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For finite dimensional Hamiltonian systems derived from 111 dimensional inte-
grable systems, if they have Lax representations, then the Lax operator creates a set
of conserved integrals. When these conserved integrals are in involution, it is be-
lieved quite popularly that there will be enough functionally independent ones
among them to guarantee the Liouville integrability of the Hamiltonian systems, at
least for those derived from physical problems. In this article, we give a counter-
example based on theU(2) principal chiral field. It is proved that the finite dimen-
sional Hamiltonian systems derived from theU(2) principal chiral field are Liou-
ville integrable. Moreover, their Lax operator gives a set of involutive conserved
integrals, but they are not enough to guarantee the integrability of the Hamiltonian
systems. ©2002 American Institute of Physics.@DOI: 10.1063/1.1501446#

I. INTRODUCTION

For many 111 dimensional integrable systems, the nonlinearization method can be appl
get finite dimensional~110 dimensional! Hamiltonian systems.1 Usually these Hamiltonian sys
tems have Lax representations so that the involutive conserved integrals can be obtained
way the original nonlinear partial differential equations are changed to systems of non
ordinary differential equations.2–8 Many interesting exact solutions, especially quasi-periodic
lutions, were obtained in this way.

For a finite dimensional Hamiltonian system, if it can be written in the Lax form as

d

dt
L~l!5@M ~l!,L~l!#, ~1.1!

then the conserved integrals are easily derived from the coefficients of tr(Lk(l))’s (k>1) when
they are expanded as Laurent series ofl. Usually the number of these coefficients is infinite. It
believed quite popularly that when these conserved integrals are in involution, there w
enough functionally independent ones among them to guarantee the Liouville integrability
Hamiltonian systems. Indeed, this is the case for most known physically interesting systems
as the equations in the AKNS system, Kaup–Newell system and many other examples inc
those derived from 211 dimensional integrable systems.3,4,7,9–11

However, we will give a counterexample in this article to show that this is not always t
This counterexample is based on a well-known physical model–theU(n) principal chiral field

@or, mathematically, the harmonic map fromR1,1 to U(n)]. 12–16 In this article, the equation o
U(n) principal chiral field can be first reduced to a set of Hamiltonian systems by the sta
procedure of the nonlinearization method. This will be done in Secs. II and III. Then, in Se
we show that there are not enough conserved integrals in those given by tr(Lk(l))’s to guarantee
the Liouville integrability of the systems. In Sec. V, it is proved that these Hamiltonian system
actually Liouville integrable forn52. That is, they still have a full set of involutive and indepe
dent conserved integrals. These conserved integrals are obtained from trLk(l) and other obvious

a!Electronic mail: zxzhou@guomai.sh.cn
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conserved integrals. Whenn.2, it is still open whether one can find enough involutive a
independent conserved integrals by adding some obvious ones to trLk(l)’s. Therefore, at least for
n52, the Hamiltonian systems derived from theU(2) principal chiral field are Liouville inte-
grable, but their conserved integrals for Liouville integrability can not be fully obtained f
trLk(l).

II. HAMILTONIAN SYSTEMS DERIVED FROM U„n … PRINCIPAL CHIRAL FIELD

The equation for theU(n) principal chiral field is

~gxg
21! t1~gtg

21!x50, ~2.1!

where the fieldg(x,t)PU(n). Write

P5gxg
21, Q5gtg

21. ~2.2!

ThenP,QPu(n) ~i.e., P* 1P50, Q* 1Q50! and ~2.1! becomes

Pt1Qx50, Pt2Qx1@P,Q#50. ~2.3!

