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For the 2+1 dimensional three-wave equation, by using the known nonlinear constraints from 2+1
dimensions to 1+1 dimensions, we reduce it further to 0+1 dimensional (finite dimensional)
Hamiltonian systems with constraints of Neumann type. These Hamiltonian systems are proved to be
Liouville integrable by finding a full set of involutive conserved integrals and proving their functional
independence. Moreover, almost-periodic solutions of the 2+1 dimensional three-wave equation are
obtained by solving these Hamiltonian systems explicitly.
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1. Introduction

The 2+1 dimensional three-wave equation is one of the
most important integrable equations in 2+1 dimensions.1,2)

This system of equations is

w1;t ¼ �1w1;y þ �1w1;x þ ð�3 � �2Þ �ww2 �ww3;

w2;t ¼ �2w2;y þ �2w2;x þ ð�1 � �3Þ �ww1 �ww3;

w3;t ¼ �3w3;y þ �3w3;x þ ð�2 � �1Þ �ww1 �ww2

ð1Þ

where

�1 ¼
b1 � b2

a1 � a2
; �2 ¼

b2 � b3

a2 � a3
; �3 ¼

b3 � b1

a3 � a1
;

�1 ¼ b1 � �1a1; �2 ¼ b2 � �2a2; �3 ¼ b3 � �3a3; ð2Þ

ai’s, bi’s are real constants with ai 6¼ aj, bi 6¼ bj for i 6¼ j.
Let

U ¼ ðuijÞ ¼
0 w1 � �ww3

� �ww1 0 w2

w3 � �ww2 0

0
B@

1
CA; V ¼ ðvijÞ ð3Þ

with

vij ¼
bi � bj

ai � aj
uij ði 6¼ jÞ and vii ¼ 0: ð4Þ

Then (1) becomes the matrix equations

½A;V	 ¼ ½B;U	;
Ut � Vy þ ½U;V	 þ AVx � BUx ¼ 0;

ð5Þ

where A ¼ diagða1; 
 
 
 ; anÞ, B ¼ diagðb1; 
 
 
 ; bnÞ.
After its integrability was known,3) the 2+1 dimensional

three-wave equation has been studied by various ways such
as inverse scattering,4–7) Bäcklund transformation,8,9) Dar-
boux transformation and binary Darboux transforma-
tion,10,11) nonlinearization to 1+1 dimensional
problems12,13) etc. In general, higher dimensional three-
wave equation is also integrable. However, in order to use
the nonlinear constraints, we restrict our discussion here to
the 2+1 dimensional three-wave equation.
The method of nonlinear constraints is an effective way to

transform 1+1 dimensional integrable systems to finite
dimensional integrable systems.14) On the other hand, many
2+1 dimensional integrable systems can also be transformed
to 1+1 dimensional integrable systems via nonlinear
constraints.15) Combining these two procedures, many works
have been done to reduce 2+1 dimensional integrable
systems to finite dimensional integrable systems.16–20) In
ref. 18, the Bargmann constraints for the 2+1 dimensional
N-wave equation were discussed. In refs. 19 and 20 both
Bargmann and Neumann constraints could be applied to the
Davey-Stewartson I equation which also belongs to the 2+1
dimensional AKNS system as the 2+1 dimensional three-
wave equation does. For the Neumann constraints, periodic
solutions of Davey–Stewartson equation could be ob-
tained.19)

In the present paper, we use the Neumann constraints to
get Liouville integrable Hamiltonian systems related with
the 2+1 dimensional three-wave equation. Using the finite
dimensional Hamiltonian systems, we can get explicit
almost-periodic solutions of the 2+1 dimensional three-
wave equation by solving the ODEs directly.
In §2, the 2+1 dimensional three-wave equation and its

Lax set are presented. They are nonlinearized to finite
dimensional Hamiltonian systems. In §3, it is shown that
these Hamiltonian systems are Liouville integrable by
proving that there are a full set of conserved integrals which
are involutive and functionally independent in a dense open
subset of a symplectic manifold. §4 gives an example of
almost-periodic solutions of the 2+1 dimensional three-
wave equation solved from these finite dimensional
Hamiltonian systems directly.

2. Nonlinear Constraints and Finite Dimensional Ha-
miltonian Systems

We consider the following Lax set (generalized Lax
pair)12,13)
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x ¼ Ux
 �

i� 0 0 if1

0 i� 0 if2

0 0 i� if3

i �ff1 i �ff2 i �ff3 0

0
BBBB@

1
CCCCA
;


y ¼ Uy
 �

ia1� u12 u13 ia1f1

u21 ia2� u23 ia2f2

u31 u32 ia3� ia3f3

ia1 �ff1 ia2 �ff2 ia3 �ff3 0

0
BBBB@

1
CCCCA
; ð6Þ


t ¼ Ut
 �

ib1� v12 v13 ib1f1

v21 ib2� v23 ib2f2

v31 v32 ib3� ib3f3

ib1 �ff1 ib2 �ff2 ib3 �ff3 0

0
BBBB@

1
CCCCA


where

�uukj ¼ �ujk; vjk ¼
bj � bk

aj � ak
ujk ð j; k ¼ 1; 2; 3; j 6¼ kÞ;

