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For the 2+1 dimensional three-wave equation, by using the known nonlinear constraints from 2+1
dimensions to 141 dimensions, we reduce it further to O+1 dimensional (finite dimensional)
Hamiltonian systems with constraints of Neumann type. These Hamiltonian systems are proved to be
Liouville integrable by finding a full set of involutive conserved integrals and proving their functional
independence. Moreover, almost-periodic solutions of the 2+1 dimensional three-wave equation are
obtained by solving these Hamiltonian systems explicitly.
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1. Introduction

The 2+1 dimensional three-wave equation is one of the
most important integrable equations in 2+1 dimensions."?
This system of equations is

Wi = awiy + Biwix + (a3 — a)wows,
wa, = aoway + Bowox + (@1 — az)wiws, (D

w3, = azwsy + B3ws + (@2 — ap)wiws

where
b] —b2 bz—b3 bS_bl
o) = ——, )= ———, 3=,
ap —a ap — ajz as —daj
Bi=by —aja;, Pr=by—arar, Pz=bz—azas, (2)

a;’s, b;’s are real constants with a; # a;, b; # b; for i # j.
Let

0 w1 —W3
U=@wp)=|-wm O wy |, V=) O
w3 —Wz 0
with
b; — b; ..
vj = uj (#j) and v; =0 )
a; — aj
Then (1) becomes the matrix equations
[A,V]=[B,U], )
U —-Vy,+[U,VI+AV,—BU, =0,
where A = diag(ay,---,a,), B = diag(bi,-- -, by).

After its integrability was known,” the 2+1 dimensional
three-wave equation has been studied by various ways such
as inverse scattering,4‘7) Backlund transformation,g’g) Dar-
boux transformation and binary Darboux transforma-
tion, 10,11y nonlinearization to 1+1 dimensional
problems'>'® etc. In general, higher dimensional three-
wave equation is also integrable. However, in order to use
the nonlinear constraints, we restrict our discussion here to
the 241 dimensional three-wave equation.

The method of nonlinear constraints is an effective way to
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transform 141 dimensional integrable systems to finite
dimensional integrable systems.'® On the other hand, many
2-+1 dimensional integrable systems can also be transformed
to 1+1 dimensional integrable systems via nonlinear
constraints."> Combining these two procedures, many works
have been done to reduce 2+1 dimensional integrable
systems to finite dimensional integrable systems.'®” In
ref. 18, the Bargmann constraints for the 2+1 dimensional
N-wave equation were discussed. In refs. 19 and 20 both
Bargmann and Neumann constraints could be applied to the
Davey-Stewartson I equation which also belongs to the 2+1
dimensional AKNS system as the 2+1 dimensional three-
wave equation does. For the Neumann constraints, periodic
solutions of Davey-Stewartson equation could be ob-
tained.'”

In the present paper, we use the Neumann constraints to
get Liouville integrable Hamiltonian systems related with
the 2+1 dimensional three-wave equation. Using the finite
dimensional Hamiltonian systems, we can get explicit
almost-periodic solutions of the 2+1 dimensional three-
wave equation by solving the ODEs directly.

In §2, the 2+1 dimensional three-wave equation and its
Lax set are presented. They are nonlinearized to finite
dimensional Hamiltonian systems. In §3, it is shown that
these Hamiltonian systems are Liouville integrable by
proving that there are a full set of conserved integrals which
are involutive and functionally independent in a dense open
subset of a symplectic manifold. §4 gives an example of
almost-periodic solutions of the 241 dimensional three-
wave equation solved from these finite dimensional
Hamiltonian systems directly.

