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For finite dimensional Hamiltonian systems derived from 1l dimensional inte-
grable systems, if they have Lax representations, then the Lax operator creates a set
of conserved integrals. When these conserved integrals are in involution, it is be-
lieved quite popularly that there will be enough functionally independent ones
among them to guarantee the Liouville integrability of the Hamiltonian systems, at
least for those derived from physical problems. In this article, we give a counter-
example based on thé(2) principal chiral field. It is proved that the finite dimen-
sional Hamiltonian systems derived from tbi€2) principal chiral field are Liou-

ville integrable. Moreover, their Lax operator gives a set of involutive conserved
integrals, but they are not enough to guarantee the integrability of the Hamiltonian
systems. ©2002 American Institute of Physic§DOI: 10.1063/1.1501446

[. INTRODUCTION

For many 1 dimensional integrable systems, the nonlinearization method can be applied to
get finite dimensionall+0 dimensiongl Hamiltonian system$.Usually these Hamiltonian sys-
tems have Lax representations so that the involutive conserved integrals can be obtained. In this
way the original nonlinear partial differential equations are changed to systems of nonlinear
ordinary differential equatior’s.® Many interesting exact solutions, especially quasi-periodic so-
lutions, were obtained in this way.

For a finite dimensional Hamiltonian system, if it can be written in the Lax form as

d
gt =IM(A),.LMV], 1.3

then the conserved integrals are easily derived from the coefficientsLé{x()’s (k=1) when
they are expanded as Laurent serieg.df)sually the number of these coefficients is infinite. It is
believed quite popularly that when these conserved integrals are in involution, there will be
enough functionally independent ones among them to guarantee the Liouville integrability of the
Hamiltonian systems. Indeed, this is the case for most known physically interesting systems, such
as the equations in the AKNS system, Kaup—Newell system and many other examples including
those derived from 2 1 dimensional integrable systerh$/ 911
However, we will give a counterexample in this article to show that this is not always true.
This counterexample is based on a well-known physical modeld{im¢ principal chiral field
[or, mathematically, the harmonic map fraRt* to U(n)].1?7%8In this article, the equation of
U(n) principal chiral field can be first reduced to a set of Hamiltonian systems by the standard
procedure of the nonlinearization method. This will be done in Secs. Il and Ill. Then, in Sec. IV,
we show that there are not enough conserved integrals in those giverLbAdr[’s to guarantee
the Liouville integrability of the systems. In Sec. V, it is proved that these Hamiltonian systems are
actually Liouville integrable fon=2. That is, they still have a full set of involutive and indepen-
dent conserved integrals. These conserved integrals are obtained Iffgin) tand other obvious
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conserved integrals. Whem>2, it is still open whether one can find enough involutive and
independent conserved integrals by adding some obvious onésta )ts. Therefore, at least for
n=2, the Hamiltonian systems derived from tb&€2) principal chiral field are Liouville inte-
gre}(ble, but their conserved integrals for Liouville integrability can not be fully obtained from
trL*(N).

II. HAMILTONIAN SYSTEMS DERIVED FROM U(n) PRINCIPAL CHIRAL FIELD

The equation for th&J(n) principal chiral field is

(9,0 i+ (g9 =0, (2.
where the fieldy(x,t) e U(n). Write
P=g,0"' Q=gg " (2.2

ThenP,Qeu(n) (i.e.,P*+P=0,Q*+Q=0) and(2.1) becomes
P.+Q,=0, P,—Q,+[P,Q]=0. (2.3

Here the second equation is the integrability conditioi2o®).
It is known that(2.3) has a Lax pair

PD, CDt=LQ¢, (2.9

Oy 1+X\

S 1-A
where\ is a complex spectral parameter.

Now we write down the corresponding finite dimensional Hamiltonian systems and their Lax
operators.

LetNq,...,\y beN distinct real constants with;# =1 (j=1,... N), and let Do rPria) "
be an arbitrary solution of the Lax pai2.4) with A=\,, A=diagi,...An), P;
=(pj1,...djn) - Let

N ala(bla gZad)la o gna(bla
=3 1 : : .. : (2.5
L_azl)\_)\a I G C )
¢la¢na ¢2a¢na t ¢na¢na
ExpandL to power series of £\ and 1+ A, respectively:
0 <(I)1!(1_A)7kq)l> <(I)n1(1_A)7kq)l>
L=L®= (1-n)k1 : - : :
o (@1,(1-A) "Dy o (D (1-A) D)
(2.6)
» (@1, (1+A) KDy oo (P, (1+A) DY)
L=L®==3 (1+n)k1 : : ,
- (@1, (1) KBy o (D (1+A) *Dy)

where the inner produciv,,V,) of two vectors is defined ag7 V,. The first series converges
when |\ —1|< min [\,—1] and the second one converges wher 1|< min |\,+1].

