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The Darboux transformations for two dimensionalA2n
s2d Toda equation are con-

structed. The lowest degree of the Darboux transformation is 2s2n+1d if all the
spectral parameters are complex, or 2n+1 if one spectral parameter is real. Exact
solutions are written down by computing the Darboux transformations explicitly. ©
2005 American Institute of Physics.fDOI: 10.1063/1.1857033g

I. INTRODUCTION

The two dimensional Toda equation is an important integrable system which has been studied
widely se.g., Refs. 1–15d and has applications to differential geometry.4–7 A Toda equation corre-
sponding to a Kac–Moody algebrag of affine type can be written as

wk,xt = Ak expSo
i=1

n

ckiwiD − A0vk expSo
i=1

n

c0iwiD sk = 1,…,nd, s1.1d

whereC=scijd0øi,jøn is the generalized Cartan matrix ofg, v=sv0,v1,… ,vndT is a nonzero vector
such thatCv=0, andA0,A1,… ,An are real constants.8,9 There have been a lot of works on the two
dimensional Toda equations which are infinite, or are periodicswith g=An

s1dd,5,10 or having fixed
ends,11,12 or with finite dimensional Lie algebrassKac–Moody algebras of finite typed.13–15

As a special case ofg=A2
s2d, the Tzitzeica equation is a typical equation in affine geometry

describing indefinite affine spheres.4,16 An expression of Darboux transformation of the Tzitzeica
equation, whose spectral parameter is real, was discussed in Ref. 17, and the loop group decom-
position was presented in Ref. 18.

In this paper, we consider the Toda equation with Kac–Moody algebrag=A2n
s2d. It is neither

periodic nor with fixed ends. It has ans2n+1d3 s2n+1d Lax pair, and the Lax pair has a unitary
symmetry, a reality symmetry and a cyclic symmetry of order 2n+1. To get the Darboux trans-
formations which generate solutions of the same equation, we need to consider all these symme-
tries in the construction. Therefore, Darboux transformations of high degree are necessary. We
shall consider the case where all the spectral parameters are complex, as well as the case where
one spectral parameter is real. The main results are presented in Theorem 1 of Sec. IV and
Theorem 2 of Sec. V.

In Sec. II, we discuss the Lax pair of theA2n
s2d Toda equation. In Sec. III, the formulas of

Darboux transformation are listed in terms of the standard construction. In Sec. IV, the Darboux
transformation with complex spectral parameters is written down in an explicit way. Correspond-
ingly, the Darboux transformation with a real spectral parameter is written down explicitly in Sec.
V. In Sec. VI, the explicit solutions of the Tzitzeica equation are presented.

II. LAX PAIR AND EVOLUTION EQUATIONS

The A2
s2d Toda equation, or the Tzitzeica equation, is
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w1,xt = − A0e
−w1 + A1e

2w1, s2.1d

whereA0, A1 are real constants. It corresponds to the generalized Cartan matrixC= s 2
−4

−1
2

d of A2
s2d

with Cs 1
2 ,1dT=0.

For nù2, theA2n
s2d Toda equation is

w1,xt = − A0e
−w1 + A1e

2w1−w2,

wj ,xt = − A0e
−w1 + Aje

2wj−wj−1−wj+1 s j = 2,…,n − 1d,

wn,xt = − A0e
−w1 + Ane

2wn−2wn−1, s2.2d

whereA0, A1,…, An are real constants. It corresponds to the generalized Cartan matrix

C =1
2 − 1

− 2 2 − 1

− 1 2 − 1

� � �

− 1 2 − 1

− 2 2

2 s2.3d

of A2n
s2d andCs 1

2 ,1 ,… ,1dT=0.
For all nù1, let wj =−su1+…+ujd s j =1,… ,nd, thens2.1d becomes

u1,xt = A0e
u1 − A1e

−2u1, s2.4d

and s2.2d becomes

u1,xt = A0e
u1 − A1e

u2−u1,

uj ,xt = Aj−1e
uj−uj−1 − Aje

uj+1−uj s2 ø j ø n − 1d,

un,xt = An−1e
un−un−1 − Ane

−2un. s2.5d

Hereafter, for anys2n+1d3 s2n+1d matrix A or anys2n+1d-vectorv, and for any integersi
and j , defineAij =Ai8 j8 and vi =vi8 where i ; i8 mod 2n+1, j ; j8 mod 2n+1, and 1ø i8 , j8ø2n
+1. Especially, denote

di j = H1 if i − j ; 0 mod 2n + 1,

0 otherwise.
s2.6d

Let v=e2pi/s2n+1d, V=diags1,v−1,… ,v−2nd. Let K=sKijd=sdi,2n+1−jds2n+1d3s2n+1d and J=sJijd
=sdi,j−1ds2n+1d3s2n+1d be two constant matrices and