ð7Þ

a1; a2; a3; b1; b2; b3 are real constants such that aj 6¼ ak,
bj 6¼ bk for j 6¼ k and aj 6¼ 0, bj 6¼ 0.
Denote ujj ¼ vjj ¼ 0 ð j ¼ 1; 2; 3Þ,

A ¼ diagða1; a2; a3Þ; B ¼ diagðb1; b2; b3Þ;

U ¼ ðujkÞ1� j; k�3; V ¼ ðvjkÞ1� j; k�3; ð8Þ

F ¼ ð f1; f2; f3ÞT :

The integrability conditions of (6) are

½A;V	 ¼ ½B;U	;
Ut � Vy þ ½U;V	 þ AVx � BUx ¼ 0;

ð9Þ

Fy ¼ AFx þ UF; Ft ¼ BFx þ VF; ð10Þ

Ux ¼ ½A;FF�	; Vx ¼ ½B;FF�	: ð11Þ

Here (9) is the 2+1 dimensional three-wave equation (5),
(10) is its standard Lax pair, and (11) is an extra nonlinear
constraint between U and F. Therefore, any solution of (9)–
(11) is a solution of the 2+1 dimensional three-wave
equation.
To simplify the matrices in (6), denote

uj4 ¼ iaj fj; vj4 ¼ ibj fj; u4j ¼ � �uuj4;

v4j ¼ � �vvj4 ð j ¼ 1; 2; 3Þ
ð12Þ

and a4 ¼ b4 ¼ 0, then

�uukj ¼ �ujk; vjk ¼
bj � bk

aj � ak
ujk

ð j; k ¼ 1; 2; 3; 4; j 6¼ kÞ:
ð13Þ

Now we nonlinearize (6) further to get finite dimensional
Hamiltonian systems.
Take N distinct real numbers �1; 
 
 
 ; �N . Let

�� ¼ ð�1�; �2�; �3�; �4�ÞT be a column solution of (6) with
� ¼ �� ð� ¼ 1; 2; 
 
 
 ;NÞ, 
j ¼ ð�j1; 
 
 
 ; �jNÞT ð j ¼
1; 2; 3; 4Þ. For any two vectors V1 and V2, define
hV1;V2i ¼ V�

1V2.

Lemma 1. Let � ¼ diagð1; 1; 0; 0Þ,

L ¼ �þ
XN
�¼1

���
�
�

�� ��
; ð14Þ

then L satisfies

Lx ¼ ½Ux; L	; Ly ¼ ½Uy;L	; Lt ¼ ½Ut; L	 ð15Þ

if and only if

h
1;
2i ¼ 0; h
3;
4i ¼ 0;

u13 ¼ ûu13 :¼ iða1 � a3Þh
3;
1i;
u14 ¼ ûu14 :¼ ia1h
4;
1i;
u23 ¼ ûu23 :¼ iða2 � a3Þh
3;
2i;
u24 ¼ ûu24 :¼ ia2h
4;
2i:

ð16Þ

Proof. We first prove the result for the second equation of
(15). Denote J ¼ diagða1; a2; a3; a4Þ, then by (14),

Ly ¼
XN
�¼1

1

�� ��
Uyð��Þ���

�
� þ ���

�
�U

yð��Þ�
� 	

¼
XN
�¼1

1

�� ��
Uyð��Þ; ���

�
�


 �

¼
XN
�¼1

1

�� ��
Uyð�Þ � iJð�� ��Þ; ���

�
�


 �

¼ ½Uyð�Þ;Lð�Þ	 � i J;
XN
�¼1

���
�
�

" #
� ½Uyð�Þ;�	:

Hence Lyð�Þ ¼ ½Uy; Lð�Þ	 if and only if i½J;
PN

�¼1 ���
�
�	 ¼

½�;Uyð�Þ	. Written in components, it is just (16).
When (16) holds, it is easy to check that Lx ¼ ½Ux;L	 and

Lt ¼ ½Ut; L	 hold. The lemma is proved.
By computing the derivatives of the first two equations of

(16) with respect to x, we get

u12 ¼ ûu12 :¼ iða1 � a2Þðh
2;�
1i þ h
2;
3ih
3;
1i þ h
2;
4ih
4;
1iÞ
h
1;
1i � h
2;
2i

;

u34 ¼ ûu34 :¼ ia3ðh
4;�
3i � h
4;
1ih
1;
3i � h
4;
2ih
2;
3iÞ
h
3;
3i � h
4;
4i

:

ð17Þ

By (12), (13), (16) and (17), define

v̂vjk ¼
bj � bk

aj � ak
ûujk ð j; k ¼ 1; 2; 3; 4; j 6¼ kÞ

f̂fj ¼
1

iaj
ûuj4 ð j ¼ 1; 2; 3Þ:

ð18Þ

Re�j� and Im �j� ð j ¼ 1; 2; 3; 4; � ¼ 1; 2; 
 
 
 ;NÞ form the
coordinates of a Euclidean space R8N . This R8N has the
standard symplectic form

! ¼ 2
X4
j¼1

XN
�¼1

d Im�j� ^ dRe �j� ¼ i
X4
j¼1

XN
�¼1

d ���j� ^ d�j�:

ð19Þ

With this symplectic form, the corresponding Poisson
bracket of two smooth functions �, 	 of �j�’s and ���j�’s is

f�; 	g ¼
1

i

X4
j¼1

XN
�¼1

@�

@�j�

@	

@ ���j�

�
@�

@ ���j�

@	

@�j�

 !
: ð20Þ
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Let

S ¼
�
ð�j�; ���j�Þ 2 R8Nð j ¼ 1; 2; 3; 4; � ¼ 1; 
 