1=sa<N 1=sa<N

Lemma 1:If

Pix=i(®,(1-A)71D}), Qu=i(Py,(1+A)" 1)), 2.7
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then
LX:%[P,L], L= 1+)\[Q L1, (2.8
and (P,Q) gives a solution of (2.3)
Proof: Let ¢,=(d14,-...¢na) - Then
N
=2 o et 2.9

SinceP*=—P and\'s are real,

N 1 1
:Zl <¢)al N ¢aP 1_)\0( a)
N
1
=2 5= N 1o ¢al
_i ( 101 ) 1

The last equality holds due 1@.7). The equation foL, in (2.8) is derived similarly. Finally, by
computing the integrability conditioh,;=L,, from (2.8) or substituting(2.7) into (2.3) directly,
we know that P,Q) satisfies(2.3). The lemma is proved.

Now we always suppos€.7) holds for theU(n) principal chiral field, which gives the
nonlinear constraints. Substitutiig.7) into (2.4), we get a system of partial differential equations

n

(Dj,x:i(1_1&)71|(2 <q)k:(l_A)7lq)j>CDk1
=1
2.11)

n

q>j‘t=i(1+A)—1k2 (@, (1+A) 1D Dy,
=1

which can be studied as two systems of ordinary differential equations tvaedx are consid-
ered as constants, respectively.

NOW 11,12, PiN+--Pn1sPn2,s--- Py @Nd their complex conjugations form the com-
plex coordinates oR?"N, In this R>"N, let w be the standard symplectic form

=1 a=1

n N
=zgl gl Im(¢;,)/\d Re<¢,a>—|2 E VAV (2.12

Then the corresponding Poisson bracket for two functioasdg is

n N

g Jag of
2 2 |7 —ar |-
=1 a= ¢Ja &(bla ¢Ja’ a(i)ja

{f.gl=

1
I— (2.13

From (2.8), the coefficients of (£ \)! (j=0,1,2,..) in tr(L™M)* (k=1,2,..) and thecoeffi-
cients of (1+\)} (j=0,1,2,..) in tr(L@)¥ (k=1,2,..) are allconserved. Suppose

tr(L(l))ngl (1-n)k e, tr(L(Z))m=(—1)mk21 (1+n)k 1) (2.14

Since tP=i£{} and 1Q=i£?, both tP and tQ are conserved. On the other hand, the
Hamiltonians for Eqs(2.11) are given by&SY and €2 according to the following lemma.
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Moreover, direct computation shows that they commute with each other under the Poisson bracket
(2.13 (this can also be derived directly from Lemma 3 in Seg. I
Lemma 2: The Hamiltonians for theequation and the-equation of (2.11) are given by

n
H¥=—1gb=—1 él (@, (1=A) 2D )(D;,(1-A) 1Dy,

. (2.15
Hi=—388)=—7 3 (D (LHA) 0@}, (144) 71Dy,
respectively. That is, (2.11) is equivalent to the Hamiltonian equations
gH* — oH* gH! —  oH!
(2.16

1bjax="="1 “Tidjax=77—1 == ~idj =7 —.
(9¢ja a(ﬁja a(bja a¢ja

Moreovet {H*,H'}=0.
Remark 1: The above procedure can also be used for the harmonic maRfroonU(n). In
this case, the equation is

(9,9 Hz+(g0™H,=0, (2.17)

where z is the complex coordinate Rf, g(z,z) e U(n). The Lax pair is
d,= ! b, o= ! 1o 2.1
98 P P e e 219

where\ is a complex spectral parameter. Using the same method in this section, we can also get
finite dimensional Hamiltonian systems whose Lax operator is completely the same as (2.5)

[lI. CONSERVED INTEGRALS

Lemma 3: With the Poisson bracket (2.13), the following two conclusions hold.
(1) For any two complex numbeis w and two positive integers, K,

{trLk(\),trL' ()} =0. (3.2
(2) For any complex numbex and integers j k, | with 1<j,k=n,
{(®}, @), triL'(\)}=0. 3.2