2. Nonlinear Constraints and Finite Dimensional Ha-
miltonian Systems

We consider the following Lax set (generalized Lax
- 12,13)
pair)
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ix 0 0 if
0 ix 0 if
O, =U'd= o,
0 0 ir ifs
i ih ik O
ialk uin u3 ia]fl
uyr  iaok  uyy  iasfs
o, =U"d = _ ) ®, (6)
uzr  uxn  dazh iasfs
iaify iafy iasfs 0
ibiA v vz ibifi
v 1A vz ibyfs
th = Uth = . . (o}
V31 U ib3A ibaf3
ibifi ibofs ibafs O
where
_ b; — by . .
Wy = —Ujk, Vg = up (Jk=1,2,3; j#k),

a; — dg
)

ai,a,as, by, by, by are real constants such that a; # a,
b; # by for j # k and a; # 0, b; # 0.
Denote uj; =v; =0 (j =1,2,3),
A =diag(a, az,a3), B =diag(by,b;,b3),
U= Wi)i<jr<z» V= 0)i<jr<s (8)
F=(,fH
The integrability conditions of (6) are

[A,V]=[B,U],

9

U, —V,+[U,V]+ AV, — BU, = 0, ©)
Fy = AF,+ UF, F, =BF,+ VF, (10)
U, =[AFF*], V.,=I[BFF. (1)

Here (9) is the 2+1 dimensional three-wave equation (5),
(10) is its standard Lax pair, and (11) is an extra nonlinear
constraint between U and F. Therefore, any solution of (9)—
(11) is a solution of the 2+1 dimensional three-wave
equation.

To simplify the matrices in (6), denote

upp =14;fj, v =1bjfj,  uy = —p,

N . (12)
Vg = —Vjs (]21,2’3)
and a4 = by = 0, then
_ b — by
Uy = —Ujk, Vjk = Ujk
J j )j aj — ax i (13)

(J,k=1,2,3,4; j#k).

Now we nonlinearize (6) further to get finite dimensional
Hamiltonian systems.

Take N distinct real numbers Aq,---,Ay. Let
b0 = (P10 Dras P3a» Pae)” be a column solution of (6) with
A=%e (@=12,---\N), @i=(¢g,---.¢n) (=
1,2,3,4). For any two vectors V; and V,, define
(Vi,Va) = ViV,
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Lemma 1. Ler T = diag(1,1,0,0),

N *
(o)
L=T+ . 14
; - (14)
then L satisfies
L,=[U'L], L,=[U"L], L =I[U\,L] (15)
if and only if
(D, Dy) =0, (D3, Dy) =0,
uiz = iz 1= i(a; — a3){P3, &),
uy = thy = ia; (dy4, ®1), (16)

Uz = fip3 1= i(ax — az)(®s, P2),
Uzy = log 1= iaz(Py, P3).
Proof. We first prove the result for the second equation of
(15). Denote J = diag(ay, a», a3, as), then by (14),
1
— A

1
— A

(U )bty + oty U (1))

512

S
Il
-

L, =

S

[U” (L), putby ]

Q
Il
R

I
gﬂz

1
— A

[ () = iJ (A = Ao, padby ]

<
Il

I
gﬂz

N
= [U"(M), L] = i[J, Z %(ﬁi} —[U"(), T].
a=I

Hence L,(A) = [U”,L(A)] if and only if i[J, Z{X:l O] =
[T, U?(A)]. Written in components, it is just (16).

When (16) holds, it is easy to check that L, = [U*, L] and
L, = [U', L] hold. The lemma is proved.

By computing the derivatives of the first two equations of
(16) with respect to x, we get

Uir = fiin ‘= (a1 — a)((P2, ADy) + (P2, D3) (D3, @1) + (P2, Pu) (Ps, P1))
12 =l := Go) ,
1, P1) — (P2, P2)
oA iaz((Py, AD3) — (Dy, D) (P, D3) — (Dy, Dr) (P, P3))
Uzgy = U3q 1= (@5, @ .
3, @3) — (s, Pa)
(17)
By (12), (13), (16) and (17), define
. bj—br : .
O = A (jok=1,2,3,4; j#k)
aj — dg
(18)

| .
fi=—us (j=123).
1a;
Re ¢jo and Im @y, (j =1,2,3,4; ¢ =1,2,---,N) form the
coordinates of a Euclidean space R®. This R®" has the
standard symplectic form