P = spidi jds2n+1d3s2n+1d, Q = sqidi,j+1ds2n+1d3s2n+1d, s2.7d

where

pi = − p2n+1−i = ui,x s1 ø i ø nd, p2n+1 = 0,

qi = q2n−i = Aie
ui+1−ui s1 ø i ø n − 1d, qn = Ane

−2un, q2n = q2n+1 = A0e
u1. s2.8d

From s2.7d and s2.8d, detQ=q1…q2n+1=A0
2A1

2…An−1
2 An is a constant.

Notice that
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V*K = v−2KV. s2.9d

HereA* refers to the Hermitian conjugate of a matrixA.
Now consider the Lax pair

Fx = Usx,t,ldF ; slJ + Psx,tddF, Ft = Vsx,t,ldF ; l−1Qsx,tdF. s2.10d

Its integrability condition

Ut − Vx + fU,Vg = 0 s2.11d

is

Qx = fP,Qg, Pt + fJ,Qg = 0, s2.12d

or equivalently

qi,x = spi+1 − pidqi, pi,t = qi−1 − qi . s2.13d

These are just theA2n
s2d Toda equationss2.4d and s2.5d by considerings2.8d.

It is easy to check thatJ, Psx,td, Qsx,td satisfy the relations

VPV−1 = P, VJV−1 = vJ, VQV−1 = v−1Q,

KPK−1 = − PT, KJK−1 = JT, KQK−1 = QT. s2.14d

Written equivalently in terms ofU andV, s2.14d becomes

Usx,t,ld = Usx,t,ld, Vsx,t,ld = Vsx,t,ld,

VUsx,t,ldV−1 = Usx,t,vld, VVsx,t,ldV−1 = Vsx,t,vld,

KUsx,t,ldK−1 = − sUsx,t,− ldd* , KVsx,t,ldK−1 = − sVsx,t,− ldd* . s2.15d

Conversely, ifsP,Qd satisfiess2.12d, then detQ is independent ofx, since

sdetQdx = detQ trsQxQ
−1d = detQ trsfPQ−1,Qgd = 0. s2.16d

Now suppose thatA0,A1,… ,An−1Þ0 are given constants andsP,Qd is a s2n+1d3 s2n+1d
matrix solution ofs2.12d satisfying the constraintss2.14d and detQ is a constant. Froms2.14d, P
andQ must be of forms2.7d with

pi + p2n+1−i = 0, qi = q2n−i si = 1,2,…,2n + 1d. s2.17d

In the region whereqiAi .0 si =1,… ,nd, let qi =Aie
ui+1−ui s1ø i øn−1d, q2n=A0e

u1, then qn

=Ane
−2un whereAn=detQ/A0

2A1
2
¯An−1

2 . Moreover, from the first equation ofs2.12d,

pi = − p2n+1−i = ui,x s1 ø i ø nd, p2n+1 = 0. s2.18d

The second equation ofs2.12d implies thatsu1,… ,und is a solution of theA2n
s2d Toda equations2.4d

or s2.5d. Therefore, we have the following,
Lemma 1: SupposesP,Qd is a s2n+1d3 s2n+1d matrix solution of (2.12) satisfying the

constraints (2.14) anddetQ is a constant. Then in the region where qiAi .0 si =1,… ,nd,
su1,… ,und is a solution of the A2n

s2d Toda equation (2.4) or (2.5).
In order to construct Darboux transformation, we need the following lemma, which is the

direct consequence ofs2.14d.
Lemma 2:Supposem[C.

sid If Fsx,td is a solution of (2.10) forl=m, thenFsx,td is a solution of (2.10) forl=m;
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sii d If Fsx,td is a solution of (2.10) forl=m, then for any integer k, VkFsx,td is a solution of
(2.10) for l=vkm.

siii d If Fsx,td is a solution of (2.10) forl=m, Csx,td is a solution of (2.10) forl=−m, then
sC*KFdx=0, sC*KFdt=0.