 
 ;NÞ j

h
1;
2i ¼ h
3;
4i ¼ 0; h
1;
1i 6¼ h
2;
2i;

h
3;
3i 6¼ h
4;
4i
�
: ð21Þ

Denote h1 ¼ Reh
1;
2i, h2 ¼ Imh
1;
2i, h3 ¼
Reh
3;
4i, h4 ¼ Imh
3;
4i. Then
detðfhj; hkgÞ1� j;k�4

¼
1

16
ðh
1;
1i � h
2;
2iÞ2ðh
3;
3i � h
4;
4iÞ2 6¼ 0

ð22Þ

on S. Hence S is a symplectic manifold with the symplectic
form induced from (19). For any two functions � and 	
satisfying f�; h
1;
2ig ¼ f�; h
3;
4ig ¼ 0, f	; h
1;
2ig ¼
f	; h
3;
4ig ¼ 0, the Poisson bracket of � and 	 is still
given by (20).
With the constraints (16) and (17), the system (6) becomes

a system of ODEs of �j�’s:

�j�;x ¼ i���j� þ if̂fj�4� ð1 � j � 3Þ;

�4�;x ¼ i
X3
k¼1

�̂
ffk̂ffk�k�;

�j�;y ¼ iaj���j� þ
X4
k¼1
k 6¼j

ûujk�k� ð1 � j � 4Þ;

�j�;t ¼ ibj���j� þ
X4
k¼1
k 6¼j

v̂vjk�k� ð1 � j � 4Þ:

ð23Þ

Let

K1 ¼ h
1;�
1i þ jh
3;
1ij2 þ jh
4;
1ij2

þ 1

�1 ��2

ðq12h
1;
2i þ �qq12h
2;
1iÞ;

K2 ¼ h
2;�
2i þ jh
3;
2ij2 þ jh
4;
2ij2

� 1

�1 ��2

ðq12h
1;
2i þ �qq12h
2;
1iÞ;

K3 ¼ h
3;�
3i � jh
3;
1ij2 � jh
3;
2ij2

þ 1

�3 ��4

ðq34h
3;
4i þ �qq34h
3;
4iÞ

ð24Þ

where

�k ¼ h
k;
ki ðk ¼ 1; 2; 3; 4Þ;
q12 ¼ h
2;�
1i þ h
2;
3ih
3;
1i þ h
2;
4ih
4;
1i;
q34 ¼ h
4;�
3i � h
4;
1ih
1;
3i � h
4;
2ih
2;
3i;

ð25Þ

then with direct computation we have the following lemma.

Lemma 2. The equations in (23) are three Hamiltonian
systems on S with the Hamiltonians

Hx ¼ �ðK1 þ K2 þ K3Þ;
Hy ¼ �ða1K1 þ a2K2 þ a3K3Þ;
Ht ¼ �ðb1K1 þ b2K2 þ b3K3Þ

ð26Þ

respectively. That is, the equations in (23) are equivalent to
the Hamiltonian equations

i
@�j�

@x
¼

@Hx

@ ���j�

; i
@�j�

@y
¼

@Hy

@ ���j�

; i
@�j�

@t
¼

@Ht

@ ���j�

;

1

i

@ ���j�

@x
¼

@Hx

@�j�
;

1

i

@ ���j�

@y
¼

@Hy

@�j�
;

1

i

@ ���j�

@t
¼

@Ht

@�j�
:

ð27Þ

3. Integrability of Hamiltonian Systems

In order to get the integrability of the Hamiltonian
systems on the symplectic manifold S, we need to prove the
following facts.
(i) There are fEj�g ð j ¼ 1; 2; 
 
 
 ; � ¼ 1; 2; 
 
 
Þ such that

fEj�;Ek�g ¼ 0; fEj�; h
1;
2ig ¼ 0;

fEj�; h
3;
4ig ¼ 0
ð28Þ

on whole R8N .
(ii) Hx, Hy, Ht commute with each other on S.
(iii) Hx, Hy, Ht commute with all fEj�g, h
1;
2i and

h
3;
4i on S.
(iv) There are 4N � 2 functions in fEj�g which are

functionally independent in a dense open subset of S.
We first give the following lemma.

Lemma 3. For any complex numbers �, � and positive
integers k, l,

ftrLkð�Þ; trLlð�Þg ¼ 0; ftrLkð�Þ; h
1;
2ig ¼ 0;

ftr Lkð�Þ; h
3;
4ig ¼ 0:
ð29Þ

This is derived from Lemma 1 of ref. 19, or proved directly
by computing the Poisson brackets.
Suppose �1ð�Þ, �2ð�Þ, �3ð�Þ, �4ð�Þ are eigenvalues of Lð�Þ,

then

tr Lkð�Þ ¼ �k1ð�Þ þ �k2ð�Þ þ �k3ð�Þ þ �k4ð�Þ: ð30Þ

On the other hand, for a complex number �,

detð�I � Lð�ÞÞ ¼ ð�� �1Þð�� �2Þð�� �3Þð�� �4Þ: ð31Þ

Denote

Qkð�Þ ¼
X

1� j1<


<jk�4
�j1 
 
 
 �jk ðk ¼ 1; 2; 3; 4Þ; ð32Þ

then Qkð�Þ is the sum of all the determinants of k � k

principal submatrices of Lð�Þ. Therefore, Lemma 3 implies
that

fQkð�Þ;Qlð�Þg ¼ 0; fQkð�Þ; h
1;
2ig ¼ 0;

fQkð�Þ; h
3;
4ig ¼ 0
ð33Þ

for any complex numbers �, � and positive integers k, l.
For integers j, k, p1; 
 