4
a)=22
=1 «

IS
=

N

dImgje AdRe iy =i Y ddja A djo.
1

J=1 a=1

19)

With this symplectic form, the corresponding Poisson
bracket of two smooth functions &, 1 of ¢;,’s and ¢;,’s is

1 X o o -
B 26 30 38 a6 | 20
o 1 ; o=l <a¢7“ Ija i IPja (20)
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Let
S={(jbjo) € RV(j=123,4a=1,---,N)|
(@1, D2) = (B3, Dy) =0, (D1, D) # (Ds, ),
(@3, D3) # (Py, Pa) |.

Denote  h; = Re(Py, Py),  hy = Im(Py, Dy),
Re(d>3, @4), h4 = Im(d>3, (D4> Then

det({hj, i} 1< j<a
1
=15 (1 @) = (D), D)) (D3, P3) — (Dyg, Dy))* # 0
(22)

(21)
hy =

on S. Hence S is a symplectic manifold with the symplectic
form induced from (19). For any two functions & and 7
satisfying {&, (P, @2)} = {& (P53, P4)} = 0, {n, (D1, 2)} =
{n, (3, P4)} =0, the Poisson bracket of & and 7 is still
given by (20).

With the constraints (16) and (17), the system (6) becomes
a system of ODEs of ¢;,’s:

¢ja,x = i)‘aqua + iﬁ¢4w (1 S] <3),

3
¢4rx,x == ika¢ka’
k=1

4
By = ihajo + Y e (1 <j < 4),

(23)
k=1
k#j
4
Bjas = ibjhaBjo + Y Ve (1 <j < 4).
k=1
k]
Let
Ky = (@1, AD1) + [(D3, @) [* + [(Pa, D1) [
+ ﬁ(mz(qﬁ, Do) + g12( P2, P1)),
Ky = (®, AD2) + [(D3, @2)[* + [(Pa, Do) | o1
T ! Qz(6]12(q>1, Dr) + gi12( P2, Py)),
K3 = (@3, AD3) — [(D3, 1) [* — [(D3, Do) |
+a L 5. (234{®3, Pa) + G34(P3, P4))
where
Qp = (P, Pr) (k=1,2,3,4),

g1z = (P2, ADy) + (D3, P3) (D3, D) + (Do, Dy)(Dy, Py),
@34 = ( Py, AD3) — (Dy, D1)(Dy, P3) — (Dy, Do) (D2, P3),
(25)

then with direct computation we have the following lemma.

Lemma 2. The equations in (23) are three Hamiltonian
systems on S with the Hamiltonians

H' = —(K| + K> + K3),
HY = —(a1K1 + a2K> + a3K3),
H' = —(b|K| + b,K;, + b3K3)

(26)

respectively. That is, the equations in (23) are equivalent to
the Hamiltonian equations
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0y, OH®  O¢je OH' ¢,  OH'
1 =—, 1 =—, 1 =—,
ox a¢ja 8}7 8¢)ja ot 8¢ja (27)
1 0gjy  OH*  10¢, OH 10, OH'
i ox Oy i dy A i A

3. Integrability of Hamiltonian Systems

In order to get the integrability of the Hamiltonian
systems on the symplectic manifold S, we need to prove the
following facts.

(i) There are {Ej,} (j=1,2,---; @ =1,2,---) such that

{Eja7Ek/3} = O, {Eja» <q>19 q>2>} = 07

{Eja, (CD:;, CD4)} = O (28)

on whole R®".

(ii) H*, H’, H' commute with each other on S.

(iii) H*, H’, H" commute with all {Ej,}, (®;, P,) and
(@3, CI)4> on S.

(iv) There are 4N — 2 functions in {E,} which are
functionally independent in a dense open subset of S.