III. DARBOUX TRANSFORMATION

The Darboux matrix with unitary reduction can be constructed in the following known
procedure.19,20

Let l1,… ,lM beM complex numbers such thatl j, −l j s j =1,2,… ,Md are distinct. LetHj be
a column solution of the Lax pairs2.10d for l=l j s j =1,2,… ,Md. Denote

Gi j =
Hi

*KHj

li + l j

s3.1d

for i , j =1,2,… ,M, G=sGi jd1øi,jøM,

Gsx,t,ld = p
l=1

M

sl + lldS1 − o
i,j=1

M sG−1di jHiHj
*K

l + l j
D . s3.2d

Then it can be checked directly that

Gsx,t,ld−1 = p
l=1

M

sl + lld−1S1 + o
i,j=1

M sG−1di jHiHj
*K

l − li
D . s3.3d

Gsx,t ,ld is a polynomial ofl of degreeM with matrix coefficients. Write

Gsx,t,ld = o
j=0

M

s− 1dM−jGM−jsx,tdl j, G0sx,td = I , s3.4d

and define

Ũ = GUG−1 + GxG
−1, Ṽ = GVG−1 + GtG

−1. s3.5d

Lemma 3: Ũ=lJ+ P̃, Ṽ=s1/ldQ̃ where P̃=P+fJ,G1g, Q̃=GMQGM
−1.

Proof: Using s2.14d and the fact thatHj is a solution of the Lax pairs2.10d with l=l j, we
have

Gi j ,x = Hi
*KJHj, Gi j ,t =

1

lil j

Hi
*KQHj . s3.6d

Substitutings3.2d, s3.3d, ands3.6d into s3.5d and using the symmetriess2.14d, we get the conclu-
sion of the lemma by direct calculation.

Lemma 4:

Gsx,t,− ld*KGsx,t,ld = p
l=1

M

sll + ldsll − ldK. s3.7d

Proof: The equalitys3.7d follows from

Gsx,t,− ld* = KGsx,t,ld−1K−1p
l=1

M

sll + ldsll − ld, s3.8d

which is a direct result ofs3.2d, s3.3d and the fact thatG is Hermitian. The lemma is proved.
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The solutionQ̃ has been expressed in terms ofGM. According tos3.2d,

s− 1dMGM = p
l=1

M

llS1 − o
i,j=1

M sG−1di jHiHj
*K

l j
D = p

l=1

M

lls1 − s2n + 1dR*G−1Sd , s3.9d

whereR andS areM 3 s2n+1d matrices with

Rij = s2n + 1d−1/2sHid j, Sij = s2n + 1d−1/2li
−1 o

k=1

2n+1

sHid−k. s3.10d

IV. DARBOUX TRANSFORMATION WITH COMPLEX SPECTRAL PARAMETERS

Darboux matrix keeping the reductionss2.14d can be derived by above general construction
together with some more constraints on the spectral parameters and the solutions of the Lax pair.

Let m be a nonzero complex number such that argsmdÞkp / s4n+2d for any integerk. Let
l j =v j−1m, l2n+1+j =v−j+1m s j =1,2,… ,2n+1d. Then all l j and −l j s j =1,2,… ,2s2n+1dd are
distinct. Let h be a column solution ofs2.10d for l=m, Hj =V j−1h, H2n+1+j =V−j+1h
s j =1,2,… ,2n+1d. ThenHj is a solution ofs2.10d for l=l js j =1,2,… ,2s2n+1dd.