 
 ; pj, r1; 
 
 
 ; rj with j � 1,

1 � pl � 4, rl � 0 ðl ¼ 1; 
 
 
 ; jÞ, define

Dr1


rj
p1


pj ¼

h
p1;�
r1
p1i 
 
 
 h
pj;�

rj
p1i

..

. . .
. ..

.

h
p1;�
r1
pji 
 
 
 h
pj;�

rj
pji

��������

��������; ð34Þ

W ðkÞ
p1


pj ¼

X
r1þ


þrj¼k
r1;


;rj�0

Dr1


rj
p1


pj ð35Þ

where the result is zero for empty summation.
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Expand Qkð�Þ as a Laurent series of � as

Qkð�Þ ¼
X1
j¼�1

Fkj�
�j�1 ðk ¼ 1; 2; 3; 4Þ; ð36Þ

then using the expression (14), we have, for k � 0,

F1k ¼
X4
j¼1

W ðkÞ
j ;

F2k ¼ F1k þW ðkÞ
3 þW ðkÞ

4 þ
X

1�p1<p2�4

W ðk�1Þ
p1p2

;

F3k ¼ F2k � F1k þW ðk�1Þ
34 �W ðk�1Þ

12 þ
X

1�p1<p2<p3�4
W ðk�2Þ

p1p2p3
;

F4k ¼ W ðk�1Þ
34 þW ðk�2Þ

134 þWk�2
234 þW ðk�3Þ

1234 :

ð37Þ

Define

E1k ¼ 2F1k � F2k ¼ W ðkÞ
1 þW ðkÞ

2 �
X

1�p�q�4

W ðk�1Þ
pq ;

E2k ¼ F4;kþ1 � F3;kþ1 þ F2;kþ1 � F1;kþ1

¼ W ðkÞ
12 �W ðk�1Þ

123 �W ðk�1Þ
124 þW ðk�2Þ

1234 ;

E3k ¼ F2k � F1k ¼ W ðkÞ
3 þW ðkÞ

4 þ
X

1�p�q�4

W ðk�1Þ
pq ;

E4k ¼ F4;kþ1 ¼ W ðkÞ
34 þW ðk�1Þ

134 þW ðk�1Þ
234 þW ðk�2Þ

1234 ;

ð38Þ

then

E10 ¼ h
1;
1i þ h
2;
2i;
E20 ¼ h
1;
1ih
2;
2i � jh
1;
2ij2;
E30 ¼ h
3;
3i þ h
4;
4i;
E40 ¼ h
3;
3ih
4;
4i � jh
3;
4ij2:

ð39Þ

Since h
1;
1i 6¼ h
2;
2i and h
3;
3i 6¼ h
4;
4i on S,
we should have

E2
10 > 4E20; E2

30 > 4E40: ð40Þ

According to (33), we have

Lemma 4. The identities

fEj�;Ek�g ¼ 0; fEj�; h
1;
2ig ¼ 0;

fEj�; h
3;
4ig ¼ 0
ð41Þ

hold for all j; k ¼ 1; 2; 3; 4; �; � ¼ 0; 1; 2; 
 
 
.
Now we consider the independence of Ej�’s.

Lemma 5. Ej� ðj ¼ 1; 2; 3; 4; 0 � k � N � 1 for j ¼ 1; 3,
0 � k � N � 2 for j ¼ 2; 4Þ are functionally independent in
a dense open subset of S.
Proof. Near the point of S with �1N 6¼ 0 and �3N 6¼ 0, the

coordinates can be chosen as ðz11 ¼ �11; 
 
 
 ; z1N ¼ �1N ,
z21 ¼ �21; 
 
 
 ; z2;N�1 ¼ �2;N�1, z31 ¼ �31; 
 
 
 ; z3N ¼ �3N ,
z41 ¼ �41; 
 
 
 ; z4;N�1 ¼ �4;N�1Þ and their complex conju-
gates. In this case, �2N and �4N are given by

���2N ¼ �
1

z1N
ðz11 �zz21 þ 
 
 
 þ z1;N�1 �zz2;N�1Þ;

���4N ¼ �
1

z3N
ðz31 �zz41 þ 
 
 
 þ z3;N�1 �zz4;N�1Þ:

ð42Þ

On S,

@

@�zz1�
¼

@

@ ���1�

�
�2�

���1N

@

@�2N

ð� � NÞ;

@

@�zz2�
¼

@

@ ���2�

�
�1�

�1N

@

@ ���2N

ð� � N � 1Þ;

@

@�zz3�
¼

@

@ ���3�

�
�4�

���3N

@

@�4N

ð� � NÞ;

@

@�zz4�
¼

@

@ ���4�

�
�3�

�3N

@

@ ���4N

ð� � N � 1Þ:

Let P0 2 S be given by 
1 ¼ 
3 ¼ ð1; 1; 
 