We first give the following lemma.

Lemma 3. For any complex numbers X, | and positive
integers k, 1,

{tr LK), tr L)} = 0,
{tr LK (L), (@3, D4)} = 0.

k —
{tr L°(A), (@1, P2)} = 0, (29)

This is derived from Lemma 1 of ref. 19, or proved directly
by computing the Poisson brackets.

Suppose vi(A), v2(r), v3(1), v4(X) are eigenvalues of L(A),
then

tr L(0) = WK () 4+ 150 4+ 15 () + 15 (). (30)
On the other hand, for a complex number u,
det(ul — L(A)) = (u — vi)( — v2)(p — v3)(u — va). (31)

Denote

QM= D, v

1<ji<<je<4

(k=1234, (3

then Qi(}) is the sum of all the determinants of k x k
principal submatrices of L()1). Therefore, Lemma 3 implies
that

{Ok(), Q()} = 0,
{Ok(R), (@3, P4)} =0

for any complex numbers A, p and positive integers k, /.
For integers j, k, pi,---,pj, ri,---,r; with j>1,
1<p=<4,nrn>=001=1,---,)), define

(®p1, A" Dp1) (Dpj, AT Dp1)
Dy = : : SNED)
(®p1, A" Dpy) (Dpjs AT D))

{Qk(), (@1, P2)} =0, (33)

(S I Z rieeT

WPI"'P/’ - P1--Dj 35
T (35)
7120

where the result is zero for empty summation.
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Expand Q) (1) as a Laurent series of A as

> Fg T (k=1.2.3.4),

Oh) = (36)
J=-—1
then using the expression (14), we have, for k > 0,
4
Fie=_W",
=
Fau=Fu+WP+wP+ Y whkD,
I=pi<pr=4
Fyo=Fy—Fyu+We D —wh+ > w2,
1<pi<p2<p3=<4
-1 (k=2 =2 k=3)
Fyo= WiV + Wi + Wi+ wihs).
37
Define
Evo= 2Py — Py = WO W8 3w,
1<p=<q<4
Exp = Fapp1 — Fapp1 + Fope1 — Fres
(k) (k—1) (k—1) (k—2)
=W = Wi = Wiy "+ Wiy, (38)
Ey = Fy — Fiy= W + W° + Z Wi,
1<p=<g<4
Egyo = Fappr = W 4+ wkiD L wikoD 4wk
then
Ejg = (P, Py) + (Do, o),
Ex = (@), D) (Pa, @2) — (P, P2) [, (39)
Ezg = (D3, P3) + (DPy, D4),
Eq = (@3, D3)(Dy, Dy) — |(P3, Pu) %

Since (@, D) # (Dy, P2) and (P3, P3) # (g, Py) on S,
we should have

E}y > 4Ey, E3, > 4Ey. (40)
According to (33), we have
Lemma 4. The identities
E'DtsE :O3 E'Ch P 3(I) :()3
{Eja, Exg} {Eja, (D1, P2)} @

{Ejolv (@3, @4)} = O

hold for all j,k=1,2,3,4;, a,=0,1,2,---
Now we consider the independence of Ej,’s.

Lemma 5. E;, (=1,2,3,4; 0<k<N-—-1 for j=1,3
0<k <N-2 forj=2,4) are functionally independent in
a dense open subset of S.

Proof. Near the point of S with ¢y # 0 and ¢3y # 0, the

coordinates can be chosen as (711 = @11, -+, 21v = Din,
21 =21, 2281 = PaN—1, 231 = P31, 3N = P3ws
241 = G415 24N—1 = ¢Pgn—1) and their complex conju-