This can be verified by direct computation of the Poisson brackets and was given in Ref. 11.
Suppose the eigenvalueslof\) are vi(\), vo(N),...,v,(N). Then

L) =K+ k), (k=1,2,..),

(3.3
defu—L(\))=p"=pr(N)u" " +-+(=1)"py(N),
for any complex number where
V)= > p () () (3.9

1<j;<-<jg=n

is the sum of all the determinants of the principal submatricds(a of orderk. Hence t£X(\)
(k=1,2,..) areuniquely determined bp,(\) (k=1,2,..,n) and vise versa. Moreover, tr{*))k
and trL®)¥ in (2.14 can all be uniquely determined Ip(\) (k=1,2,..,n).
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Eachpy(\) is a holomorphic function ok near\ =o. Let

Pm(M)= 2, E{PATKM. (35
Then
(P ARD; ) (D, A2D; ) oo (B ATmD; )
E(m) (@i ARDi) (D AT ) oo (D ATmDy)
K _1si1<~~-<imsn ry+-+rp,=k : : . :
g, ,rm>0 <(I)il,Ar1q)im> <q)i2,Ar2(I)im> . <(I)im!Armq)im>
N
_ 2 2 2 )\;l...)\;m
1<ig < <ips=n ry++rp=k ag, - an=1 1 m
ri,* Im=0 ag#ay for a#b
%1‘11(#10‘1 aizaz(ﬁilaz e gimamgbilam

gilald)izal azazd)izaz Tt %mamd)izam
| e e @9

¢ila1¢imal ¢i2a2¢)ima2 e ¢imam¢imam

In the last summation, the conditionn;# ay, for a#b” is added since the determinants with
az= ay (a#b) are all zero.

Remark 2: When @mN+1, the last summation in (3.6) fofl <aq,...,an=<N with a,
#ay, for a#b” is empty. This means tha{®=0 for m=N+1.

According to(2.9), all E{™’s are conserved.

From the first part of Lemma 3, alI(km)’s are in involution. The second part of Lemma 3
implies that all{(®; ,®,)'s commute withE{™’s. However, thes€®; ,®,)’'s may not commute
with each other.

Remark 3: For the Heisenberg ferromagnetic equation, thequation of its Lax pair is
similar to that of the 2) principal chiral field. The nonlinearization for this equation was dealt
with in Ref. 2 and a set of involutive conserved integrals was obtained. there

Remark 4: SincérP, trQ are conserved, ifP,Q) is a solution of (2.3) in (n), then

[ 1 [ 1
P'=P-—tP, Q'=Q-_1rQ (3.7

gives a solution of the same equation (2.3) insu

IV. DEPENDENCE OF CONSERVED INTEGRALS

In order to consider the integrability of the Hamiltonian systems, we should find a full set of
involutive and independent conserved integrals. Unlike many other cases, here we cannot get a full
set of independent conserved integrals simply fromf(tx)’s.

For further discussion, we need the following lemma.

Lemma 4: Suppose, kn are two integers with %0 and m=2, and u4,...,u, are distinct
complex numbers. Then
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0 if k<m—1,
m
E M:(H (Mj—ﬂr)fl= > Mgl---,upm if k=m-—1. 4.9
=1 ‘r=1 pi+-+Ppm=k-m+1 m
) P, Pm>0
Proof: Let
m
=zkr1]1 ({—pr) ™ (4.2

Thenf({) is a meromorphic function of with polesuq,...,un. Let Cgr be a circle with radius
R, center 0 and positive orientation. Then, wHeR max <l u;l,

1 m
ﬁfCRf fde= 2 Res f(¢)= Eulj )L 43
]

1¢= Mj

On the other hand, legf=¢"1. Then

1 1
m m—Kk— 2| I
2 | JCRf(g)dg II 2 Cll é (1 Mrf) 1d§

R— o 7TI

0 if k—m+1<0,

= D pbt P if k—m+1=0 (4.4)
pyt-+pp=k-—m+1
P, Pm=0

by expanding all the terms el,ujg)*l at £=0. The lemma is proved.

Theorem 1: For 1=m=n, there are at mostnax(ON—m+ 1) linearly independent functions
in E(™ (k=0,1,2,..). Therefore, the number of linearly independent functions [’ Em
=1,2,...n; k=0,1,2,..) cannot exceed nNin(n—1) if N=n or N(N+1) if N<n.

Proof: According to Remark 2E{™=0 for m=N+1. Hence we always suppose<N.