 
 ; 1Þ, 
2 ¼

4 ¼ �ð1; 1; 
 
 
 ; 1;�N þ 1Þ, where � is a small constant.
Then, at P0,

@E1k

@�zz1�
¼ �k� þ Oð�2Þ;

@E1k

@�zz2�
¼ Oð�Þ;

@E1k

@�zz3�
¼ Oð�2Þ;

@E1k

@�zz4�
¼ Oð�Þ;

@E2k

@�zz1�
¼ Oð�2Þ;

@E2k

@�zz2�
¼ �N

X
r1þr2¼k

XN
�¼1

�r1� �
r2
N þ �r1� �

r2
N � �kN

 !
þ Oð�3Þ;

@E2k

@�zz3�
¼ Oð�2Þ;

@E2k

@�zz4�
¼ Oð�3Þ;

@E3k

@�zz1�
¼ Oð�2Þ;

@E3k

@�zz2�
¼ Oð�Þ;

@E3k

@�zz3�
¼ �k� þ Oð�2Þ;

@E3k

@�zz4�
¼ Oð�Þ;

@E4k

@�zz1�
¼ Oð�2Þ;

@E4k

@�zz2�
¼ Oð�3Þ;

@E4k

@�zz3�
¼ Oð�2Þ;

@E4k

@�zz4�
¼ �N

X
r1þr2¼k

XN
�¼1

�r1� �
r2
N þ �r1� �

r2
N � �kN

 !
þ Oð�3Þ:

The Jacobian determinant of 4N � 2 real functions ðE10, 
 
 
,
E1;N�1, E20, 
 
 
, E2;N�2, E30, 
 
 
, E3;N�1, E40, 
 
 
, E4;N�2Þ to
the variables ð�zz11, 
 
 
, �zz1N , �zz21, 
 
 
, �zz2;N�1, �zz31, 
 
 
, �zz3N , �zz41,

 
 
, �zz4;N�1Þ is

�N�1NN
Y

1� j<k�N

ð�j � �kÞ
Y

1� j<k�N�1

ð�j � �kÞ

 !2

þOð�2N�3Þ

ð43Þ

which is not zero when � is small enough. Since 4N � 2

functions E10, 
 
 
, E1;N�1, E20, 
 
 
, E2;N�2, E30, 
 
 
, E3;N�1,
E40, 
 
 
, E4;N�2 are real analytic functions on S, they are
functionally independent in a dense open subset of S for
h
1;
1i > h
2;
2i and h
3;
3i > h
4;
4i. Similarly,
this is true for the other three connected components of S.
The lemma is proved.
It can be checked directly that K1, K2, K3 in (24) are given

by
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ð�1 ��2ÞK1 ¼ �1E11 � E21

þ�2
1ð�2 þ�3 þ�4Þ þ�1�3�4

� ð�1 ��3 ��4Þjh
2;
1ij2 ��1jh
4;
3ij2;
ð�1 ��2ÞK2 ¼ E21 ��2E11

��2
2ð�1 þ�3 þ�4Þ ��2�3�4

þ ð�2 ��3 ��4Þjh
2;
1ij2 þ�2jh
4;
3ij2;
ð�3 ��4ÞK3 ¼ �3E31 � E41

��2
3ð�1 þ�2 þ�4Þ ��1�2�3

þ�3jh
2;
1ij2 þ ð�3 ��1 ��2Þjh
4;
3ij2:

ð44Þ

With the conditions (40), (39) implies that �j’s are smooth
functions of Ejk’s and jh
2;
1ij2, jh
4;
3ij2 near S. Hence
K1, K2 and K3 are smooth functions of Ejk’s and jh
2;
1ij2,
jh
4;
3ij2 near S. On the other hand, the terms jh
2;
1ij2
and jh
4;
3ij2 do not take effect in computing Poisson
brackets on S. Therefore, we have the following conclusions.

Theorem 1. (1) The Hamiltonians Hx, Hy and Ht defined by
(26) are in involution:

fHx;Hyg ¼ fHx;Htg ¼ fHy;Htg ¼ 0: ð45Þ

They also commute with the functions defining S:

fHx; h
1;
2ig ¼ fHx; h
3;
4ig ¼ 0;

fHy; h
1;
2ig ¼ fHy; h
3;
4ig ¼ 0;

fHt; h
1;
2ig ¼ fHt; h
3;
4ig ¼ 0:

ð46Þ

Hence they are involutive Hamiltonians on S.
(2) Ej�’s are conserved integrals of the Hamiltonian flows

on S given by Hx, Hy and Ht respectively. 4N � 2 of them:
E10, 
 
 
, E1;N�1, E20, 
 
 
, E2;N�2, E30, 
 
 
, E3;N�1, E40, 
 
 
,
E4;N�2 are functionally independent in a dense open subset
of 8N � 4 dimensional symplectic manifold S.
Therefore, Hx, Hy and Ht give three involutive Liouville

integrable Hamiltonian systems. Moreover, each solution of
these Hamiltonian systems gives a solution of the 2+1
dimensional three-wave equation.

Remark 1. If � in Lemma 1 is chosen as other constant
matrices, we can get other finite dimensional Hamiltonian
systems. For example, when all the eigenvalues of � are
different, this was discussed in ref. 18. The choice of � in
this paper guarantees that we can solve the finite dimen-
sional Hamiltonian systems and get explicit almost-periodic
solutions.