We constructG, Gsx,t ,ld, Ũsx,t ,ld, Ṽsx,t ,ld according to Sec. III withM =2s2n+1d.
More explicit expressions ofGi j can be written down from their definitions3.1d. For 1ø i , j

ø2n+1, let

Aij = Gi j =
h*sV*di−1KV j−1h

v−i+1m + v j−1m
= v−i+1 h*KVi+j−2h

m + vi+j−2m
,

Bij = Gi,2n+1+j =
h*sV*di−1KV−j+1h

v−i+1m + v−j+1m
= v−i+1 h*KVi−jh

m + vi−jm
,

Cij = G2n+1+i,j =
h*sV*d−i+1KV j−1h

vi−1m + v j−1m
= vi−1 h*KV j−ih

m + v j−im
,

Dij = G2n+1+i,2n+1+j =
h*sV*d−i+1KV−j+1h

vi−1m + v−j+1m
= vi−1 h*KV−i−j+2h

m + v−i−j+2m
. s4.1d

ThenG is written as a 232 block matrixG= s A
C

B
D

d whereA=sAijd, B=sBijd, C=sCijd, D=sDijd are

s2n+1d3 s2n+1d matrices, andG−1=s Â

Ĉ

B̂

D̂
d where

Â = sA − BD−1Cd−1, B̂ = − A−1BsD − CA−1Bd−1,

Ĉ = − D−1CsA − BD−1Cd−1, D̂ = sD − CA−1Bd−1. s4.2d

Froms4.1d, we know thatD=A, C=B. Hence,s4.2d leads toD̂=Â
¯

, Ĉ=B̂
¯

. Then, froms3.2d, we
have the following.

Lemma 5:Gsx,t ,l̄d=Gsx,t ,ld. Hence the coefficients of each power ofl in Gsx,t ,ld are all
real matrices.

From s4.1d, we get

Ai+1,j−1 = v−1Aij , Bi+1,j+1 = v−1Bij , Ci+1,j+1 = vCij , Di+1,j−1 = vDij . s4.3d

Written equivalently, they are
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JAJ= v−1A, JBJ−1 = v−1B, J−1CJ= v−1C, J−1DJ−1 = v−1D. s4.4d

According tos4.2d,

JÂJ = v−1Â, JB̂J−1 = v−1B̂, J−1ĈJ = v−1Ĉ, J−1D̂J−1 = v−1D̂. s4.5d

Hence

Âi+1,j−1 = v−1Âij , B̂i+1,j+1 = v−1B̂ij , Ĉi+1,j+1 = vĈij , D̂i+1,j−1 = vD̂ij . s4.6d

Lemma 6:VGsx,t ,ldV−1=Gsx,t ,vld.
Proof:

V
Vi−1hsV j−1hd*K

l + v j−1m
V−1 =

vVihsV j−2hd*V*KV−1

vl + v j−2m
=

v−1VihsV j−2hd*K

vl + v j−2m
. s4.7d

Hence,

V o
i,j=1

2n+1

Âij
Vi−1hsV j−1hd*K

l + v j−1m
V−1 = o

i,j=1

2n+1

Âi+1,j−1
VihsV j−2hd*K

vl + v j−2m
= o

i,j=1

2n+1

Âij
Vi−1hsV j−1hd*K

vl + v j−1m

s4.8d

by s4.6d. Similar relations hold for the terms inG with Bij , Cij , and Dij . Moreover,pl=1
2s2n+1dsl

+lld=pl=1
2s2n+1dsvl+lld. Hence, bys3.2d, the lemma is true.

From Lemma 4, Lemma 5, and Lemma 6,Ũ and Ṽ defined bys3.5d are real and satisfy the
relationss2.15d. Moreover, after the Darboux transformation, they must satisfy the integrability
condition s2.11d. Hence, by Lemma 1, we have the following.

Proposition 1: sP̃,Q̃d generated by the Darboux transformation constructed above is a real
solution of (2.12) satisfying the relations (2.14). Therefore, it gives a solution of the A2n

s2d Toda
equation (2.4) or (2.5).

In order to get explicit expressions of the solutions we should derive the explicit expression of
G2s2n+1d. Equations3.2d is too complicated to be computed directly even by computer. Therefore,
we need to represent the matrixG, regarded as a linear transformation, in another basis, so that its
inverse can be computed explicitly.