Here the second equation is the integrability condition of~2.2!.
It is known that~2.3! has a Lax pair

Fx5
1

12l
PF, F t5

1

11l
QF, ~2.4!

wherel is a complex spectral parameter.
Now we write down the corresponding finite dimensional Hamiltonian systems and thei

operators.
Let l1 ,...,lN beN distinct real constants withl jÞ61 ( j 51,...,N), and let (f1a ,...,fna)T

be an arbitrary solution of the Lax pair~2.4! with l5la , L5diag(l1,...,lN), F j

5(f j 1 ,...,f jN)T. Let

L5 (
a51

N
1

l2la S f̄1af1a f̄2af1a ¯ f̄naf1a

] ] � ]

f̄1afna f̄2afna ¯ f̄nafna

D . ~2.5!

ExpandL to power series of 12l and 11l, respectively:

L5L (1)5 (
k51

`

~12l!k21S ^F1 ,~12L!2kF1& ¯ ^Fn ,~12L!2kF1&

] � ]

^F1 ,~12L!2kFn& ¯ ^Fn ,~12L!2kFn&
D ,

~2.6!

L5L (2)52 (
k51

`

~11l!k21S ^F1 ,~11L!2kF1& ¯ ^Fn ,~11L!2kF1&

] � ]

^F1 ,~11L!2kFn& ¯ ^Fn ,~11L!2kFn&
D ,

where the inner product̂V1 ,V2& of two vectors is defined asV1* V2 . The first series converge
when ul21u, min

1<a<N
ula21u and the second one converges whenul11u, min

1<a<N
ula11u.

Lemma 1:If

Pjk5 i^Fk ,~12L!21F j&, Qjk5 i^Fk ,~11L!21F j&, ~2.7!
 23 Sep 2002 to 144.214.74.47. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp



ns

-

he
.

5004 J. Math. Phys., Vol. 43, No. 10, October 2002 Zixiang Zhou

Downloaded
then

Lx5
1

12l
@P,L#, Lt5

1

11l
@Q,L#, ~2.8!

and (P,Q) gives a solution of (2.3).
Proof: Let fa5(f1a ,...,fna)T. Then

L5 (
a51

N
1

l2la
fafa* . ~2.9!

SinceP* 52P andla’s are real,

Lx5 (
a51

N
1

l2la
S fa

1

12la
fa* P* 1

1

12la
Pfafa* D

5 (
a51

N
1

l2la

1

12la
@P,fafa* #

5 (
a51

N S 1

l2la

1

12l
2

1

12la

1

12l D @P,fafa* #5
1

12l
@P,L#. ~2.10!

The last equality holds due to~2.7!. The equation forLt in ~2.8! is derived similarly. Finally, by
computing the integrability conditionLxt5Ltx from ~2.8! or substituting~2.7! into ~2.3! directly,
we know that (P,Q) satisfies~2.3!. The lemma is proved.

Now we always suppose~2.7! holds for theU(n) principal chiral field, which gives the
nonlinear constraints. Substituting~2.7! into ~2.4!, we get a system of partial differential equatio

F j ,x5 i~12L!21(
k51

n

^Fk ,~12L!21F j&Fk ,

~2.11!

F j ,t5 i~11L!21(
k51

n

^Fk ,~11L!21F j&Fk ,

which can be studied as two systems of ordinary differential equations whent andx are consid-
ered as constants, respectively.

Now f11,f12,...,f1N ,...,fn1 ,fn2 ,...,fnN and their complex conjugations form the com
plex coordinates ofR2nN. In this R2nN, let v be the standard symplectic form

v52(
j 51

n

(
a51

N

d Im~f j a!`d Re~f j a!5 i(
j 51

n

(
a51

N

df̄ j a`df j a . ~2.12!

Then the corresponding Poisson bracket for two functionsf andg is

$ f ,g%5
1

i (
j 51

n

(
a51

N S ] f

]f j a

]g

]f̄ j a

2
]g

]f j a

] f

]f̄ j a
D . ~2.13!

From ~2.8!, the coefficients of (12l) j ( j 50,1,2,...) in tr(L (1))k (k51,2,...) and thecoeffi-
cients of (11l) j ( j 50,1,2,...) in tr(L (2))k (k51,2,...) are allconserved. Suppose

tr~L (1)!m5 (
k51

`

~12l!k21E mk
(1) , tr~L (2)!m5~21!m(

k51

`

~11l!k21E mk
(2) . ~2.14!