Remark 2. The finite dimensional Hamiltonian systems
related with the 2+1 dimensional n-wave equation can also
be obtained in this way. However, these Hamiltonian
systems with Neumann constraints can only be solved
explicitly for n ¼ 3. It is still interesting to find appropriate
Lax operator to have the Hamiltonian systems solved
explicitly.

4. Example

Here we consider the example for N ¼ 2, �1 ¼ �, �2 ¼ �.
In this case, the symplectic manifold S has real dimension
2� ð4� 2� 2Þ ¼ 12. Hence we need 6 independent

involutive conserved integrals.
Let

R2
j ¼ j�j1j2 þ j�j2j2 ð j ¼ 1; 2; 3; 4Þ;

G ¼ j�11j2 þ j�21j2 þ j�31j2 þ j�41j2 � R2
2 � R2

3;

K ¼
1

R2
1

ðh
1;�
1i þ h
1;
3ih
3;
1i

þ h
1;
4ih
4;
1iÞ

ð47Þ

Moreover, suppose R1, R2, R3, R4 are positive and R1 6¼ R2,
R3 6¼ R4. According to (24), (39) and (44),

R2
j ¼ �j; G ¼

E11 � �E10

�� �
� R2

2 � R2
3; K ¼

K1

R2
1

: ð48Þ

They are all constants for the Hamiltonian flows on S given
by Hx, Hy and Ht. Let

�j1 ¼ Rj cos �je
i�j ; �j2 ¼ Rj sin �je

i�j ð49Þ

where �j’s, �j’s and �j’s are real unknown functions.
The constraint h
1;
2i ¼ 0 gives

�1 � �2 � �1 þ �2 ¼ 2k�þ l�; �2 ¼ ð�1Þl�1 þ m�þ �=2

where k, l and m are integers. Let k ¼ l ¼ m ¼ 0, we have
�2 ¼ �1 þ �=2 and �2 � �2 ¼ �1 � �1. Likewise, we can
also want �4 ¼ �3 þ �=2 and �3 � �3 ¼ �4 � �4.
Let � ¼ �1 � �3 � �1 þ �3, then �2 � �4 � �2 þ �4 ¼ �.

By (47),

G ¼ ðR2
1 � R2

2Þ cos
2 �1 � ðR2

3 � R2
4Þ cos

2 �4;

K ¼ ð�þ R2
3 sin

2 �4 þ R2
4 cos

2 �4Þ cos2 �1
þ ð�þ R2

3 cos
2 �4 þ R2

4 sin
2 �4Þ sin2 �1

� 2ðR2
3 � R2

4Þ sin �1 cos �1 sin �4 cos �4 cos �:

ð50Þ

Substituting (49) into (23), we get

�1;x ¼ R2
4 sin �4 cos �4 sin �; ð51Þ

�1;x ¼ �þ
1

2
R2
4ð1þ �1 þ �1Þ;

�2;x ¼ �þ
1

2
R2
4ð1� �1 þ �1Þ;

�3;x ¼ �þ c4 cos
2 �4ð�� �� ðR2

1 � R2
2Þ�2Þ;

�4;x ¼
1

2
R2
1ð1þ �2 þ �2Þ þ

1

2
R2
2ð1� �2 � �2Þ

þ c3 sin
2 �4ð�� �� ðR2

1 � R2
2Þ�2Þ;

ð52Þ

�1;x ¼ �þ
1

2
R2
4ð1þ �1 � �1Þ;

�2;x ¼ �þ
1

2
R2
4ð1� �1 � �1Þ;

�3;x ¼ �� c4 sin
2 �4ð�� �� ðR2

1 � R2
2Þ�2Þ;

�4;x ¼
1

2
R2
1ð1þ �2 � �2Þ þ

1

2
R2
2ð1� �2 þ �2Þ

� c3 cos
2 �4ð�� �� ðR2

1 � R2
2Þ�2Þ;

ð53Þ

�1;y ¼ ða3R2
4 � �ð�1; �2; �3ÞðR2

3 � R2
4ÞÞ


 sin �4 cos �4 sin �;
ð54Þ
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�1;y ¼ �a1 þ
1

2
ðða1 � a3ÞR2

3 þ a1R
2
4Þ

�
1

2
ðða1 � a3ÞR2

3 � a1R
2
4Þð�1 þ �1Þ

þ c2ða1 � a2Þ sin2 �1ð�� �� ðR2
3 � R2

4Þ�1Þ;

�2;y ¼ �a2 þ
1

2
ðða2 � a3ÞR2

3 þ a2R
2
4Þ

þ
1

2
ðða2 � a3ÞR2

3 � a2R
2
4Þð�1 � �1Þ

þ c1ða1 � a2Þ cos2 �1ð�� �� ðR2
3 � R2

4Þ�1Þ;

�3;y ¼ �a3 þ
1

2
ðða1 � a3ÞR2

1 þ ða2 � a3ÞR2
2Þ

�
1

2
ðða1 � a3ÞR2

1 � ða2 � a3ÞR2
2Þð�2 � �2Þ

þ c4a3 cos
2 �4ð�� �� ðR2

1 � R2
2Þ�2Þ;

�4;y ¼
1

2
ða1R2

1 þ a2R
2
2Þ þ

1

2
ða1R2

1 � a2R
2
2Þð�2 þ �2Þ

þ c3a3 sin
2 �4ð�� �� ðR2

1 � R2
2Þ�2Þ;