gates. In this case, ¢y and ¢4y are given by

_ 1 _ =
by = —— 21221+ + 2AN_1Z2N-1)s

Z11N 42)
Pay = — — (231241 + - - - + BN-1ZaN—1)-

23N

On S,

Z. X. ZHOU
d 0 « 0
— == g — (@ =N),
0Z1e 01 Piv Oy
J 0 « 0
0ol e d gon-,
0220 OPre  inN Oon
d 0 « 0
9 _ 0 e (@ <N),
0Z30 03  P3n 0Pan
d 0 o 0
9 _ 0 P 0 on_
0240 Oae P3N Oan
Let Py € S be given by &; = &3 =(1,1,---,1), &, =
oy =¢(1,1,---,1,—N + 1), where € is a small constant.
Then, at Py,
oF oF
Lok o), =L =0,
azla aZZa
oF
L0, =0,
az3a Z4Dt
oE
= 0@,
8Zloz
8E2k —eN Z Z)\'rl)\'rz + )"r|)\'rz )\k + 0(63)
8220‘ ri+r=k N
oF E)E
X o), L=06@),
0Z3¢ 0Z4a
oE oE
=0, =X =0,
321a 8Z2Ot
oE oE
Lk roE), =X =0,
aZ?)o( 81401
oF oE. JE.
L =o@), E=0E), =0,
321a 812& 8230{
OEax S k 3
——=eN Y D OMAR AR =M | + 0@
0Z40 Fira=k \ =1

The Jacobian determinant of 4N — 2 real functions (Ejg, - - -,

Ein_1, Exo, -+, Ean—2, E30, -+, E3n_1, E49, -+ -, E4y—2) tO
the variables (Zi1, - -, Zin» 2215 = *» 22N—1» 2315 " * *» 23N> 2415
©, Z4N—1) 18
2
<€N_]NN [T =20 [ - /\k)> +0(eN73)
1<j<k<N 1<j<k<N-1

(43)

which is not zero when € is small enough. Since 4N — 2
functions Eyo, - -+, Ern—1, E20, -+ s Ean—2, E30, -+, E3n-1,
Eyy, ---, E4n—» are real analytic functions on S, they are
functionally independent in a dense open subset of S for
((D],q)l) > (Cbz, CDz) and (CD3,CD3) > (CD4,CD4>. Similarly,
this is true for the other three connected components of S.
The lemma is proved.

It can be checked directly that K, K,, K3 in (24) are given
by
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() — Q)K= QE — Ey

+ Q7R + Q3+ Q) + Q1

—(Q1 — Q3 — Qu)|(P2, P1)[* — Qi [(Ps, P3) %,
(21 — Q)Ky = E>1 — E

- Q%(Ql + Q3 4 Q4) — 2823824

+ (22 — Q3 — Qu)(D2, D1)|* + Qa|(Py, 3) [,
(23 — Q4)K3 = Q3E31 — Ey

— Q3R+ 2+ Q) — AW

+ Q3](D2, 1)I” + (3 — Q1 — Q)|( Py, P3)I%.

(44)

With the conditions (40), (39) implies that €2;’s are smooth
functions of Ej’s and [{®,, @)%, |(P4, D3)|? near S. Hence
K, K> and K3 are smooth functions of Ej;’s and [(®,, ©l)|2,
|(®dy, @3)|? near S. On the other hand, the terms |(®,, ®;)|?
and |(d4, ®3)|*> do not take effect in computing Poisson
brackets on S. Therefore, we have the following conclusions.

Theorem 1. (1) The Hamiltonians H*, H” and H' defined by
(26) are in involution:

{H', A’} = {H",H"} = {H",H"} = 0. (45)
They also commute with the functions defining S:

{H", (D1, @)} = {H", (P3, P4)} =0,

{H}" <(D1’ q>2>} = {Hy’ <q>3a <D4>} = O’ (46)

{Ht’ (CDI’ @2)} = {Hr» (@3’ (D4>} =0.

Hence they are involutive Hamiltonians on S.

(2) Ej,’s are conserved integrals of the Hamiltonian flows
on S given by H*, H” and H' respectively. 4N — 2 of them:
Eyp, -+ © Eon_o, E3o, -+, Ezn_1, Es, - -+,
Esn_o are functionally independent in a dense open subset
of 8N — 4 dimensional symplectic manifold S.