Since trP5 iE 11
(1) and trQ5 iE 11

(2) , both trP and trQ are conserved. On the other hand, t
Hamiltonians for Eqs.~2.11! are given byE 21

(1) and E 21
(2) according to the following lemma
 23 Sep 2002 to 144.214.74.47. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp
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Moreover, direct computation shows that they commute with each other under the Poisson b
~2.13! ~this can also be derived directly from Lemma 3 in Sec. III!.

Lemma 2: The Hamiltonians for the x-equation and the t-equation of (2.11) are given by

Hx52 1
2 E 21

(1)52 1
2 (

j ,k51

n

^Fk ,~12L!21F j&^F j ,~12L!21Fk&,

~2.15!

Ht52 1
2 E 21

(2)52 1
2 (

j ,k51

n

^Fk ,~11L!21F j&^F j ,~11L!21Fk&,

respectively. That is, (2.11) is equivalent to the Hamiltonian equations

if j a,x5
]Hx

]f̄ j a

, 2 if̄ j a,x5
]Hx

]f j a
, if j a,t5

]Ht

]f̄ j a

, 2 if̄ j a,t5
]Ht

]f j a
. ~2.16!

Moreover, $Hx,Ht%50.
Remark 1: The above procedure can also be used for the harmonic map fromR2 to U(n). In

this case, the equation is

~gzg
21! z̄1~gz̄g

21!z50, ~2.17!

where z is the complex coordinate ofR2, g(z,z̄)PU(n). The Lax pair is

Fz5
1

12 il
gzg

21F, F z̄5
1

11 il
gz̄g

21F, ~2.18!

wherel is a complex spectral parameter. Using the same method in this section, we can al
finite dimensional Hamiltonian systems whose Lax operator is completely the same as (2..

III. CONSERVED INTEGRALS

Lemma 3: With the Poisson bracket (2.13), the following two conclusions hold.
(1) For any two complex numbersl, m and two positive integers k, l ,

$trLk~l!,trLl~m!%50. ~3.1!

(2) For any complex numberl and integers j, k, l with 1< j ,k<n,

$^F j ,Fk&,trL
l~l!%50. ~3.2!

This can be verified by direct computation of the Poisson brackets and was given in Re
Suppose the eigenvalues ofL(l) aren1(l), n2(l),...,nn(l). Then

trLk~l!5n1
k~l!1¯1nn

k~l!, ~k51,2,...!,
~3.3!

det~m2L~l!!5mn2p1~l!mn211¯1~21!npn~l!,

for any complex numberm where

pk~l!5 (
1< j 1,¯, j k<n

n j 1
~l!¯n j k

~l! ~3.4!

is the sum of all the determinants of the principal submatrices ofL(l) of orderk. Hence trLk(l)
(k51,2,...) areuniquely determined bypk(l) (k51,2,...,n) and vise versa. Moreover, tr(L (1))k

and tr(L (2))k in ~2.14! can all be uniquely determined bypk(l) (k51,2,...,n).
 23 Sep 2002 to 144.214.74.47. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp
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Eachpk(l) is a holomorphic function ofl nearl5`. Let

pm~l!5 (
k50

`

Ek
(m)l2k2m. ~3.5!