ð55Þ

�1;y ¼ �a1 þ
1

2
ðða1 � a3ÞR2

3 þ a1R
2
4Þ

�
1

2
ðða1 � a3ÞR2

3 � a1R
2
4Þð�1 � �1Þ

� c2ða1 � a2Þ cos2 �1ð�� �� ðR2
3 � R2

4Þ�1Þ;

�2;y ¼ �a2 þ
1

2
ðða2 � a3ÞR2

3 þ a2R
2
4Þ

þ
1

2
ðða2 � a3ÞR2

3 � a2R
2
4Þð�1 þ �1Þ

� c1ða1 � a2Þ sin2 �1ð�� �� ðR2
3 � R2

4Þ�1Þ;

�3;y ¼ �a3 þ
1

2
ðða1 � a3ÞR2

1 þ ða2 � a3ÞR2
2Þ

�
1

2
ðða1 � a3ÞR2

1 � ða2 � a3ÞR2
2Þð�2 þ �2Þ

� c4a3 sin
2 �4ð�� �� ðR2

1 � R2
2Þ�2Þ;

�4;y ¼
1

2
ða1R2

1 þ a2R
2
2Þ þ

1

2
ða1R2

1 � a2R
2
2Þð�2 � �2Þ

� c3a3 cos
2 �4ð�� �� ðR2

1 � R2
2Þ�2Þ;

ð56Þ

where

�1 ¼ cos 2�4 � sin 2�4 cot 2�1 cos �;

�2 ¼ cos 2�1 � sin 2�1 cot 2�4 cos �;

�1 ¼
sin 2�4

sin 2�1
cos �; �2 ¼

sin 2�1

sin 2�4
cos �;

ð57Þ

and

c1 ¼
R2
1

R2
1 � R2

2

; c2 ¼
R2
2

R2
1 � R2

2

;

c3 ¼
R2
3

R2
3 � R2

4

; c4 ¼
R2
4

R2
3 � R2

4

;

�ð�1; �2; �3Þ ¼ c1�1 � c2�2 � �3:

ð58Þ

The equations similar to (54)–(56) hold for �1;t, �j;t’s and
�j;t’s, provided that aj’s are changed to bj’s.
Comparing (51) with (54), let

� ¼ x� �1y� �2t; 	 ¼ y; � ¼ t; ð59Þ

where

�1 ¼
�ða1; a2; a3Þ � c4a3

c4
; �2 ¼

�ðb1; b2; b3Þ � c4b3

c4
:

ð60Þ

With (50), the equations in ð�; 	; �Þ coordinate are

�1;� ¼ R2
4 sin �4 cos �4 sin �;

�1;� ¼ �þ
1

2
R2
4ð1þ �1 þ �1Þ;

�2;� ¼ �þ
1

2
R2
4ð1� �1 þ �1Þ;

�3;� ¼ �þ c4 cos
2 �4ð�� �� ðR2

1 � R2
2Þ�2Þ;

�4;� ¼
1

2
R2
1ð1þ �2 þ �2Þ þ

1

2
R2
2ð1� �2 � �2Þ

þ c3 sin
2 �4ð�� �� ðR2

1 � R2
2Þ�2Þ;

�1;� ¼ �þ
1

2
R2
4ð1þ �1 � �1Þ;

�2;� ¼ �þ
1

2
R2
4ð1� �1 � �1Þ;

�3;� ¼ �� c4 sin
2 �4ð�� �� ðR2

1 � R2
2Þ�2Þ;

�4;� ¼
1

2
R2
1ð1þ �2 � �2Þ þ

1

2
R2
2ð1� �2 þ �2Þ

� c3 cos
2 �4ð�� �� ðR2

1 � R2
2Þ�2Þ;

ð61Þ

�1;	 ¼ 0;

�j;	 ¼ �jða1; a2; a3; �Þ; �j;	 ¼ �jða1; a2; a3; �Þ;
ð j ¼ 1; 2; 3; 4Þ;

ð62Þ

�1;� ¼ 0;

�j;� ¼ �jðb1; b2; b3; �Þ; �j;� ¼ �jðb1; b2; b3; �Þ;
ð j ¼ 1; 2; 3; 4Þ:

ð63Þ

Here

�1ð�1; �2; �3; �0Þ ¼ �ð�1; �2; �3Þ
R2
3

R2
4

�0

þ �ð�1; �2; �3ÞR2
3 � c2ð�1 � �2ÞK;

�2ð�1; �2; �3; �0Þ ¼ �ð�1; �2; �3Þ
R2
3

R2
4

�0

þ ð�2 � �3ÞR2
3 � c1ð�1 � �2Þð�þ �þ R2

4 � KÞ;

�3ð�1; �2; �3; �0Þ ¼ �ð�1; �2; �3Þ
R2
3

R2
4

�0

þ
�ð�1; �2; �3Þ
2ðR2

3 � R2
4Þ

"þ
1

2
ð�1 � �3ÞR2

1 þ
1

2
ð�2 � �3ÞR2

2;

