n+1)T, then

R;=(2n+ 1)—1/2w(i—1)(j—1)hj, Sj=(2n+ 1)—1/2Iu—1w—(i—l)Jh_j_ (5.6

Written in matrices, théth column ofR is h;&_;, and thejth column ofSis M‘lh_j§j+1.
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Therefore, #2"'G,p,=1-(2n+1)R'T"1S=diag gy, ... ,Gon+1) Where

g;= 1- (2n + 1),LL_1hjh_j/a’2_j . (57)

Similar to Lemma 8, can be expressed as

on+1 r 2n+1
ay = 2M2n+1<§ AI(_ M)r—lﬂ2n+l—r + 2 -AI(_ M)2n+1+r—IMI—r—1)

I=r+1

on+1 r , 2n+1 .
= 2 EDTA- 2 DA, (5.8
2n \im I=r+1

where A;=hh_; andk-2=(2n+1)s+r with s, r€Z and 1=r<2n+1.
From (5.8), we geta,_+a;=(2n+1)u 1A, corresponding to Lemma 9. Fro(6.7), g,=1
—(2n+ )t Azt = —ayanhy. Hence Gi= (12! mis,) Ok Where 7= apy.
Since(2-k)-2=—2n+1)s+2n+1-k, (5.9 leads to

on+1 2n+1-k 2n+1
M= gy =~ 2—( > CyA- X (- 1)k+|«4|) (5.9
2 =1 |=2n+2-k
(k=1,2,...,n+1). Finally,
Ty = U, + In2e. (5.10
7k

If #4,...,7n, have the same sign.

The above results are summarized in the following theorem.

Theorem 2: Suppose(uy,...,U,) is a solution of (2.4) or (2.5). LewER\{0}. Let h
=(hy,...,hyn1)" be a real column solution of (2.10) fox=pu. Let \j=w!™u, H;=QI"h (]
=1,2,..,2n+1). DefineFij:HfKHj/()\iH\j) (i,j=1,...,2n+1). Let G(x,t,\) be defined by (3.2)
with M=2n+1. Then G is a Darboux matrix for (2.10) in the sense that for any soludoof

(2.10) ®=Gd satisfies

O, =(NJ+P)®, P,=\"1Q0, (5.11)
Where P=P+[J,G1], Q=G.1QGm1.
Let
2n+1-k 2n+1
4= 2 D¥nhy- X (-D)%hhy (5.12
1=1 |=2n+2-k

then in the region wheré, ..., £, have the same sign, the new solut{@p, ... ,T,) of (2.4) or (2.5)
is given by

uk:uk+|nii—+1 (k=1,2,...,n). (5.13
k

VI. APPLICATION TO THE TZITZEICA EQUATION

The Tzitzeica equation

U =el—eg2u (6.1

is a special two dimensional Toda equation with1.
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Supposeu is a solution of(6.1) andh=(h;,h,,hy)" is a column solution of its Lax pair for

N=u. Using Theorem 1 and Theorem 2, we get the new solutiof®dj. When u is taken as a
complex number,

4 2Py, + pPhyhy = |l ngl?? = (1 + 2%)% 2hsh, - h3J?

T=u+ln = = = (6.2
(2l wf?hshy = 2| Puhyhy + (13 = 3| hg|?)?
When u is a real number,
- 2hih, —h3
U=u+In——s—. (6.3
h3

Equation(6.3) is similar to that given by Ref. 17.
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