Then

Ek
(m)5 (

1< i 1,¯, i m<n
(

r 11¯1r m5k
r 1 , ¯ ,r m>0

U ^F i 1
,L r 1F i 1

& ^F i 2
,L r 2F i 1

& ¯ ^F i m
,L r mF i 1

&

^F i 1
,L r 1F i 2

& ^F i 2
,L r 2F i 2

& ¯ ^F i m
,L r mF i 2

&

A A � A

^F i 1
,L r 1F i m

& ^F i 2
,L r 2F i m

& ¯ ^F i m
,L r mF i m

&

U
5 (

1< i 1,¯, i m<n
(

r 11¯1r m5k
r 1 , ¯ ,r m>0

(
a1 , ¯ ,am51

aaÞab for aÞb

N

la1

r 1
¯lam

r m

3U f̄ i 1a1
f i 1a1

f̄ i 2a2
f i 1a2

¯ f̄ i mam
f i 1am

f̄ i 1a1
f i 2a1

f̄ i 2a2
f i 2a2

¯ f̄ i mam
f i 2am

A A � A

f̄ i 1a1
f i ma1

f̄ i 2a2
f i ma2

¯ f̄ i mam
f i mam

U . ~3.6!

In the last summation, the condition ‘‘aaÞab for aÞb’’ is added since the determinants wit
aa5ab (aÞb) are all zero.

Remark 2: When m>N11, the last summation in (3.6) for‘‘1 <a1 ,...,am<N with aa

Þab for aÞb’’ is empty. This means that Ek
(m)[0 for m>N11.

According to~2.8!, all Ek
(m)’s are conserved.

From the first part of Lemma 3, allEk
(m)’s are in involution. The second part of Lemma

implies that all^F j ,Fk& ’s commute withEk
(m)’s. However, thesêF j ,Fk& ’s may not commute

with each other.
Remark 3: For the Heisenberg ferromagnetic equation, the x-equation of its Lax pair is

similar to that of the U(2) principal chiral field. The nonlinearization for this equation was de
with in Ref. 2 and a set of involutive conserved integrals was obtained there.

Remark 4: SincetrP, trQ are conserved, if(P,Q) is a solution of (2.3) in u(n), then

P85P2
1

n
trP, Q85Q2

1

n
trQ ~3.7!

gives a solution of the same equation (2.3) in su(n).

IV. DEPENDENCE OF CONSERVED INTEGRALS

In order to consider the integrability of the Hamiltonian systems, we should find a full s
involutive and independent conserved integrals. Unlike many other cases, here we cannot g
set of independent conserved integrals simply from trLk(l)’s.

For further discussion, we need the following lemma.
Lemma 4: Suppose k, m are two integers with k>0 and m>2, and m1 ,...,mm are distinct

complex numbers. Then
 23 Sep 2002 to 144.214.74.47. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp
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(
j 51

m

m j
k)
r 51
rÞ j

m

~m j2m r !
215H 0 if k,m21,

(
p11¯1pm5k2m11

p1 , ¯ ,pm>0

m1
p1
¯mm

pm if k>m21. ~4.1!

Proof: Let

f ~z!5zk)
r 51

m

~z2m r !
21. ~4.2!

Then f (z) is a meromorphic function ofz with polesm1 ,...,mm . Let CR be a circle with radius
R, center 0 and positive orientation. Then, whenR.max1<j<mumju,

1

2p i ECR

f ~z!dz5(
j 51

m

Res
z5m j

f ~z!5(
j 51

m

m j
k)
r 51
rÞ j

m

~m j2m r !
21. ~4.3!

On the other hand, letj5z21. Then

1

2p i ECR

f ~z!dz5 lim
R→`

1

2p i EC1/R

jm2k22)
r 51

m

~12m rj!21dj

5H 0 if k2m11,0,

(
p11¯1pm5k2m11

p1 , ¯ ,pm>0

m1
p1
¯mm

pm if k2m11>0 ~4.4!

by expanding all the terms (12m jj)21 at j50. The lemma is proved.
Theorem 1:For 1<m<n, there are at mostmax(0,N2m11) linearly independent functions

in Ek
(m) (k50,1,2,...). Therefore, the number of linearly independent functions in Ek

(m) ~m
51,2,...,n; k50,1,2,...! cannot exceed nN2 1

2n(n21) if N>n or 1
2N(N11) if N,n.

Proof: According to Remark 2,Ek
(m)[0 for m>N11. Hence we always supposem<N.