�4ð�1; �2; �3; �0Þ ¼ �ð�1; �2; �3Þ
R2
3

R2
4

ð�0 � �� �Þ

�
�ð�1; �2; �3Þ
2ðR2

3 � R2
4Þ

R2
3

R2
4

"� ðk1 � k2Þc1c2ðR2
1 � R2

2Þ

þ �ð�1; �2; �3Þ
R2
3

2R2
4

ðR2
1 þ R2

2Þ;

ð64Þ

with
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" ¼ ð2K � R2
3 � R2

4ÞðR
2
1 � R2

2Þ
� 2�ðR2

3 � R2
4Þ � 2�ðR2

1 � R2
2Þ � 2Gð�� �Þ:

ð65Þ

�jð�1; �2; �3; �0Þ ð j ¼ 1; 2; 3; 4Þ are all constants for constant
�1, �2, �3, �0, and �4, � are related with �1 by (50).
Let � ¼ cos2 �1, then, with (50), the first equation of (61)

becomes

�� ¼ �
R2
4

R2
3 � R2

4

ffiffiffiffiffiffiffiffiffi
Pð�Þ

p
ð66Þ

where

Pð�Þ ¼ 4ðR2
1 � R2

2Þð�� �Þ�3

þ ð4ð�� �ÞGþ 4ðR2
1 � R2

2Þð�þ R2
3 � KÞ � r21Þ�

2

þ ð4GðK � �� R2
3Þ þ 2r1r2Þ�� r22

ð67Þ

is a cubic polynomial of �,

r1 ¼ �� �þ R2
1 � R2

2 þ R2
3 � R2

4;

r2 ¼ K þ G� �� R2
4:

ð68Þ

Suppose R2
1 > R2

2, � > � and P has three different real
roots �1 < �2 < �3. Moreover, suppose

K þ G� �� R2
4 6¼ 0;

K � G� �þ R2
1 � R2

2 � R2
3 6¼ 0;

max 0;
Gþ R2

3 � R2
4

R2
1 � R2

2

� �
< min 1;

G

R2
1 � R2

2

� �
:

ð69Þ

Then the solution � can be expressed by an elliptic function
of �. Let � ¼ �1 þ ð�2 � �1Þ!2, (66) becomes

!� ¼ �p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� !2Þð1� k2!2Þ

p
ð70Þ

where

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�2 � �1Þ=ð�3 � �1Þ

p
;

p ¼
R2
4

R2
3 � R2

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR2

1 � R2
2Þð�� �Þð�3 � �1Þ

q
:

ð71Þ

Hence ! ¼ � snðpð�þ C0ÞÞ where the function sn has
parameter k. Thus

� ¼ �1 þ ð�2 � �1Þ sn2ð pð�þ C0ÞÞ; ð72Þ

with an arbitrary constant C0. � is a periodic function of �.

Remark 3. Since �j is a root of P, (67) leads to

4�jð1� �jÞððR2
1 � R2

2Þ�j � GÞ

 ðR2

3 � R2
4 þ G� ðR2

1 � R2
2Þ�jÞ

¼ ðK � �� R2
4 � ð�� �þ R2

3 � R2
4Þ�j

þ ð2�j � 1ÞððR2
1 � R2

2Þ�j � GÞÞ2 � 0:

ð73Þ

(This is equivalent to the second equation of (50) with
� ¼ �=2.) Hence,

max 0;
Gþ R2

3 � R2
4

R2
1 � R2

2

� �
� �1 < �2 � min 1;

G

R2
1 � R2

2

� �

holds if there is a solution locally, since 0 � cos2 �1 � 1 and
0 � cos2 �4 � 1 should be satisfied. This also guarantees

that the solution is global because �1 � � � �2. Moreover,
under the assumptions (69), Pð0Þ 6¼ 0, Pð1Þ 6¼ 0. Hence
0 < �1 < �2 < 1 and 0 < � < 1.
According to (61), any one of �j, �j ð j ¼ 1; 2; 3; 4Þ is a

sum of a function of �ð�Þ and a linear function of �, 	 and �.
For example,

ð�1 � �2Þ� ¼ R2
4�1;

ð�1 � �2Þ	 ¼ �1ða1; a2; a3; �Þ � �2ða1; a2; a3; �Þ;
ð�1 � �2Þ� ¼ �1ðb1; b2; b3; �Þ � �2ðb1; b2; b3; �Þ:

By (50) and (57), �1 is a rational function of �ð�Þ. Write
Qð�ð�ÞÞ ¼ �1ð�Þ. Suppose the minimal positive period of the
function sn with parameter k is TðkÞ and

A ¼ R2
4

R TðkÞ=p
0

Qð�ð�ÞÞ d�;
$ ¼ �1ða1; a2; a3; �Þ � �2ða1; a2; a3; �Þ:

ð74Þ

Then, when ð�; 	Þ is changed to ð�þ TðkÞ
p

; 	� A
$
Þ or

ð�; 	þ 2�
$
Þ, u12 is invariant respectively. Hence

u12 xþ
TðkÞ
p

�
�1A

$
; y�

A

$
; t

� �
¼ u12ðx; y; tÞ;

u12 xþ
2��1

$
; yþ

2�

$
; t

� �
¼ u12ðx; y; tÞ:

ð75Þ

This means that u12 is a double periodic function on the ðx; yÞ
plane, so are u13 and u23. However, the periods of these three
functions are different. Therefore, as a whole, ðu12; u13; u23Þ
gives an almost-periodic solution of the 2+1 dimensional
three-wave equation.
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