Therefore, H*, H® and H' give three involutive Liouville
integrable Hamiltonian systems. Moreover, each solution of
these Hamiltonian systems gives a solution of the 2+1
dimensional three-wave equation.

) El,N—l’ EZO) te

Remark 1. If I in Lemma 1 is chosen as other constant
matrices, we can get other finite dimensional Hamiltonian
systems. For example, when all the eigenvalues of T" are
different, this was discussed in ref. 18. The choice of T in
this paper guarantees that we can solve the finite dimen-
sional Hamiltonian systems and get explicit almost-periodic
solutions.

Remark 2. The finite dimensional Hamiltonian systems
related with the 2+1 dimensional n-wave equation can also
be obtained in this way. However, these Hamiltonian
systems with Neumann constraints can only be solved
explicitly for n = 3. It is still interesting to find appropriate
Lax operator to have the Hamiltonian systems solved
explicitly.

4. Example

Here we consider the example for N = 2, A = A, A, = u.
In this case, the symplectic manifold S has real dimension
2x (@4 x2—-2)=12. Hence we need 6 independent
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involutive conserved integrals.
Let

R =lgul* +lgpl> (j=1,2,3,4),

G = |pul’ + ¢ l* + ¢311> + lpa1|* — R — R3,

1 7)
K= P((q)],Aq)l) + (D, P3) (D3, D;)
1

+ (D, Py)(Dy, P1))
Moreover, suppose Ri, Ry, R3, R4 are positive and R; # R»,
R3 # R4. According to (24), (39) and (44),

Ey — pEp
A=

K,

RP=Q K=—. (48)
R}

J s G=

—R3—RZ,
They are all constants for the Hamiltonian flows on S given
by H*, H” and H'. Let

¢j1 = Ricos e, ¢ = R;sinbe” (49)

where 0;’s, o;’s and f;’s are real unknown functions.

The constraint (@, ;) = 0 gives
oy —ar — Pi+ B =2k +In, 6, = (=10, +mn+7/2
where k, [ and m are integers. Let k = = m = 0, we have
0, =60, +m/2 and B, —ar = B; — «;. Likewise, we can
also want 04 = 03 4+ /2 and B3 — a3 = B4 — a4.

Let =8 — B3 —a; +a3, then By — By —ap +a4 = 6.
By (47),

G = (R? — R3)cos’ 0 — (R: — R%)cos? by,
K=+ R% sin® 04 + Rﬁ cos® 04) cos’ 0

(50)
+ (u + R% cos? 6, + Ri sin® 64) sin” 6,
— 2(R3 — R})sin 6 cos 6, sin 6, cos O cos 8.
Substituting (49) into (23), we get
0. = R3sin 6, cos b, sin g, (51)
[
A=A+ §R4(1 +m + o),
1
arx = A+ ERAZ;(l —m +o1),
_ 2 P2 p2 (52)
a3, = A+ c4C08" O4(A — . — (R] — Ry)02),
1 1o
Qg = ERl(l +m+02) + §R2(1 — Ty — 02)
+ c3sin® O4(h — p — (R% — R%)oz),
1>
Bix=pu+ §R4(1 +m —oy),
1o
Box =1+ §R4(1 — T — 01),
Br = i —casin® 040k — p — (R} — Ron), O
1 1
Bax = ER%(l + 7y —03) + §R§(1 — 1y + 02)
— c3c08” 4k — . — (R} — RY)on),
2 2 2
01y = (@3Ry — y(k1,k2,K3)(R5 — R})) (54)

- 8in 04 cos O4 sin &,
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Ay = Aa) + < ((Cll a3)R; + a1R})

- 5((611 — a3)R; — aiRY)(my + o)