By definition, L5diag(l1,...,lN), l jÞlk ( j Þk). Clearly, for any non-negative integer
(k1 ,...,kl) with kiÞkj ( iÞ j ) and l>N11, Ek1

(1) ,...,Ekl

(1) are linearly dependent. On the oth

hand, since the Van de Monde determinant ofl1 ,...,lN is not zero, there are exactlyN indepen-
dent functions inEk

(1) (k50,1,2,...).
For m>2, we show that there are at mostN2m11 independent functions inEk

(m) (k
50,1,2,...) for fixed m.

Let k1 ,...,kN be N arbitrary distinct non-negative integers. For fixeds with 0<s<m22, let
(g1

(s) , ...,gN
(s)) be a solution of the linear algebraic system

(
j 51

N

la
kj 1m21g j

(s)5la
s ~a51,2,...,N!. ~4.5!

Since the coefficient matrix in~4.5! is (la
kj 1m11)a, j 51,...,N which is invertible, (g1

(s) , ...,gN
(s))

exists uniquely.
Let

Fs
(m)5(

j 51

N

g j
(s)Ekj

(m) ~s50,1,...,m22!. ~4.6!

Then
 23 Sep 2002 to 144.214.74.47. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp
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Fs
(m)5(

j 51

N

(
1< i 1,¯, i m<n

(
r 11¯1r m5kj
r 1 , ¯ ,r m>0

(
a1 , ¯ ,am51

aaÞab for aÞb

N

g j
(s)la1

r 1
¯lam

r m

3U f̄ i 1a1
f i 1a1

f̄ i 2a2
f i 1a2

¯ f̄ i mam
f i 1am

f̄ i 1a1
f i 2a1

f̄ i 2a2
f i 2a2

¯ f̄ i mam
f i 2am

] ] � ]

f̄ i 1a1
f i ma1

f̄ i 2a2
f i ma2

¯ f̄ i mam
f i mam

U . ~4.7!

For fixed i 1 ,...,i m , a1 ,...,am ands with 0<s<m22, let

D5(
j 51

N

(
r 11...1r m5kj

r 1 ,...,r m>0

g j
(s)la1

r 1
¯lam

r m . ~4.8!

Then

D5(
j 51

N

g j
(s) (

a51

m

laa

kj 1m21)
r 51
rÞa

m

~laa
2lar

!21 ~4.9!

by Lemma 4. The relations~4.5! imply

D5 (
a51

m

laa

s )
r 51
rÞa

m

~laa
2lar

!21. ~4.10!

Using Lemma 4 again, we getD50 for s50,1,2,...,m22. Hence

F0
(m)5F1

(m)5¯5Fm22
(m) 50. ~4.11!

By ~4.5!, the matrix (g j
(s))1< j <N; 0<s<m22 has rankm21. HenceEkj

(m) ~j 51,2,...,N) satisfy m

21 independent linear relations for fixedm. This means that there are at mostN2m11 inde-
pendent functions inN functionsEkj

(m) for fixed m.

Sincek1 ,...,kN are arbitrary, there are at mostN2m11 independent functions inEk
(m) (k

50,1,2,...).
The total number of possible linearly independent functions inEk

(m) ~m51,2,...,n; k
50,1,2,...! is

(
m51

n

~N2m11!5nN2 1
2 n~n21! ~4.12!

for N>n and

(
m51

N

~N2m11!5 1
2 N~N11! ~4.13!

for N,n. The theorem is proved.
A completely integrable Hamiltonian system inR2nN needsnN independent involutive con

served integrals. Hence the above theorem shows that it is not possible to find enough con
integrals only fromEk

(m)’s for Liouville integrability.
 23 Sep 2002 to 144.214.74.47. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp
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V. LIOUVILLE INTEGRABILITY OF THE HAMILTONIAN SYSTEMS

In general, we have not been able to determine whether the Hamiltonian systems for theU(n)
principal chiral field are Liouville integrable or not. However, whenn52, the answer is positive

Hereafter, we supposen52. Therefore, we want to find 2N independent conserved integra
for the Hamiltonian systems inR4N.