Let jk=s2n+1d−1/2Vk−1s1,1,… ,1dT, then theith component ofjk is

sjkdi = s2n + 1d−1/2v−sk−1dsi−1d. s4.9d

Using the fact

o
j=1

2n+1

v jk = H0 if k ò 0 mod 2n + 1,

2n + 1 if k ; 0 mod 2n + 1,
s4.10d

we know thatsj1,… ,j2n+1d is an orthonormal basis ofC2n+1.
From s4.1d,

Ajk = akj3−k, Bjk = g2−kjk+1, Cjk = gkjk−1, Djk = a2−kj1−k, s4.11d

where

ak = o
j=1

2n+1
h*KV jh

m + v jm
v−sk−1d j, gk = o

j=1

2n+1
h*KV jh

m + v jm
v−sk−1d j . s4.12d

Using s2.9d, we have h*KV jh=sh*KV jhd* =v−2jh*KV jh, h*KV jh=sh*KV jhdT=v2jh*KV−jh.
Hence

033515-6 Zi-Xiang Zhou J. Math. Phys. 46, 033515 ~2005!

Downloaded 11 Apr 2005 to 218.81.251.67. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



ak = a3−k, gk = g3−k. s4.13d

From s4.2d and s4.11d, we obtain

Âjk = âkj3−k, B̂jk = ĝ2−kjk+1, Ĉjk = ĝkjk−1, D̂jk = â2−kj1−k, s4.14d

where

âk = a3−ksua3−ku2 − ug3−ku2d−1, ĝk = − g3−ksua3−ku2 − ug3−ku2d−1. s4.15d

Let h=sh1,… ,h2n+1dT, then the entries ofHi, H2n+1+i s1ø i ø2n+1d are sHid j =vsi−1ds j−1dhj,
sH2n+1+id j =v−si−1ds j−1dhj. Hence, froms3.10d, for 1ø i , j ø2n+1,

Rij = s2n + 1d−1/2vsi−1ds j−1dhj, R2n+1+i,j = s2n + 1d−1/2v−si−1ds j−1dhj ,

Sij = s2n + 1d−1/2m−1v−si−1d jh−j, S2n+1+i,j = s2n + 1d−1/2m−1vsi−1d jh−j . s4.16d

Written in matrices, theith column of R is shij2−i ,hijidT and the j th column of S is
sm−1h−jj j+1,m−1h−jj1−jdT.

Let

Al = h̄lh−l, Cl = hlh−l . s4.17d

Lemma 7: umu−2s2n+1dG2s2n+1d=1−s2n+1dR*G−1S=diagsg1,… ,g2n+1d where

gj = 1 − 2s2n + 1dReS 1

m

A ja2−j − C jg2−j

ua2−ju2 − ug2−ju2
D . s4.18d

Proof: Using the expressionss3.9d and s4.14d, we have umu−2s2n+1dG2s2n+1d=1−s2n
+1dR*G−1S and

sR*G−1Sdi j = shij2−i
* ,hiji

*dSÂ B̂

Ĉ D̂
DSm−1h−jj j+1

m−1h−jj1−j
D = f idi j , s4.19d

where

f j = m−1h−jshjâ j+1 + hjĝ j+1d + m−1h−jshjâ j+1 + hjĝ j+1d =
1

ua2−ju2 − ug2−ju2
sm−1A ja2−j − m−1C jg2−j

s − m−1C jg2−j + m−1A ja2−jd . s4.20d

The lemma is proved.

According to Lemma 3, we get the entriessq̃1,… ,q̃2n+1d of Q̃ in s2.7d as

q̃j =
gj+1

gj
qj . s4.21d

However, the expression ofgj in s4.18d is still not simple enough. To simplify the expressions
of the solutions, we need the following two lemmas.

Lemma 8:Suppose k−2=s2n+1ds+r where s, r are integers, 1ø r ø2n+1, then

ak =
2n + 1

m2n+1 + m2n+1So
l=1

r

Als− mdr−lm2n+l−r + o
l=r+1

2n+1

Als− md2n+1+r−lml−r−1D ,
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gk =
2n + 1

2m2n+1So
l=1

r

Cls− mdr−lm2n+l−r + o
l=r+1

2n+1

Cls− md2n+1+r−lml−r−1D . s4.22d

Proof: According tos4.12d,

ak = o
j=1

2n+1

o
l=1

2n+1 Alv
−jsk−l−2d

m + v jm
. s4.23d

Let u be a constant withuuu,1. Let

ak
sud = o

j=1

2n+1

o
l=1

2n+1 Alv
−jsk−l−2d

m + uv jm
= o

j=1

2n+1

o
l=1

2n+1

o
r=0

+`

m−1Alv
jsr+2+l−kds− umm−1dr. s4.24d

Using s4.10d we haveo j=1
2n+1v jsr+2+l−kd=0 unlessr+2+l −k;0 mod 2n+1. Let r=k− l −2+s2n