By definition, A=diag\1,...An), Nj# N (J#K). Clearly, for any non-negative integers
(Ky,...k) with ki#k; (i#]) andI>N+1 E(l) E(l) are linearly dependent. On the other
hand, since the Van de Monde determlnanl\Qf AN |s not zero, there are exactly indepen-
dent functions irE( (k=0,1,2,..).

For m=2, we show that there are at most—m+1 independent functions iE{™ (k
=0,1,2,..) for fixed m.

Letkq,... ky beN arbitrary distinct non-negative integers. For fixewith 0<ss=m-—2, let
(¥¥,....7) be a solution of the linear algebraic system

N
D xiﬁm—ly}s):xi (a=1,2,...N). (4.9

Since the coefficient matrix 4.5 is (\i"™"Y),,_; y which is invertible, ¢{,...,9)

exists uniquely.
Let

N
Fgm>=j§1 y}5>E<kT> (s=0,1,..,m—2). (4.6)

Then
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N N
r r
ZAED N D D S v
J=lisip<-<ip=snry+o+rp=k o ap,c,ap=1 1 m
r1, - Im=0 ag#ay for a#b

¢i1al¢ila1 ¢i2a2¢ila2 T ¢)imam¢i1am
¢ilal¢i2al ¢i2a2¢i2a2 T ¢imam¢i2am

(4.7
¢ilal¢imal ¢i2a2¢ima2 e ¢imam¢imam
For fixediq,...\im, @q,...,ayn ands with 0sss=m-—2, let
N
A= X YO, (4.9
J=1r+ =k 1 m
r1,.fm=0
Then
N m m
A= YO NI () ! (4.9
=1 a=1 a r=1
r+a
by Lemma 4. The relationgl.5 imply
m m
A= N T O —na) ™ (4.10
a=1 =1 a r
r+a
Using Lemma 4 again, we gé&=0 for s=0,1,2,..,m— 2. Hence
FW=F{™=...=(",=0. (4.1

By (4.5), the matrix ({¥);—j=y: o=s=m-2 has rankm—1. HenceE(krj“) (j=1,2,..,N) satisfym
—1 independent linear relations for fixed. This means that there are at mdst m+ 1 inde-
pendent functions il functions{™ for fixed m.

Sinceky, ... ky are arbitrary, there are at mast—m-+ 1 independent functions iE{™ (k

=0,1,2,..).
The total number of possible linearly independent functionsEfﬁ‘) (m=1,2,..,n; k
=0,1,2,..)is
n
> (N-m+1)=nN-in(n—1) (4.12
m=1
for N=n and
N
> (N-m+1)= IN(N+1) (4.13
m=1

for N<n. The theorem is proved.

A completely integrable Hamiltonian system Rf"N needsnN independent involutive con-
served integrals. Hence the above theorem shows that it is not possible to find enough conserved
integrals only fromE{™"s for Liouville integrability.
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V. LIOUVILLE INTEGRABILITY OF THE HAMILTONIAN SYSTEMS

In general, we have not been able to determine whether the Hamiltonian systemsUg¢njhe
principal chiral field are Liouville integrable or not. However, whes 2, the answer is positive.

Hereafter, we suppose=2. Therefore, we want to findN independent conserved integrals
for the Hamiltonian systems iR*N.

If N=1, let
EM=EMN=(®,, @) +(D,, D)),
_ (5.1)
EP=(D;,0,)+(D,, ).
If N=2, let
EM=EM=(d,,A D) +(D,,AD,)  (k=0,1,..,N-1),
(5.2)

~ (1, AlDg) (D, AKTDy)
Ep-£0-

- . . k=0,1,..N—2),
So (D, AID,)  (Dy, AKTTD,) ( )

E@  =(Dy, Do) +(D,, D).

Here the last one is chosen to bk, ®,)+(P,,®,) because all the conserved integrals should
take real value.

Theorem 2: When n= 2, E(km) (m=1,2;k=0,1,..,N—1) are in involution and are function-
ally independent in a dense open subseRHY.

Proof: By Lemma 3,E{™ (m=1,2;k=0,1,..,N—1) are in involution.