If N51, let

Ẽ0
(1)5E0

(1)5^F1 ,F1&1^F2 ,F2&,
~5.1!

Ẽ0
(2)5^F1 ,F2&1^F2 ,F1&.

If N>2, let

Ẽk
(1)5Ek

(1)5^F1 ,LkF1&1^F2 ,LkF2& ~k50,1,...,N21!,
~5.2!

Ẽk
(2)5Ek

(2)5(
j 50

k U^F1 ,L jF1& ^F2 ,Lk2 jF1&

^F1 ,L jF2& ^F2 ,Lk2 jF2&
U ~k50,1,...,N22!,

ẼN21
(2) 5^F1 ,F2&1^F2 ,F1&.

Here the last one is chosen to be^F1 ,F2&1^F2 ,F1& because all the conserved integrals sho
take real value.

Theorem 2: When n52, Ẽk
(m) (m51,2;k50,1,...,N21) are in involution and are function-

ally independent in a dense open subset ofR4N.
Proof: By Lemma 3,Ẽk

(m) (m51,2;k50,1,...,N21) are in involution.
It is obvious that they are independent forN51. Hence we supposeN>2. Let a1a (a

51,2,...,N) be N nonzero real numbers,

a2a5a1a
21 )

b51
bÞa

N

~la2lb!21 ~a51,2,...,N!. ~5.3!

Then Lemma 4 implies

(
b51

N

lb
k ā2ba1b50 ~k50,1,...,N22!,

~5.4!

(
b51

N

lb
N21ā2ba1b51.

Let P0PR4N be given byf1b5a1b , f2b5ea2b (b51,2,...,N). Heree is a nonzero small
real constant to be determined. Then, atP0 ,

]Ẽk
(1)

]f̄1a

5la
k f1a ,

]Ẽk
(1)

]f̄2a

5la
k f2a ~k50,1,...,N21!,

]Ẽk
(2)

]f̄1a

5(
j 50

k Ula
j f1a (

b51

N

lb
k2 j f̄2bf1b

la
j f2a (

b51

N

lb
k2 j uf2bu2

U5(
j 50

k

r 2,k2 jla
j f1a , ~5.5!
 23 Sep 2002 to 144.214.74.47. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp
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]Ẽk
(2)

]f̄2a

5(
j 50

k U (
b51

N

lb
k2 j uf1bu2 la

j f1a

(
b51

N

lb
k2 j f̄1bf2b la

j f2a
U5(

j 50

k

r 1,k2 jla
j f2a ~k50,1,...,N22!,

]ẼN21
(2)

]f̄1a

5f2a,

]ẼN21
(2)

]f̄2a

5f1a

by using~5.4! where

r jk5 (
b51

N

lb
k uf j bu2. ~5.6!

Let J be the Jacobian matrix

J5
]~Ẽ0

(1) ,...,ẼN21
(1) ,Ẽ0

(2) ,...,ẼN21
(2) !

]~f̄11,...,f̄1N ,f̄21,...,f̄2N!
U

P0

. ~5.7!

Denote ROWj to be thej th row of J. Take the elementary transformations for the rows oJ
as follows:

~1! k from 1 to N21:

ROWN1k2 (
j 50

k21

r 2,k212 jROWj 11→ROWN1k ,

~2! k from 2 to N21:

ROWN1k2 (
j 51

k21
r 1 j2r 2 j

r 102r 20
ROWN1k2 j→ROWN1k ,

~5.8!

~3! k from 1 to N21:

~r 102r 20!
21ROWN1k→ROWN1k ,

~4! k from 1 to N21:

ROWk2ROWN1k→ROWk .