+1ds, then, usingk−2=s2n+1ds+r,

s2n + 1d−1ak
sud = o

l=1

2n+1

o
sù

1
2n+1

sl−k+2d

m−1Als− umm−1dk−l−2+s2n+1ds

= o
l=1

r

o
s=−s

+`

m−1Als− umm−1dk−l−2+s2n+1ds + o
l=r+1

2n+1

o
s=−s+1

+`

m−1

3Als− umm−1dk−l−2+s2n+1ds = o
l=1

r Als− umdr−lm2n+l−r

m2n+1 + sumd2n+1 + o
l=r+1

2n+1 Als− umd2n+1+r−lml−r−1

m2n+1 + sumd2n+1 .

s4.25d

Here a sum is zero if the lower bound is greater than the upper bound. Since argsmd¹ hkp / s4n
+2duk[Zj, by takingu→1, we get the expression ofak in s4.22d. The expression ofgk in s4.22d
is obtained similarly. The lemma is proved.

Lemma 9:For any integer k,

ua2−ku2 − ua1−ku2 − ug2−ku2 + ug1−ku2 = 2s2n + 1dResm−1sAka2−k − Ckg2−kdd . s4.26d

Proof: First suppose −k−1=s2n+1ds+r, 1ø r ø2n, then s2−kd−2=s2n+1ds+r +1, s1−kd
−2=s2n+1ds+r. According to Lemma 8,

a2−k =
2n + 1

m2n+1 + m2n+1So
l=1

r+1

Als− mdr+1−lm2n−1+l−r + o
l=r+2

2n+1

Als− md2n+2+r−lml−r−2D ,

a1−k =
2n + 1

m2n+1 + m2n+1So
l=1

r

Als− mdr−lm2n+l−r + o
l=r+1

2n+1

Als− md2n+1+r−lml−r−1D . s4.27d

Hence

a1−k = − m−1msa2−k − s2n + 1dm−1Ar+1d. s4.28d

This implies

ua2−ku2 − ua1−ku2 = 2s2n + 1dResm−1Ar+1a2−kd − s2n + 1d2umu−2uAr+1u2. s4.29d

Similarly, we have
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− ug2−ku2 + ug1−ku2 = − 2s2n + 1dResm−1Cr+1g2−kd + s2n + 1d2umu−2uCr+1u2. s4.30d

SinceuCr+1u2= uAr+1u2,

ua2−ku2 − ua1−ku2 − ug2−ku2 + ug1−ku2 = 2s2n + 1dResm−1Ar+1a2−kd − 2s2n + 1dResm−1Cr+1g2−kd.

s4.31d

According tos4.17d, Ar+1=Ak, Cr+1=Ck. Hences4.26d holds.
If −k−1;0 mod 2n+1, s4.28d still holds. The same result is obtained. This proves the lemma.
From s4.18d and s4.26d,

gk = 1 −
2s2n + 1d

ua2−ku2 − ug2−ku2
ReSAka2−k − Ckg2−k

m
D =

ua1−ku2 − ug1−ku2

ua2−ku2 − ug2−ku2
. s4.32d

Using s4.21d, we get the transformation of the solution ofs2.12d,

q̃k =
hkhk+2

hk+1
2 qk, s4.33d

Wherehk= ua2−ku2− ug2−ku2.
Remark 1:From (4.13), the equalityh1−k=hk always holds. Hence q̃−k−1= q̃k holds provided

that q−k−1=qk holds. This means that the Darboux transformation does not change the natural
relation (2.17).

hk’s can be written down explicitly. Fork=1,2,… ,n+1, we haves2−kd−2=−s2n+1d+2n
+1−k. The first equation ofs4.27d can be written as

a2−k =
2n + 1

m2n+1 + m2n+1S o
l=1

2n+1−k

Als− md2n+1−k−lmk+l−1 + o
l=2n+2−k

2n+1

Als− md4n+2−k−lmk+l−2n−2D .