It is obvious that they are independent fr=1. Hence we supposE=2. Let a;, («
=1,2,..,N) be N nonzero real numbers,

N
aze=ar, [ (\e=rp) ™t (a=12,..N). (5.3
=1
gia
Then Lemma 4 implies

N
;ixgaﬁm=o (k=0,1,..,N—2),
) (5.4)
AN e, .= 1.
BZl B 291

Let Poe R*N be given byg,z=a;5, ¢o5=e€ays (B=1,2,..,N). Heree is a nonzero small
real constant to be determined. ThenpPgt

= =
55 =Ny P1q, 0"5 =Ny, (k=0,1,..N—1),
la 2a

N
i k=i
JE@ k NoaPia le)\ﬁjd’ZBd’lB k
> =2 ok NoBia (5.5

N
. » i
Mod2a /;Zl )\Z N pogl?
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N
> N pigl? Nobra|

1 .
= Iy iMda.  (k=01,..,N-2),
j=0

G

k
=
Ib2a ‘,20 %

ki, Nboa
P ¢1ﬁ¢2ﬁ 2

EY, JER)
— - P2a, — — Pla
ad)la a¢)201
by using(5.4) where
N
fjk=521 Nl gl (5.6)

Let J be the Jacobian matrix

_ AEWD,... EQ,ER,. E@ )
P11, bin P21, Do) P

(5.7

Denote ROW to be thejth row of J. Take the elementary transformations for the rows of
as follows:

(1) kfrom 1 toN—1:

k-1
ROWy 4k~ E Mok—1-jROW, 11— ROWy 4k,

(2) k from 2 toN—1:

k—1
ryi—r
1j 2]
ROWy 4~ 2, ~——— ROWjyy—j— ROWy i,
j=1 F10=T20

(5.9
(3) kfrom 1 toN—1:

(r10= 120~ "ROWy 4 (—ROWy 1,
(4) k from 1 toN—1:
ROW,— ROW, ;. «— ROW,.

ThenJ is transformed to
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b11 b2 din 0 0 0
N1y Aoy 0 ANPan 0 0 0
M7 NP 0 AN Pén O o - 0
5 M T M T 0 ATy M T M T Ma o AV oo
0 0 0 b1 b don
0 0 0 N1da Nobor =+ Andon
0 0 0 N 2ha N e 0 AN P
b1 P20 e don b11 b12 e din
(5.9
Let
T=[2 5.1
- Tl E] ( . Q
where
N A B
\N-1g  ZN-2g L
o R (j=12. (5.1
AN’IEN )\Nizam ng Py
Then
N
detT= [T \o=2p?I1 ¢1,82,lp,#0. (5.12
1<a<p<N y=1
Using the relationg5.4), we have, aP,,
p 0 -~ O 0 0O 0 -~ 0 0
x p o 0 0 00 - 0 0
* % 0 0 0 - 0 0
*  * * p *  * * F
JT=1 O O 0 0 p O 0 0 , (5.13
0 0o+ p 0
00 0 0+ = p 0
N N
FoEoox JZl|¢2j|2 o * JZl|<f>1j|2

where
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N
p= 2 N5 bopbig =e#0 (5.14

Po

and* represents the entries which may not be zero.
Hence, atP,

N N
(rlo—rzo)‘““o|et(JT)=o|ev(3T)=pz’“‘2<ij1 |#ul*~p 2, |¢21|2)

N N
:EZNl( ]'21 aij_fzjzl a%) (515)

It is not zero where is small enough. Since déis a real analytical function oR*N, detJ is not
zero in a dense open subsetRSffN. The theorem is proved.

Remark 5: Although the constraint here is of Bargmann type, the proof of the independence of
the conserved integrals is not so simple as in the AKNS system. In thatRgaisesimply chosen
as a point nea0. However, here [\) is homogeneous to ab;’s so the choice of Pnear0 does
not have any effect on the simplification of the computation.on J

The Liouville integrability of theU(2) principal chiral field follows from Lemma 2 and
Theorem 2. It is given by the following theorem.

Theorem 3: When r= 2, the Hamiltonian systems given (.15 are completely integrable in
the Liouville sense. Each solution of the Hamiltonian systérk5) gives a solution(P,Q) of
(2.3), the equation of the (R) principal chiral field, and(P— 3trP,Q— 3trQ) is a solution of the
SU(2) principal chiral field

Remark 6: Theorem 1 implies that one needs at leéattil)/2 extra conserved integrals
together with ﬁm)’ s to form a full set of conserved integrals for the complete integrability of the
Hamiltonian systems. According to Lemma 3, (@, ,®;)’s commute with £V . However, two
elements if(®,,®;)} may not commute with each other. Therefore, it is not obvious how to add
at least n(n+1)/2 extra conserved integrals to(k'E) in general
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