ThenJ is transformed to
 23 Sep 2002 to 144.214.74.47. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp
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Downloa
J̃51
f11 f12 ¯ f1N 0 0 ¯ 0

l1f11 l2f12 ¯ lNf1N 0 0 ¯ 0

A A � A A A � A

l1
N22f11 l2

N22f12 ¯ lN
N22f1N 0 0 ¯ 0

l1
N21f11 l2

N21f12 ¯ lN
N21f1N l1

N21f21 l2
N21f22 ¯ lN

N21f2N

0 0 ¯ 0 f21 f22 ¯ f2N

0 0 ¯ 0 l1f21 l2f22 ¯ lNf2N

A A � A A A � A

0 0 ¯ 0 l1
N22f21 l2

N22f22 ¯ lN
N22f2N

f21 f22 ¯ f2N f11 f12 ¯ f1N

2 .

~5.9!

Let

T5S T2

T1
D , ~5.10!

where

Tj5S l1
N21f̄ j 1 l1

N22f̄ j 1 ¯ f̄ j 1

l2
N21f̄ j 2 l2

N22f̄ j 2 ¯ f̄ j 2

A A � A

lN
N21f̄ jN lN

N22f̄ jN ¯ f̄ jN

DU
P0

~ j 51,2!. ~5.11!

Then

detT5 )
1<a,b<N

~la2lb!2)
g51

N

f̄1gf̄2guP0
Þ0. ~5.12!

Using the relations~5.4!, we have, atP0 ,

J̃T51
r 0 ¯ 0 0 0 0 ¯ 0 0

* r ¯ 0 0 0 0 ¯ 0 0

A A A A A A A A

* * ¯ r 0 0 0 ¯ 0 0

* * ¯ * r * * ¯ * r̄

0 0 ¯ 0 0 r 0 ¯ 0 0

0 0 ¯ 0 0 * r ¯ 0 0

A A A A A A A A

0 0 ¯ 0 0 * * ¯ r 0

* * ¯ * (
j 51

N

uf2 j u2 * * ¯ * (
j 51

N

uf1 j u2

2 , ~5.13!

where
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Downloaded
r5 (
b51

N

lb
N21f̄2bf1bU

P0

5eÞ0 ~5.14!

and* represents the entries which may not be zero.
Hence, atP0 ,

~r 102r 20!
2N11 det~JT!5det~ J̃T!5r2N22S r(

j 51

N

uf1 j u22 r̄(
j 51

N

uf2 j u2D
5e2N21S (

j 51

N

a1 j
2 2e2(

j 51

N

a2 j
2 D . ~5.15!

It is not zero whene is small enough. Since detJ is a real analytical function onR4N, detJ is not
zero in a dense open subset ofR4N. The theorem is proved.

Remark 5: Although the constraint here is of Bargmann type, the proof of the independe
the conserved integrals is not so simple as in the AKNS system. In that case, P0 is simply chosen
as a point near0. However, here L(l) is homogeneous to allF j ’s so the choice of P0 near0 does
not have any effect on the simplification of the computation on J.

The Liouville integrability of theU(2) principal chiral field follows from Lemma 2 and
Theorem 2. It is given by the following theorem.

Theorem 3: When n52, the Hamiltonian systems given by~2.15! are completely integrable in
the Liouville sense. Each solution of the Hamiltonian systems~2.15! gives a solution(P,Q) of
~2.3!, the equation of the U(2) principal chiral field, and(P2 1

2trP,Q2 1
2trQ) is a solution of the

SU(2) principal chiral field.
Remark 6: Theorem 1 implies that one needs at least n(n11)/2 extra conserved integrals

together with Ek
(m)’ s to form a full set of conserved integrals for the complete integrability of

Hamiltonian systems. According to Lemma 3, all^Fk ,F j& ’ s commute with Ek
(m) . However, two

elements in$^Fk ,F j&% may not commute with each other. Therefore, it is not obvious how to
at least n(n11)/2 extra conserved integrals to Ek

(m) in general.
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