s4.34d

Similarly,

g2−k =
2n + 1

2m2n+1S o
l=1

2n+1−k

Cls− md2n+1−k−lmk+l−1 + o
l=2n+2−k

2n+1

Cls− md4n+2−k−lmk+l−2n−2D
= −

2n + 1

2m
S o

l=1

2n+1−k

Cls− 1dk+l − o
l=2n+2−k

2n+1

Cls− 1dk+lD . s4.35d

Equations4.33d leads to the transformation of the solutionsũ1,… ,ũnd of s2.4d or s2.5d as

ũk = uk + ln
hk+1

hk
s1 ø k ø nd s4.36d

If h1,… ,hn have the same sign.
In summary, we have the following theorem.
Theorem 1: Supposesu1,… ,und is a solution of (2.4) or (2.5). Letm[C \ h0j such that

argsmdÞkp / s4n+2d for any inter k. Let h=sh1,… ,h2n+1dT be a column solution ofs2.10d for l
=m. Let l j =v j−1m, l2n+1+j =v−j+1m, Hj =V j−1h, H2n+1+j =V−j+1hs j =1,2,… ,2n+1d. Define Gi j

=Hi
*KHj / sli +l jd (i , j =1,… ,2s2n+1d). Let Gsx,t ,ld be defined bys3.2d with M=2s2n+1d. Then

G is a Darboux matrix for (2.10) in the sense that for any solutionF of (2.10),F̃=GF satisfies

F̃x = slJ + P̃dF̃, F̃t = l−1Q̃F̃, s4.37d

where P̃=P+fJ,G1g, Q̃=G2s2n+1dQG2s2n+1d
−1 .
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Let

zk =
1

um2n+1 + m2n+1u2
U o

l=1

2n+1−k

hlh−ls− md2n+1−k−lmk+l−1 + o
l=2n+2−k

2n+1

hlh−ls− md4n+2−k−lmk+l−2n−2U2

−
1

4umu2U o
l=1

2n+1−k

hlh−ls− 1dk+l − o
l=2n+2−k

2n+1

hlh−ls− 1dk+lU2

, s4.38d

then in the region wherez1,… ,zn have the same sign, the new solutionsũ1,… ,ũnd of (2.4) or (2.5)
is given by

ũk = uk + ln
zk+1

zk
sk = 1,2,…,nd. s4.39d

V. DARBOUX TRANSFORMATION WITH A REAL SPECTRAL PARAMETER

Now suppose a spectral parameter in constructing Darboux matrix is real. Considering the
symmetries in Lemma 2, the Darboux matrix can be derived as follows.

Let m be a nonzero real number,l j =v j−1ms j =1,2,… ,2n+1d, then alll j, −l j s j =1,… ,2n
+1d are distinct. Leth be a column solution ofs2.10d for l=m, Hj =V j−1h, s j =1,2,… ,2n+1d.
ThenHj is a solution ofs2.10d for l=l j s j =1,2,… ,2n+1d.

According to Sec. III forM =2n+1, we can also constructG andGsx,t ,ld. From s3.1d,

Gi j =
h*sV*di−1KV j−1h

v−i+1m + v j−1m
= v−i+1 h*KVi+j−2h

m + vi+j−2m
. s5.1d

Now

Gjk = akj3−k, ak = o
j=1

2n+1
h*KV jh

m + v jm
v−sk−1d j, G−1jk = âkj3−k, âk = a3−k

−1 . s5.2d

Lemma 10:Gsx,t ,l̄d=Gsx,t ,ld.

Proof: Sincel2−i =li, H2−i =Hi, we have

G2−i,2−j =
H2−i

* KH2−j

l2−j + l2−i

=
Hi

*KHj

li + l j

= Gi j . s5.3d

Let L be a constant matrix such thatL11=1, Li+1,1−i =1 si =1,2,… ,2nd andLij =0 for othersi , jd.
ThenG satisfiesLGL=G. This leads toLG−1L=G−1. Therefore,

o
i,j=1

2n+1 S sG−1di jHiHj
*K

l + l j
D = o

i,j=1

2n+1
sG−1d2−i,2−jH2−iH2−j

* K

l + l2−j

= o
i,j=1

2n+1
sG−1di jHiHj

*K

l + l j

. s5.4d

The lemma is proved.
Hence, the coefficients of each power ofl in Gsx,t ,ld are all real matrices.
Similar to Lemma 6, we have

VGsx,t,ldV−1 = Gsx,t,vld. s5.5d

From Lemma 4, Lemma 10, ands5.5d, Ũ and Ṽ defined bys3.5d satisfy the relationss2.15d.
Let h=sh1,… ,h2n+1dT, then

Rij = s2n + 1d−1/2vsi−1ds j−1dhj, Sij = s2n + 1d−1/2m−1v−si−1d jh−j . s5.6d

Written in matrices, theith column ofR is hij2−i, and thej th column ofS is m−1h−jj j+1.