+ ca(ar — @) sin® 6, (L — 1 — (R3 — R)oy),

1
sy = Aas + 2 (a2 — a3)R5 + a:R})

1
+ 5(((12 ag)R — azR )T —o1)

(55)

+ ci(a) — az) cos* 01 (A — p — (R3 — RD)oy),

1
sy = das+ (@1 = a)R] + (@ — a3)R)

1 2 2
) ((a1 — az)R| — (ay — a3)R5)(m2 — 07)

+ cya3 cos” Oy (A — u — (R} — R3)o),

Wy =5 (a1R2+a2R )+ = (ale @ R3) (2 + 02)

+ c3az sin® O4(h — . — (R} — R3)02),

1
Bry = mar + 5 (@1 = a3)R; + a\R})

1
_ 5((611 — a3)R; — a1R3)(my — oy)

— ca(a) — ax) cos® O1(A — p — (R — R)o),

1
Bay = pax + 3 ((ay — a3)R3 + a;R3)

1
+ 3 (a2 — az)R; — axR3) () + 07)

(56)

—ci(a) — ax)sin? 61(h — n — (R3 — R})on),

1
Bay = nas + 5 (a1 = a3)R} + (a — a3)R3)

1
-5 (@ - a3)R} — (az — a3)R3)(m2 + 02)

— cyaz sin” (0 — u — (R} = R)on),

Bay == (a1R2+a2R>+ (alR2

ayR3) (2 — 02)

— c3az cos> O4(h — u — (R} — R3)on),

where
01 = €08 2604 — sin 264 cot 20, cos §,
0y = c0S 20 — sin 26, cot 20,4 cos §,

sin 26,
sin 26,

(57)
sm 204

"~ sin26,

Ccosé, 7mH =

0S4,

and
R} R
R-r UTR-R
R: R:
B-R “TR-rR’

VK1, k2,K3) = C1K| — C2ka — K3.

] =

(58)

C3 =

The equations similar to (54)—(56) hold for 6,;, «;,’s and
Bi.i’s, provided that a;’s are changed to b;’s.
Comparing (51) with (54), let

E=x—yy—yl, (59)
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where

v(ai, az,a3) — c4a3

)

v(b1, by, b3) — c4b3

C4 Cyq
(60)
With (50), the equations in (&, n, 7) coordinate are
01 = Ri sin 64 cos 0, sin 8,
1
arg=Ar+ ERi(l + 1 + 01),
1
g =i+ ERi(l — 71+ 01),
36 = A+ csc08” Og(h — p — (R? — R3)on),
1 1
Q4 = ER%(I + 7 + 02) =+ ER%(l — Ty — 0’2)
+ c3sin® 040 — pu — (R% — R%)Gz), (61)
1
Bre=pn+ gRi(l + 1 — o),
1
Brg =1+ SRl =1 — o),
Bae = 1 — casin® 04 — p — (R} — R3)02),
1 1
Bz =R +m = 0) + S R(1 =M + o)
— c3008” O4(h — . — (R} — RY)on),
01, =0,
aj, =Tjlar,a0,a3,1), B, =jlar,az,a3, 1),  (62)
(=1234,
91,'[ = 09
Qjr = Fj(b1’b2, b3a)")’ ﬁj,t = Fj(blst, b39 M), (63)
(j=1,2,3,4).
Here
RZ
3
Li(k1, k2, k3, K0) = Y(K1, K2, K3) 5 Ko
R;
+ Y1, k2, k3RS — ok — k2K,
2
Dok, k2, k3, k0) = y(K1, K2, K3) =5 R2
+ (2 — K3)R3 — c1(ky — k) + p + R} — K),
2
[5(k1, k2, K3, K0) = V(K1,K2,K3)R2
y(K1, k2, k3) 1 , 1 5
D2V S b~ (ke — k3)RE + = (k2 — Kk3)RZ,
) + 2(K1 k3)RT + 2(Kz Kk3)R5
R2
3
a1, k2, k3,K0) = V(KI,KZaKS)F(KO —A—=p)
4