033515-10 Zi-Xiang Zhou J. Math. Phys. 46, 033515 ~2005!

Downloaded 11 Apr 2005 to 218.81.251.67. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



Therefore, −m−2n−1G2n+1=1−s2n+1dR*G−1S=diagsg1,… ,g2n+1d where

gj = 1 − s2n + 1dm−1hjh−j/a2−j . s5.7d

Similar to Lemma 8,ak can be expressed as

ak =
2n + 1

2m2n+1So
l=1

r

Als− mdr−lm2n+l−r + o
l=r+1

2n+1

Als− md2n+1+r−lml−r−1D
=

2n + 1

2m
So

l=1

r

s− 1dr−lAl − o
l=r+1

2n+1

s− 1dr−lAlD , s5.8d

whereAl =hlh−l andk−2=s2n+1ds+r with s, r [Z and 1ø r ø2n+1.
From s5.8d, we geta2−k+a1−k=s2n+1dm−1Ak corresponding to Lemma 9. Froms5.7d, gk=1

−s2n+1dm−1Aka2−k
−1 =−a1−ka2−k

−1 . Hence,q̃k=shkhk+2/hk+1
2 dqk wherehk=a2−k.

Sinces2−kd−2=−s2n+1ds+2n+1−k, s5.8d leads to

hk = a2−k = −
2n + 1

2m
S o

l=1

2n+1−k

s− 1dk+lAl − o
l=2n+2−k

2n+1

s− 1dk+lAlD s5.9d

sk=1,2,… ,n+1d. Finally,

ũk = uk + ln
hk+1

hk
. s5.10d

If h1,… ,hn have the same sign.
The above results are summarized in the following theorem.
Theorem 2: Supposesu1,… ,und is a solution of (2.4) or (2.5). Letm[R \ h0j. Let h

=sh1,… ,h2n+1dT be a real column solution of (2.10) forl=m. Let l j =v j−1m, Hj =V j−1h s j
=1,2,… ,2n+1d. DefineGi j =Hi

*KHj / sli +l jd (i , j =1,… ,2n+1). Let Gsx,t ,ld be defined by (3.2)
with M=2n+1. Then G is a Darboux matrix for (2.10) in the sense that for any solutionF of

(2.10), F̃=GF satisfies

F̃x = slJ + P̃dF̃, F̃t = l−1Q̃F̃, s5.11d

Where P̃=P+fJ,G1g, Q̃=G2n+1QG2n+1
−1 .

Let

zk = o
l=1

2n+1−k

s− 1dk+lhlh−l − o
l=2n+2−k

2n+1

s− 1dk+lhlh−l s5.12d

then in the region wherez1,… ,zn have the same sign, the new solutionsũ1,… ,ũnd of (2.4) or (2.5)
is given by

ũk = uk + ln
zk+1

zk
sk = 1,2,…,nd. s5.13d

VI. APPLICATION TO THE TZITZEICA EQUATION

The Tzitzeica equation

uxt = eu − e−2u s6.1d

is a special two dimensional Toda equation withn=1.
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Supposeu is a solution ofs6.1d andh=sh1,h2,h3dT is a column solution of its Lax pair for
l=m. Using Theorem 1 and Theorem 2, we get the new solution ofs6.1d. Whenm is taken as a
complex number,

ũ = u + ln
4umu2um2h1h2 + m2h1h2 − umu2uh3u3u2 − sm3 + m3d2u2h1h2 − h3

2u2

s2umu2mh1h2 − 2umu2mh1h2 + sm3 − m3duh3u2d2 . s6.2d

Whenm is a real number,

ũ = u + ln
2h1h2 − h3

2

h3
2 . s6.3d

Equations6.3d is similar to that given by Ref. 17.
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