V(K1,K2,K3)R
2(R2 Rz) R2
R
+ vk, k2,K63) 55 2R2 (R} +R3),

— (ki — ka)c1e2(R} — R3)

(64)

with
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Y =K — R —R)H(R} — R3)

65
— 2A(R3 — R}) — 2u(R} — R3) — 2G () — ). ©3)

[j(k1, k2, k3,k0) (j = 1,2,3,4) are all constants for constant
K1, K2, K3, Ko, and 64, § are related with 6; by (50).
Let p = cos? 8, then, with (50), the first equation of (61)
becomes
2

Ry
pg =% 5V P(p) (66)
R:—R?
where
P(p) = 4R} — R)(. — wp’
+ (@4 = NG + 4R} — R)(n + RS — K) = r)p?
+ (4G(K — . — R} + 2rir)p — 13
(67)
is a cubic polynomial of p,
ri=A—p+R —R;+R; — R,
1 Hn 1 2 3 4 (68)

rn=K+G—pu—R;.
Suppose R} > R3, A > p and P has three different real
roots p; < py < ps. Moreover, suppose
K+G—pu—R;#0,
K—G—A+R—R,—R; #0,

G+R:—R G
max(O, %) < min(l 5 2)
Ry —R; Ry —R

Then the solution p can be expressed by an elliptic function
of £ Let p = p1 + (02 — p1)@?, (66) becomes

(69)

we = 2py/(1 — ?)(1 — Ka?) (70)
where
k=+/(p2— p1)/(p3 — p1),
2 (71)
P R = RG— )05 — o).

Hence o = £sn(p(§ + Cy)) where the function sn has
parameter k. Thus

p1) sn’(p(€ + Cp)),

with an arbitrary constant Cy. p is a periodic function of &.

p=p1+(p2— (72)

Remark 3. Since p; is a root of P, (67) leads to
4p/(1 = p)(R? — R)pj — G)
(R} —R,+G— (R —R3)p))
=(K—p—Ri— 0 —pn+R—R)p
+2pj — D(R] — R)p; — G))* = 0.

(This is equivalent to the second equation of (50) with
8 = m/2.) Hence,

0G+R%_R42t _ < min( 1, G
ma sy | =< < < min
X R%—R% P1 P2 1 R2 R2

holds if there is a solution locally, since 0 < cos2 0, <1 and
0 < cos?0y <1 should be satisfied. This also guarantees

(73)
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that the solution is global because p; < p < p,. Moreover,
under the assumptions (69), P(0) #0, P(1) # 0. Hence
O<pr<pp<land < p< 1.

According to (61), any one of o, B (j=1,2,3,4)is a
sum of a function of p(§) and a linear function of &, n and .
For example,

(o1 — ) = Rymy,
(a1 — ), = I'i(a1, a2,a3, 1) — IM'y(ay, az, a3, A),
(ay — az); = ['1(b1, b2, b3, &) — I'a(b1, b2, b3, 1).
By (50) and (57), m; is a rational function of p(§). Write

O(p(&)) = m1(&). Suppose the minimal positive period of the
function sn with parameter k is 7(k) and

A =R [T 0(p(e)) de,

(74)
A =T(a1,a,a3,A) — I'a(ay, az, az, A).
Then, when (&7) is changed to (§+ T(k) N = A) or
& n+ A) u1, is invariant respectively. Hence
T(k) yiA A
u12<x+—_fvy_x’t =M12(x5y’t)>
b (75)

LI LT X, v, 1)
up | x —t) = upx, y,1).
12 A A 1205,y

This means that u;, is a double periodic function on the (x,y)
plane, so are u;3 and u,3. However, the periods of these three
functions are different. Therefore, as a whole, (u12, u13, u>3)
gives an almost-periodic solution of the 2+1 dimensional
three-wave equation.
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